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Abstract: In quantum gravity, it has been argued that a proper accounting of the role played by
an observer promotes the von Neumann algebra of observables in a given spacetime subregion from
Type III to Type II. While this allows for a mathematically precise definition of its entropy, we show
that this procedure depends on which observer is employed. We make this precise by considering
a setup in which many possible observers are present; by generalising previous approaches, we
derive density operators for the subregion relative to different observers (and relative to arbitrary
collections of observers), and we compute the associated entropies in a semiclassical regime, as
well as in some specific examples that go beyond this regime. We find that the entropies seen by
distinct observers can drastically differ. Our work makes extensive use of the formalism of quantum
reference frames (QRF); indeed, as we point out, the ‘observers’ considered here and in the previous
works are nothing but QRFs. In the process, we demonstrate that the description of physical states
and observables invoked by Chandrasekaran et al. [1] is equivalent to the Page-Wootters formalism,
leading to the informal slogan “PW = CLPW”. It is our hope that this paper will help motivate
a long overdue union between the QRF and quantum gravity communities. Further details will
appear in a companion paper.
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1 Introduction
The generalised entropy formula has long been a striking indication of the deep connection between

geometry and information in quantum gravity [2–7]. Despite being a semiclassical formula, a rigorous
understanding of its origin has mostly only been possible (and then even only partially) in certain
microscopic theories (for example [8, 9]). This changed with recent work by Chandrasekaran, Longo,
Penington, and Witten (CLPW) [1] (inspired by [10–13]), as well as further investigations by many
others (for example [14–24]), which showed that one may make progress semiclassically by properly
accounting for the role of an observer. In particular, the von Neumann algebra of gravitational
observables dressed to an observer admits a mathematically well-defined notion of entanglement
entropy, and one can in certain cases recover a version of the generalised entropy formula.

What CLPW call an ‘observer’ has been much studied elsewhere in the literature, where it has
been called a quantum reference frame (QRF) (see [25–49], among many others). The QRF and
quantum gravity research programs have largely been carried out in parallel, without as much overlap
as one might expect, given the key role played by reference frames in the foundations of gravity. It is
therefore rather exciting that there is now an opportunity for a long overdue union between these two
communities (and indeed this union has already begun to bear fruit [43, 44, 50–54]).

Although they did not explicitly state it, much of the construction of CLPW is carried out within
the perspective of a reference frame, via a so-called Page-Wootters (PW) reduction [55, 56]. This
reduction is a key part of the perspective-neutral approach to QRFs [29–40]. Thus, the observation
that [1] was secretly a paper about quantum reference frames may be summarised by the equation1

PW = CLPW. (1.1)

We will explain this connection in more detail later in the paper.

The version of entropy formulated by CLPW is clearly observer-dependent. In this note, we will
explain how this may be understood using features of the QRF formalism. A QRF is a set of physical
degrees of freedom playing the role of the observer; there are many QRFs in the universe, and hence
many different entropies. We will describe how these entropies can drastically differ, in a way that
depends on the precise nature of the QRF one uses. The observer-dependence of entropy may be
alternately stated as a relativity of entropy. This is extremely natural in gravity, where it seems entropy,
like almost everything else, must depend on the frame of reference. Technically, it is a consequence of
subsystem relativity: the observation that different QRFs decompose a composite system subject to
gauge symmetries in different ways into gauge-invariant subsystems [29, 30, 33, 49].

We will generalise the framework of [1, 14] to the case where there are many QRFs in the universe.
We will find the density operators for a subregion relative to any arbitrary subset of these QRFs.
We will also compute the corresponding von Neumann entropies of these density operators in a
generalisation of the semiclassical regime described by [1, 14], and some leading order corrections
to this regime in a specific example. In addition, we will consider what we call an antisemiclassical
regime, in which a given QRF does not allow one to observe much about the state of the subregion.
Finally, we will discuss how different regimes can apply to different QRFs within the same state, thus
leading to an explicit demonstration of the observer-dependence of gravitational entropy.

To be clear, the total entropy of all the degrees of freedom in a subregion, including every QRF in
that subregion, is not observer-dependent.2 The observer-dependence comes in when we restrict which

1 Of course, [1] makes many non-trivial additional observations, so this equation should not be interpreted too literally.
2 For subregions with horizons this is a natural definition of horizon entropy, which is therefore observer-independent.
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QRFs one can use to measure the fields in the subregion. The choice of QRFs one restricts to is a
purely operational input in our approach.

