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STEIN-FILLABILITY AND POSITIVITY IN THE MAPPING CLASS GROUP

VITALIJS BREJEVS AND ANDY WAND

ABSTRACT. We construct an infinite family of non-positive open books with once-
punctured torus pages that support Stein-fillable contact structures. Combined
with a result of Wendl, this allows us to give a complete answer to a long-standing
question about the mapping class group of a compact surface with boundary:
namely, we conclude that the monoid of monodromies supporting Stein-fillable
contact structures is equal to the monoid of positive monodromies if and only if
the surface is planar.

1. INTRODUCTION

A fundamental result of Giroux [Gir02] states that for a closed connected ori-
ented 3-manifold Y there exists a one-to-one correspondence

contact structures on Y’ ., ] _open books for Y’
isotopy ’

positive stabilisation

which allows one to consider questions in contact and symplectic geometry via
the proxy of surface mapping class groups. This approach has proved fruitful, in
particular, in the study of fillings of contact manifolds, i.e., symplectic 4-manifolds
(X,w) that contain the given contact 3-manifold (Y, &) as their boundary in a com-
patible way. Stein fillings are particularly amenable to the view through the lens
of mapping class groups since every factorisation into positive Dehn twists of
the monodromy of an open book (X, ¢) supporting (Y, &) yields a Lefschetz fi-
bration that carries a Stein structure and fills (Y, ¢) [Eli90; Gom98]. Furthermore,
it follows from [Gir02] as well as results of Loi and Piergallini [LP01], Akbulut
and Ozbagc1 [AO01] and Plamenevskaya [Pla04] that a contact manifold is Stein-
fillable if and only if the monodromy of some supporting open book admits such a
positive factorisation. This prompts a natural question: does this equivalence hold
for every supporting open book (£, ¢), or, in other words, is the implication

(Y, €) is Stein-fillable = ¢ has a positive factorisation @)

true for all open books (X, ¢) supporting (Y, £)?

This question can also be phrased in terms of monoids in the mapping class
group I'y ,, of a compact oriented surface ¥ ,, with genus g > 0 and n > 0 bound-
ary components: denoting by I';'¢™ C Iy ,, the monoid of mapping classes appear-

ing as monodromies of open books that support Stein-fillable contact structures',
and by I'J, C I'J%" the monoid of classes admitting positive factorisations, ()
implies that these monoids, in fact, coincide.

Wendl has shown in [Wen10] that (f) holds if ¥ is planar, thus providing a pow-
erful tool that has been of great use in classifying fillings [PVHM10] as well as
shedding light on the support genus of certain contact manifolds [Wan11; GGP20].
Soon after, however, the second author in [Wanl15], and, independently, Baker,
Etnyre and Van Horn-Morris in [BEVHM10], exhibited Stein-fillable contact mani-
folds supported by open books with the page ¥, ; and non-positive monodromies.
In [BW23], the authors improved on this result by constructing infinitely many

IThe monoid structure of T gsfili“ was observed in [BEVHM10].
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FIGURE 1. The open book (21’1’757276_(15%)) for k£ > 0, where
7., denotes a positive Dehn twist about the curve 7.

counterexamples to (f) with the page ¥, ,, for any pair (g,n) # (1, 1). The remain-
ing case was studied in [Lis14] by Lisca who proved that (f) holds for open books
with page %, ; if the supported Y is a Heegaard Floer L-space. Our main result is
to exhibit an infinite family of counterexamples to (f) with page 3 ;.

Theorem 1. Let k > 0. Then (X1 1, px) with ¢, = 757275_(15+k), where « and S are

simple closed curves intersecting exactly once, and § a boundary-parallel curve
(see Figure 1), is an open book supporting a Stein-fillable contact manifold, but ¢y,
does not admit a positive factorisation.

Theorem 1 gives an affirmative answer to the question whether the inclusion
I'f, C I is strict asked by Etnyre and Van Horn-Morris in [EVHM15, Ques-
tion 6.2]. Moreover, as shown in [Lis14, Remark 5.3] (cf. [BW23, Remark 1.2]),
by attaching 1-handles to the page of (X1 1, ¢x) for any k£ > 0 and extending the
monodromy by the identity on the co-cores of the 1-handles, one can produce a
non-positive open book with any non-planar page that supports a Stein-fillable
contact structure. Hence, Theorem 1 in combination with Wendl’s result gives a
complete answer to ():

Corollary 2. The monoids I'},, and I' )™ in the mapping class group of a compact

oriented surface with boundary coincide if and only if the surface is planar.
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2. PRELIMINARIES

In this section we briefly recount standard definitions and facts pertaining to
our objects of interest in contact topology. We then focus on the group of 3-
stranded braids B3 to draw the connection between quasipositive elements of B
and positive classes in the mapping class group I'; ; of the one-holed torus.