Another important point to make is that, although we consider a system with many QRFs, we
will always assume that each QRF has access to the fields within a single fixed subregion. More
generally, different QRFs will have access to different subregions; this will clearly be a source of
observer-dependence in the entropy, since the state of the fields in one subregion can be completely
different from that in another. On the other hand, the observer-dependence in the entropy that we
study in this paper will have more to do with the intrinsic properties of the QRFs, and their correlations
with the other degrees of freedom present in the system

We hope that this relatively informal paper will provide a comfortable meeting point for the
quantum gravity and quantum reference frame communities. A more detailed account with many
other results and examples may be found in the longer companion work [57].

The present paper proceeds as follows. In Section 2, we will construct the effective description
of the low energy gravitational system we study in this paper: a quantum field theory coupled to
some number of observers carrying clocks. We will describe relevant details of the perspective-neutral
approach to QRFs, and explain in greater detail the significance of Eq. (1.1). Then, in Section 3, we
will explain how to compute the density operator relevant when we use some subset of the clocks to
observe the QFT in a subregion, and we describe and compute the entropy in the semiclassical and
antisemiclassical regimes. We use these results to properly demonstrate the observer-dependence of
gravitational entropy in Section 4, before finally concluding in Section 5.

Note added: While completing this work and its detailed version [57], Ref. [54] appeared, which
similarly points out that observers in CLPW [1] are QRFs. The key difference between our work
and [54] is that the authors of the latter invoke the so-called operational approach to QRFs [45, 47],
which constructs gauge-invariant algebras, but does not implement constraints on states. However, in
quantum gravity, constraints are imposed on states as well, and going this extra step means invoking
the perspective-neutral approach to QRFs and is what allows us to establish “equation” (1.1). Another
difference is that we study multiple observers, traces and entropies. Notwithstanding, at the kinematical
algebraic level, [54] is compatible with our approach and we look forward to comparing our works.

2 Low energy gravitational system: fields and clocks
We begin by applying the formalism of quantum reference frames (QRFs) to local quantum field

theory. Unlike typical QRF settings, this will be a hybrid scenario, where the frames are quantum
mechanical and the “observed system” is a quantum field containing gravitons.3 More precisely, let us
consider a low energy gravitational system consisting of quantum reference frames Ci, i = 1, . . . n, for
some arbitrary n ∈ N, coupled to an effective quantum field theory. The kinematical Hilbert space of
this system decomposes as

Hkin =
n⊗
i=1

Hi ⊗ HS , (2.1)

where Hi is the kinematical Hilbert space of Ci, and HS is the kinematical Hilbert space of the QFT.

3 As indicated in the Introduction, we employ the so-called perspective-neutral approach to QRFs [29–40], see [30,
Sec. II] for a gentle introduction and a comparison with special covariance. A few other QRF formalisms have emerged,
including the purely perspective-dependent one [28, 41–43], the operational one [45–47] and the quantum information one
[48, 49]. Differences are rooted in how the approaches treat symmetries. The perspective-neutral approach is singled out
by treating ‘external’ frame transformations as gauge, which means it implements constraints as in gauge theory and
gravity. It is thus the one applicable to the present gravitational scenario. (For the special case of ideal QRFs, the purely
perspective-dependent approach is equivalent to the one used here, not however for general QRFs [29].)
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Each QRF Ci will carry a clock whose evolution is generated by its Hamiltonian Hi. For simplicity,
this is all the QRF will carry, and furthermore, the spectrum of each Hi will be taken to be non-
degenerate and continuous. We can then write Hi = L2(σi), where σi ⊂ R is the energy spectrum
of Ci. We briefly comment on the degenerate case later and discuss it in more detail in [57]. In our
exposition, we will use the clock QRF formalism from [31, 32].4 One may construct a set of states

|t⟩i = 1√
2π

∫
σi

e−iEt |E⟩i , t ∈ R, (2.2)

for each frame, where |E⟩i, E ∈ σi are energy eigenstates.5 These have the interpretation that, in the
state |t⟩i, the time given by clock Ci is t. The states |t⟩i furnish a resolution of the identity:

1i =
∫ ∞

−∞
dt |t⟩⟨t|i (2.3)

(where |t⟩⟨t|i is shorthand for |t⟩i⟨t|i), and they transform covariantly:

e−iHiτ |t⟩i = |t+ τ⟩i . (2.4)

These states are typically not orthogonal for different clock readings, i.e. for t ̸= t′, we typically get
⟨t|t′⟩ ̸= 0. In this sense, the time given by the clock is not definite, but rather has some fuzziness.
Quantum reference frames with this property are called ‘non-ideal’; conversely, quantum reference
frames with ⟨t|t′⟩ = 0 if t ̸= t′ are called ‘ideal’. For the simple kind of QRF we are considering, a
clock is ideal if its energy spectrum is the whole real line, and non-ideal otherwise.

To get the physical Hilbert space of this system, one must impose the gauge constraints. In gravity,
this includes diffeomorphisms. At the level of the low energy gravitational system described above,
diffeomorphisms act not only on the fields, but also the clocks, changing the times that they read.
Like [1, 14], we will for simplicity assume that almost all of the constraints have already been imposed
in Hkin, such that only a single one remains:

H =
n∑
i=1

Hi +HS , (2.5)

where HS , an operator acting on HS , is the generator of the action of a certain diffeomorphism
on the effective field degrees of freedom.6 Overall, H may be thought of as the generator of this
diffeomorphism on the full system, accounting for its action on the QRFs as well as the fields. We
impose invariance under this diffeomorphism by setting H = 0.

We will in particular assume that βHS for some positive β ∈ R is the modular Hamiltonian of some
fixed cyclic and separating QFT state |ψS⟩ ∈ HS (thus a KMS state [63, 64]), for the von Neumann
algebra of bounded QFT operators AU ⊂ B(HS) with support in some spacetime region U . Hence,
imposing the constraint H = 0 means that each of the clocks Ci measures modular time with respect
to |ψS⟩ and AU . One may heuristically think of the QRFs as evolving along worldlines generated by

4 The present QRFs are ones associated with the translation group. For the generalization of the below perspective-
neutral QRF formalism to general unimodular groups see [29] and specifically for periodic clocks see [58].

5 The states |t⟩i are not normalisable, and so in fact are not truly elements of Hi, unless σi is bounded in both
directions. Moreover, when σi is bounded, the |t⟩i are neither perfectly distinguishable, nor eigenstates of a clock operator.
Nevertheless, the clock states give rise to well-defined clock observables using the formalisms of covariant POVMs [31, 32,
46, 59–62]. In general, one may also include an additional arbitrary phase factor eig(E) in the integrand defining the
states |t⟩i [31, 62]. We choose here to absorb this phase factor into the energy eigenstates.

6 Here we are ignoring any explicit interaction terms between the QFT and the clocks, in line with a GN → 0 limit.
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Figure 2.1: We consider a low energy gravitational system made up of field
degrees of freedom described by an effective QFT, and an arbitrary number
of clock degrees of freedom, each of which is carried by a quantum reference
frame Ci. The clocks are taken to measure time along the modular flow of
some fixed QFT state |ψS⟩ with respect to the algebra AU of QFT operators
in a fixed spacetime region U . Heuristically (but not always literally), one may
imagine that the clocks evolve along some worldlines resembling the integral
curves of a boost in U or its complement U ′. By the timelike tube theorem
[65–68], each QRF in U has access to the full regional QFT algebra AU .

the modular flow of the QFT (see Fig. 2.1). We can imagine that each of the clocks located within
U is capable of measuring the fields in the vicinity of its worldline, which implies they can measure
everything in AU by the timelike tube theorem [65–68]. This motivation does not apply to clocks
located outside of U – but there is no reason we cannot also use those clocks in what follows.

The simplest version of this setup is where U is a Rindler wedge in Minkowski spacetime, and
|ψS⟩ is just the QFT vacuum state [69] (this is one manifestation of the Unruh effect [70]) – but a
conjecture of [14], based on evidence such as [69, 71–75], posits that a |ψS⟩ with the right properties
always exists in the general case (this has been further explored in [76]). Note that here |ψS⟩ is a state
for the fields in the interior of spacetime, but not necessarily on its asymptotic boundary. Boundary
degrees of freedom can be modelled by the inclusion of an additional clock, as in [14].