2.1. Open books, contact manifolds and Stein fillings. Let ¥, ,, denote a com-
pact oriented surface of genus g > 0 with n > 1 boundary components. Write I'y ,,
for the mapping class group of 3, ,, that consists of isotopy classes of orientation-
preserving diffeomorphisms X, ,, — X, , restricting to the identity on 0%, ,,; by
standard convention, we confuse classes in I'y ,, and their representatives. Given
¢ € I'y p, say that ¢ admits a positive factorisation, or simply that ¢ is positive, if it
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can be written as a product of positive Dehn twists about essential simple closed
curves in X, ,,. We denote by T'}, the positive monoid of 'y ,, i.e., the monoid com-
prised of isotopy classes of positively factorisable maps.

For our purposes, an open book is a pair (X, ¢), where ¥ = X , is called the page
and ¢ € Iy ,, the monodromy. One recovers a closed connected oriented 3-manifold
Y from (3, ¢) by considering the mapping torus

My = 1[0,1] x 5 /(0, p(x)) ~ (1,2)

and identifying boundary components of M, with | | S x S* such that in each
copy of S x S! the first factor is the quotient of the unit interval and the second
comes from a connected component of 93. Then Y is the result of glueing in solid
tori| |, D? x S* by the identity map

| |oD? x §* — | | " x 5.

Call the link L C Y consisting of the cores | |, {0} x S* of the solid tori the binding
of (X, ¢) and identify each page with the quotient of {#} x ¥ in M, for § € [0, 1].
We say that Y’ admits an open book (3, ¢) if Y is diffeomorphic to Y constructed
as above. Note that conjugating ¢ does not change the diffeomorphism class of Y.

Recall that a (positive) contact structure on Y is an oriented plane field £ C TY
such that £ = ker a for some a € Q(Y) satisfying o A dov > 0, and call the pair
(Y, €) a contact manifold. Two contact manifolds (Y, &) and (Y, ¢’) are contactomor-
phic if there exists a diffeomorphism ¥ — Y’ that induces a map carrying ¢ to
¢'. Say that an open book (X, ¢) for Y supports (Y, &) if « is positive on the bind-
ing and da is positive on the interior of each page. Thurston and Winkelnkemper
proved in [TW75] that every open book for Y supports some (Y, §). Furthermore,
as noted in the introduction, by the work of Giroux [Gir02] there exists a bijection
between contact structures £ on Y modulo contact isotopy and open books (£, ¢)
that support (Y, &) modulo positive stabilisation, i.e., modulo passing to an open
book (X', ¢’), where 3’ is obtained from X by attaching a 1-handle h and ¢’ = 7,¢
for 7, a positive Dehn twist about a simple closed curve o C ¥/ that intersects
the co-core of h once. This is consistent since the manifold (Y’,¢’) supported by
(X', ¢') is contactomorphic to (Y, £).

A Stein surface is defined as a complex surface W equipped with a Morse func-
tion f : W — R such that for every regular point c of f, the level set f~!(c) carries
a contact structure &, yielded by the complex tangencies, that induces an orienta-
tion of f~!(c) that agrees with the orientation of f~!(c) viewed as the boundary
of the complex manifold f~*((—o0, ¢]). Given (Y, ), say that it is Stein-fillable if Y
is orientation-preserving diffeomorphic to some such f~!(c) and ¢ is isotopic to
&.. For (Y,£) to be Stein-fillable, £ must necessarily be tight, i.e., there must not
exist an embedded disk D? C Y that is tangent to ¢ along D?; if such a disk ex-
ists, £ is overtwisted. Recall from Section 1 that (Y, ¢) is Stein-fillable if and only if
there exists an open book supporting (Y, &) whose monodromy admits a positive
factorisation.

2.2. Quasipositive 3-braids and positive mapping classes. Given the braid group
on n strands B,,, we say that 8 € B, is quasipositive if it can be written as a product
of conjugates of the standard generators o1, ...,0,—1 of B,. Note that quasiposi-
tivity is preserved by conjugation and write Q. P(n) for the monoid of quasipositive
n-braids; we will be concerned with the case n = 3. Recall that B; admits a presen-
tation (01, 02 | 010201 = 020102) and write A = 010201 = 020707 in the following.
Also, observe that

UlilAil = Ailafl and aéﬁlAil = Ailalﬂ. (*)
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It is well-known (see, e.g., [FM12, Chapter 9]) that there exists an isomorphism
U : By — I'y; given by ¥(01) = 7, and ¥(o2) = 73, where 7, and 73 are the
positive Dehn twists about, respectively, a meridian «a and a longitude 5 of ¥ ;
that intersect transversely once (q.v. Figure 1). Moreover, we have the following
folklore result proved by Ito and Kawamuro in [IK19]:

Theorem 3 ([IK19, Theorem 3.2]). The group isomorphism ¥ : B3 — I'; ; restricts
to a monoid isomorphism V| p(3) : QP(3) — Fil.