Imposing H = 0 is not as simple as restricting to the H = 0 subspace of Hkin, because this subspace
typically will contain far fewer states than is physically desirable.7 Instead, one can impose the
constraint by introducing a new inner product involving an average over gauge transformations (the
‘group-averaging’ inner product):

(ϕ1|ϕ2) = 2π ⟨ϕ1| δ(H) |ϕ2⟩ =
∫ ∞

−∞
dt ⟨ϕ1|e−iHt|ϕ2⟩ , (2.6)

where |ϕ1⟩ , |ϕ2⟩ ∈ Hkin.. Since one has a new inner product, one also has a new Hilbert space on
which it is defined, and this is the space of physical states Hphys. There are various equivalent ways
to directly construct Hphys. For example, in refined algebraic quantisation [77–79], physical states
are distributions on the kinematical Hilbert space obtained using a so-called ‘rigging map’; these
distributions solve the constraint H = 0. In the formalism of coinvariants [1, 80], a physical state is an
equivalence class of kinematical states modulo gauge transformations. In any case, there is a linear

7 This is a consequence of the continuous nature of the spectrum of H, which causes otherwise physically reasonable
gauge-invariant states to not be normalizable.
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map M : Hkin → Hphys taking a given kinematical state to the corresponding physical state, and for
our purposes here this abstract description will suffice; a more detailed discussion is deferred to [57].
Two kinematical states related by a gauge transformation map to the same physical state under M ,
and it implements the constraint via MH = 0. To distinguish physical states from kinematical states,
we use the notation |ϕ) for the former, while we use the standard notation |ϕ⟩ for the latter, and we
will commonly set |ϕ) = M |ϕ⟩. In Eq. (2.6), we have |ϕ1) = M |ϕ1⟩ and |ϕ2) = M |ϕ2⟩.

2.1 Observables and perspectives
The main subject of interest in the present paper comprises the algebra of physical observables of

the subregion U . However, there are different ways one can choose to construct this algebra. Let us
here describe three: first, the algebra made up purely of fields in the subregion; second, the enlarged
algebra one obtains by ‘dressing’ field observables to a clock Ci; and last, the further enlarged algebra
one obtains by allowing for ‘reorientations’ of that clock.

The simplest way to try to make a physical observable is to take any a ∈ AU which commutes with
HS . Although a is defined as a kinematical operator, any such gauge-invariant a has an unambiguous
representation r(a) on physical states defined by r(a) |ϕ) = |aϕ) = Ma |ϕ⟩, or simply r(a)M = Ma.
Thus, the subalgebra of AU consisting of gauge-invariant operators

AH
U := {a ∈ AS | [a,HS ] = 0} (2.7)

has a representation on Hphys, which gives an algebra of physical observables r(AH
U ) for U .

Unfortunately, the algebra AH
U is hopeless for the purpose of definining a physical subsystem. AU

is a Type III1 factor8 [14, 64, 81, 82], and a mathematical fact about such algebras is that the only
operators they contain which are invariant under modular flow are constant multiples of the identity
(this is called ‘ergodicity’). Hence, we have AH

U = C1. This algebra does not allow us to observe any
physics whatsoever.

One way out is to use the clocks. In particular, we can take a (not necessarily gauge-invariant)
QFT operator a ∈ AU and dress it to a given clock Ci, which works as follows. First, one considers
the operator |τ⟩⟨τ |i ⊗ a, which conditions on clock Ci such that its time reads τ , while simultaneously
acting with a on the QFT. This by itself is not gauge-invariant; one gets a gauge-invariant operator by
constructing its ‘G-twirl’:

OτCi(a) =
∫ ∞

−∞
dt e−i(Hi+HS)t(|τ⟩⟨τ |i ⊗ a)ei(Hi+HS)t. (2.8)

Since this operator commutes with the constraint, it yields a well-defined operator

Oτ
Ci(a) = r(OτCi(a)) (2.9)

acting on physical states. This operator is known both as a ‘dressed observable’, because it is
constructed by dressing the fields with the clock, and also as a ‘relational observable’ [31, 83–85],
because it measures the field observable a when the clock reads τ . Indeed, it was shown in [31] that
these operators are a quantisation of the classical relational observables in [86].

To get a more explicit interpretation of this observable, we can imagine being in the perspective of
the reference frame Ci. In particular, a given physical state |ϕ) = M |ϕ⟩ may always be written in the

8 A factor is an algebra with trivial centre, meaning only multiples of the identity commute with all other elements.
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form |ϕ) = M(|τ⟩i ⊗ |ϕ|i(τ)⟩) (up to reordering of kinematical tensor factors), with the state |ϕ|i(τ)⟩
given by the so-called ‘Page-Wootters (PW) reduction’ of |ϕ):9

|ϕ|i(τ)⟩ = Ri(τ) |ϕ) := ⟨τ |i
∫ ∞

−∞
dt e−iHt |ϕ⟩ ∈

n⊗
j=1
j ̸=i

Hi ⊗ HS . (2.10)

It may be shown [29, 31, 32] that the expectation value of Oτ
Ci

(a) in the state |ϕ) is given by

(ϕ|Oτ
Ci(a)|ϕ) = ⟨ϕ|i(τ)|a|ϕ|i(τ)⟩ . (2.11)

A key facet of the QRF formalism is to think of |ϕ|i(τ)⟩ as the state of the system in the perspective of
Ci (this is what the notation ‘|i’ denotes), when its clock reads τ . Thus, the right hand side measures
the expectation value of a, in the perspective of Ci.

Note that |ϕ|i(τ)⟩ takes the form of a state for the other QRFs, and the QFT. It can be shown
that the so-called reduction map

Ri(τ) : Hphys →
⊗
j ̸=i

Hj ⊗ HS (2.12)

is an isometry [29, 31, 32] (in fact, it is a unitary gauge fixing). The physical Hilbert space is thus
isometric to the image of Ri(τ), which is typically a subspace

H|i = Πi

(⊗
j ̸=i

Hj ⊗ HS

)
⊆

⊗
j ̸=i

Hj ⊗ HS , (2.13)

where Πi = Ri(τ)Ri(τ)†. Explicitly, one may show that

Πi =
∫
σi

δ(HS +
∑
j ̸=i

Hj + E) dE . (2.14)

In words, Πi is a projection onto the subspace in which HS +
∑
j ̸=iHj ∈ −σi.10 This projection Πi is

what remains of the constraint H = 0, and the state |ϕ|i(τ)⟩ must be in its image H|i, which is known
as the ‘reduced Hilbert space’ in the perspective of Ci. The original physical Hilbert space constructed
above Hphys is sometimes conversely known as the ‘perspective-neutral’ Hilbert space, because it treats
all of the clock QRFs on an equal footing and links their respective internal perspectives via QRF
transformations built from the reduction maps [29–32].

A general QFT operator a ∈ AU acting in the perspective of Ci will not keep us in the physical
subspace H|i, so one should restrict to those which do, i.e. those satisfying [a,Πi] = 0.11 Then it may
be shown that [31, 57]

Oτ
Ci(a) = Ri(τ)†aRi(τ). (2.15)

9 In most formulations of the PW formalism, this is written as a conditioning of physical states on the clock reading
τ : ⟨τ |ϕ), e.g. see [55, 56, 59, 87]. Comparing with Eq. (2.10), this standard form of the PW reduction thus identifies
physical states as |ϕ) = Πphys |ϕ⟩, where Πphys =

∫
dt exp(−iHt) is the coherent group averaging operator of refined

algebraic quantization, and the conditioning as Ri(τ) = ⟨τ |i ⊗
⊗

j ̸=i 1j ⊗ 1S [31, 32]. (In fact, as physical states are
kinematical distributions in this approach, a more accurate description is (ϕ| = Πphys |ψ⟩ [78].) Our definition of the PW
reduction map in Eq. (2.10) is equivalent, but agnostic to which method is used for constraint implementation.

10 For an ideal frame, Πi is the identity, but for a non-ideal frame the projection is non-trivial.
11 Of course, for [a,Πi] ̸= 0, the dressed observable r(OτCi

(a)) is still a perfectly legitimate operator at both the
perspective-neutral and reduced levels. However, including such observables at this stage would lead to certain issues
stemming from the fact that the set of all dressed observables for arbitrary a does not close as an algebra, and so would
not define a quantum subsystem in a traditional sense.
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Thus, the interpretation of Oτ
Ci

(a) extends beyond just expectation values: Oτ
Ci

(a) is exactly the
physical operator corresponding to a in the perspective of Ci at time τ . Thus, the relational observable
Oτ
Ci

(a) is the perspective-neutral implementation of this operator. Furthermore, the set of all such
operators

OU|i =
{

Oτ
Ci(a) | a ∈ AU , [a,Πi] = 0

}
(2.16)

forms an algebra isomorphic via Oτ
Ci

(a) ↔ Πia to the algebra ΠiAΠi
U of QFT operators in U commuting

with Πi, projected onto H|i. We have not written superscripts τ on the algebra OU|i or the projection
ΠCi , because it turns out these do not depend on τ .