An algorithm to determine whether a given 3-braid is quasipositive was first
described in [Ore04] and later improved in [Orel5] by Orevkov. Thus, Theorem 3
enables us to determine whether any ¢ € I'; ; is positive by applying the algorithm
to the preimage ¥~'(¢) € Bs. The first step is finding a representative 3 of the
conjugacy class of ¥~ (y) in standard form, i.e.,

B =APwT = APo{1 05?0305t ...,
where w' is a word in m > 0 syllables that alternate between powers of o and o5,

a; > 0foralli =1,...,mand p € Z. If one of the following also holds, say that 3
is in reduced standard form:

1 m<1L
(2) m=2,a1 =as =1and p = 0 mod 2; or
(3) m=pmod2and a; >2foralli=1,...,m.

For a complete description of the algorithm, we refer the reader to [Orel5, Sec-
tion 6]. However, for the purpose of proving Theorem 1, the following quasiposi-
tivity obstruction will be sufficient.

Proposition 4 ([Orel5, Proposition 6.5(b)]). Let 8 be given in reduced standard
form and denote by e(8) the exponent sum of 3, i.e., e(3) = 3p+ >~ a;. Then if
p < 0 and f is quasipositive, we have 0 < p + m < 2e(8).

Since quasipositivity is a property of conjugacy classes, it follows that if 5 in
reduced standard form is conjugate to ¥~ () and does not satisfy the inequalities
of Proposition 4, then ¢ is non-positive.

3. PROOF OF THEOREM 1

Henceforth, for all k > 0, let

By = (0102)60f0;(15+k) € B3

and write ¢}, = (TaTg)6TgTB_(15+k) € T'y; for the image of 8, under the isomor-

phism ¥ : B3 — I'; ; defined in Subsection 2.2. Note that by the chain relation in
'y, we can write (7,75)® = 75, where ¢ is a boundary-parallel curve in ¥; ;. In
the next lemma, we show that the monodromies in the statement of Theorem 1 are
non-positive.

Lemma 5. Forall k > 0, we have ¢, ¢ I'f ;.

Proof. Consider 3y = (0102)%0305 '° = A*o0,'°. Writing ~ to denote conjugacy
in B3, we have

By = A4a§’a;15 = A40f0102A_102_14 = A4Ui’010201—14A_1
= A4Uf01020201A_101_13A_1 = A40f01020201A_102_13A_2 =...
2Note that such B always exists since one can write o = A-1l5109 and oy L= A=1g904, collect

the A~ factors on the left using (*), and conjugate appropriately to ensure that the first syllable in w™
is a power of o;.
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FIGURE 2. Left: a surgery diagram for the double branched cover
Yo(Bk). Middle: the surgery diagram for ¥5(3);) blown up once
with a +1-framed blue unknot. Right: the result of sequentially
blowing down four —1-framed unknots followed by an isotopy,
yielding a surgery diagram for Wh(5, —(15 + k)).

Proceeding similarly,
5 —15 _ [
— A401’(01020201)70102A B oA 110{(01020201)70102
—11_6/.2 2\7 —11_6, 2 _2\7 —11_7( 2 _2\7 _. af
= A" 0)(0307) 02 ~ 02 AT o) (0301)" = AT oy (0307)" = By

Observe that ] is in reduced standard form with m = 15 and p = —11. Since
e(By) = 2, wehave p+m =4 £ 4 = 2e(f;). By Proposition 4, 3 is not quasiposi-
tive, hence neither is 5. Moreover, since every 3, for k > 1 is obtained by adding
negative subwords to 5y, we have 3;, ¢ QP(3) for all k > 0. By Theorem 3 and the
discussion in Subsection 2.2, we conclude that ¢y, is non-positive for all £ > 0. O

We will also make use of recent results by Min and Nonino in [MN23] who
classified tight contact structures on a large class of surgeries on the Whitehead
link Wh, shown on the right of Figure 2, and determined their Stein fillability.
Write Wh(ry,r2) for the (71, r2)-surgery on Wh; note that the assignment of the
coefficients to the components of Wh is immaterial as they can be interchanged by
an ambient isotopy. Then we have the following;:

Theorem 6 ([MN23, Theorem 1.6]). Let 7y > 5 be an integer and 7, € ((—o0,0) U
[2,4)U[5,00))NQ. Then every tight contact structure on Wh(ry, r) is Stein-fillable.

We are now equipped for the proof of our main result.

Proof of Theorem 1. Denote by (Y}, {) the contact manifold supported by the open
book (X11,¢k). Theorem 4.2 in [Bal08] implies that (Yj,&x) is tight since the
Ozsvéath-Szab6 contact invariant ¢(§;) # 0. Moreover, it is shown in [Bal08,
Lemma 2.1] that Y}, is diffeomorphic to X2(53x), the double cover of S* branched
over the closure of §;,. Writing

4 .
Br = (0102)6 (0102_(2_2)) 0102_(17+k 2)7

from [Sim23, Section 1] (cf. [BS24, Lemma 2.2]) we obtain a surgery description of
Y2(Bk) shown on the left of Figure 2 that is, in turn, diffeomorphic to Wh(5, —(15+
k)) via a sequence of blow-ups and blow-downs. By Theorem 6, the contact mani-
fold (Y%, §) is Stein-fillable for any tight contact structure £. Since the monodromy
¢k is non-positive for all £ > 0 by Lemma 5, the result follows. [l
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