Since we are already involving the frame Ci, there is one more important kind of physical operator
we can consider: Vi(t) = r(e−iHit), for t ∈ R. The operator e−iHit acts on kinematical states by
changing the time of clock Ci via |τ⟩i → |τ + t⟩i, and Vi(t) is the physical version of this change. In
the field of QRFs, this is called a ‘reorientation’ of Ci [29, 30]. Involving reorientations allows for a
beautiful picture of relational quantum dynamics, supported by equations such as the following:

Ri(τ)Vi(t) |ϕ) = |ϕ|i(τ − t)⟩ = e
i(HS+

∑
i ̸=j Hj)t |ϕ|i(τ)⟩ , (2.17)

Vi(t)Oτ
Ci(a)Vi(t)† = Oτ−t

Ci
(a) = Oτ

Ci

(
e
i(HS+

∑
i ̸=j Hj)tae

−i(HS+
∑

i ̸=j Hj)t
)
, (2.18)

which have the interpretation of a Schrödinger evolution for the states in the perspective of Ci (this
is the standard PW formalism [55, 56]), and a Heisenberg evolution for the operators dressed to
Ci. The Hamiltonian for this evolution is HS +

∑
i ̸=j Hj = H − Hi, and in the perspective of Ci,

the reorientation Vi(t) maps to a time evolution in the opposite direction, exp
(
i(HS +

∑
i ̸=j Hj)t

)
.12

Further details may be found in [57], but for now, suffice it to say that if we want to allow the fields in
U to be dressed to Ci as described above, while allowing the subsystem so described to be dynamical,
then we have to account for reorientations.

Thus, we can describe the fields in U relative to a given clock Ci as a a dynamical subsystem in terms
of the algebra of physical observables generated by dressed observables r(OτCi(a)) and reorientations
Vi(t).13 This algebra has a rather simple description at the perspective-neutral level. Consider the full
algebra ACiU = B(HCi) ⊗ AU of kinematical operators acting on the fields in U , and on frame Ci. It
then turns out [57] that the algebra generated by dressed observables and reorientations is just the
physical representation r(AH

CiU ) of the gauge-invariant subalgebra

AH
CiU = {a ∈ ACiU | [a,Hi +HS ] = 0} ⊆ ACiU . (2.19)

While AH
CiU always is a von Neumann algebra, we will see in Sec. 3.6 that for r(AH

CiU ) it depends on
whether at least one other clock exists. This physical representation can be mapped to an algebra in
the perspective of Ci via the reduction map [29, 31, 32, 57]:

Aphys
U|i := Ri(τ)r

(
AH
CiU

)
Ri(τ)† = ΠiAU|iΠi, (2.20)

where AU|i is generated by a ∈ AU and HS +
∑
i ̸=j Hj .

Let us also note that the same physical algebra may be described instead in the perspective of a
different clock Cj ̸= Ci. The result is the original gauge-invariant algebra AH

CiU (an identity factor on

12 Unlike the more ordinarily studied quantum mechanical case [31–33, 38, 39, 58], there is no dressed operator which
could also generate this time evolution, because the modular flow of Type III algebras is an outer automorphism.

13 At this point, we can include dressed observables r(OτCi
(a)) with [a,Πi] ̸= 0, because the inclusion of reorientations

allows the resulting set of operators to close as an algebra.
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Hj is implicitly dropped) projected onto H|j with Πj :

Rj(τ)r
(
AH
CiU

)
Rj(τ)† = ΠjAH

CiU . (2.21)

This will be useful in Sec. 3.6. Note that Πj and AH
CiU commute.

2.2 PW = CLPW
Let us briefly show that the coinvariant procedure to implement the constraint invoked by CLPW

[1, Sec. 4.2] (and adopted by [14]) is equivalent to a PW reduction and thereby to an internal QRF
perspective. Adapted to our conventions and notation, CLPW consider U to be the de Sitter static patch
associated with an observer carrying a clock C1 and U ′ the complementary static patch where another
observer carries a clock C2. Initially, both clocks are ideal and so the constraint reads H = H1−H2+HS

with σi = R, where the minus sign highlights that the boost time in U ′ runs backward, cf. Fig. 2.1.
This constraint is imposed via the map T |ϕ⟩ =

∫ ∞
−∞ dt e−i(HS+H1)t ⟨t|2 |ϕ⟩ [1, Eq. (4.10)]. Comparing

with Eq. (2.10) and recalling the covariance (2.4), it is clear that T |ϕ⟩ = R2(0) |ϕ) = |ϕ|2(0)⟩.

In words, CLPW’s description of physical states is tantamount to “jumping into the perspective of
the clock QRF C2 when it reads τ2 = 0” via a Page-Wootters reduction. Similarly, their description of
the physical representation of the static patch algebras r(AH

C1U ) and r(AH
C2U ′) in [1, Sec. 4.2] coincides

with their PW reduction via Eqs. (2.20) and (2.21) into C2 perspective.14 While initially, the projectors
Π1,Π2 are trivial because the clocks are ideal, CLPW later impose lower bounds on their energies and
this is equivalent to starting like us with non-ideal clocks and non-trivial projectors from the outset.

Thus, CLPW’s observers are nothing but QRFs and their description of states and observables is
equivalent to the perspective-neutral QRF formalism. Invoking the latter permits us to generalize
their construction (and its generalisation to general subregions U [14]) to an arbitrary number of
observers and to explore the observer dependence of gravitational entropy. This will extend the recent
observation that in gauge systems entropies of subsystems are QRF-dependent [30].

3 The entropy of the subsystem
Let us address now the main topic of the paper: computing the entropy of a subsystem associated

with the spacetime subregion U . A subsystem can be described in terms of its algebras of observables,
and in Table 3.1, we have summarised the various algebras of physical observables one can use
to characterise the degrees of freedom in U . We have given the form of each algebra at both the
perspective-neutral level (i.e. as algebras acting on Hphys) and in the perspective of Ci (i.e. as algebras
acting on H|i). As stated earlier, the algebras on any one row of the table are isomorphic via the
reduction map.

The algebras in the first row are completely trivial. The algebras on the second row are typically
Type III and thus admit neither traces nor density operators.15 For this reason, we cannot use the
algebras in the first two rows to compute a meaningful entanglement entropy. This bears repeating: in
the gravitational system we are considering, one cannot compute a well-defined entropy using purely
QFT degrees of freedom in U , and it also does not suffice to also just allow QFT observables dressed
to a clock.

As we will discuss, by going to the third row, i.e. by including also clock reorientations, one

14 In fact, in C2 perspective, CLPW perform another unitary to put the crossed product r(AH
C1U ) into a standard form.

15 This is easiest to see when Ci is ideal, in which case the algebra in the perspective of Ci is just AU , which, being the
algebra of QFT degrees of freedom in a subregion, is Type III1 [64, 82, 88]. The non-ideal case will be addressed in [57].
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Perspective-neutral Ci’s perspective

Pure QFT C1 C1

Dressed to Ci OU|i ΠiAΠi
U

Dressed observables and reorientations r(AH
CiU ) ΠiAU|iΠi

Table 3.1: The various observable algebras one can use to characterise the
spacetime region U . When Ci is ideal, and there is at least one other ideal
clock in the system, the last row is a crossed product algebra.

can make progress. The reason this works was the essential underlying mathematical point of [1]
and the follow-up works [14–17]: the algebra of dressed observables and reorientations serves as a
representation of the ‘crossed algebra’ AU ⋊α R, where α : R → Aut(AU ), is the one-parameter family
of automorphisms αt(·) = e−iHSt(·)eiHSt. Recalling that HS generates the modular flow of a state
|ψS⟩ with respect to the algebra AU , it is a standard mathematical result that the crossed algebra is a
factor of Type II∞ [89]. Thus, one can use it to define traces and entanglement entropies, and this
structure descends to its representation r(AH

CiU ). If Ci is an ideal clock, we have AH
CiU ≃ AU ⋊αR, and

if there exists at least one other ideal clock, then r(AH
CiU ) also remains of Type II∞. This can be seen

from the right hand side of Eq. (2.21) for a second ideal clock Cj ̸= Ci, which implies r(AH
CiU ) ≃ AH

CiU
since Πj = 1. But if Ci is a non-ideal clock with a lower bound on its energy, AH

CiU is of Type II1 and
this is also true for the represented algebra r(AH

CiU) (we will discuss this further in Sec. 3.2 and in
[57]). Physically speaking, this is due to the existence of a maximally mixed state on this algebra.

A subtlety which is worth noting is as follows. In the above, and elsewhere in the literature, the
algebras in question are often assumed to be von Neumann algebras. However, this is not always the
case. Von Neumann algebras are required to be equal to their own bicommutant. But the bicommutant
of an algebra is determined by the Hilbert space on which it acts. In this way, it may be that an
algebra M ⊂ B(Hkin) of gauge-invariant kinematical operators is equal to its bicommutant when
acting on the kinematical Hilbert space, while its physical representation r(M) is not equal to its own
bicommutant when acting on the physical Hilbert space. We will discuss this subtlety later — the
punchline is that these problems go away for the case at hand, if there is at least one other clock than
Ci in the system, i.e. if n > 1. Then r(AH

CiU ) is a von Neumann algebra on the physical Hilbert space.
However, if n = 1, then it is not a von Neumann algebra, and we should replace it by its bicommutant
r(AH

CiU)′′ in order to classify its type, and to compute an entropy.16 We will assume for now that
n > 1, postponing further discussion of the n = 1 case until Sec. 3.6.

3.1 The density operator
Let us now summarise how one can compute the density operator of a given physical state |ϕ)

with respect to the algebra r(AH
CiU ) of dressed observables and reorientations. (The generalisation to

arbitrarily many clocks is saved for later.) We proceed in several steps.

First, we write down the trace for the gauge-invariant kinematical algebra AH
CiU (in all cases each

of the algebras we are dealing with is a factor, and so have a unique trace, up to multiplication by a

16 It turns out that the trace on AH
CiU descends to one on r(AH

CiU ) even when the latter is only a C∗-algebra but not a
von Neumann algebra [57]. In this manner, one can in principle still compute density operators and entropies. However,
their interpretation will be less transparent as Haag duality [63, 64] will not hold for this physical algebra. Associating
its entropy with the causal diamond U thus becomes less immediate.

10



state-independent constant [90]):

Tr(·) = eS0,i ⟨ψS | ⟨0|i (·)e
−βHi |ψS⟩ |0⟩i . (3.1)

Here, |0⟩i is the t = 0 clock state (2.2) and eS0,i is some arbitrarily chosen normalisation constant, with
S0,i ∈ R (we will give a proper interpretation of this constant later below). This functional satisfies all
of the required properties of a trace: faithfulness, normality, semifiniteness and the cyclic property (for
more on these, see the companion paper [57], or [1, 10, 14, 89, 90] among many others). It may be
thought of as a state on the algebra in which the clock Ci is in thermal equilibrium with the fields in
U in the KMS state |ψS⟩.

With this trace one can define the density operator for a physical state on AH
CiU . That is, given a

|ϕ) ∈ Hphys, one can define an operator ρϕ ∈ AH
CiU such that17

Tr(ρϕa) = (ϕ|r(a)|ϕ) for all a ∈ AH
CiU . (3.2)

The following convenient formula18 for ρϕ, which holds for any τ , may be confirmed by direct
substitution into the above19:

ρϕ = eβ(HS+Hi)−S0,i

∫ ∞

−∞
dt e−iHitOτCi(S

†
ϕ|i(τ+t)|ψSSϕ|i(τ)|ψS ), (3.3)

where Sϕ|i(t)|ψS is the relative Tomita operator between |ψS⟩ and the state |ϕ|i(t)⟩ of the system in
the perspective of Ci,20 for the algebra AU , defined by

Sϕ|i(t)|ψSa |ψS⟩ = a† |ϕ|i(t)⟩ = a†Ri(t) |ϕ) . (3.4)

In this way, our formula links the density matrix of the physical state |ϕ) with the modular properties
of the QFT in the perspective of Ci.

Next, we find the density operator of the state |ϕ) in the physical algebra r(AH
CiU ). To do so, we

show in the companion paper [57] that the trace defined on AH
CiU leads to a trace on its physical

representation r(AH
CiU), and furthermore that the corresponding physical density operator is none

other than the physical representation of ρϕ:

ρphys
ϕ = r(ρϕ) = r

(
eβHS

)
e−S0,i

∫ ∞

−∞
dt VCi(t+ iβ)Oτ

Ci(S
†
ϕ|i(τ+t)|ψSSϕ|i(τ)|ψS ). (3.5)

We can map this into an operator in Aphys
U|i (i.e. the corresponding algebra in the perspective of Ci,

defined in (2.20)) using the isomorphism between the perspective-neutral and reduced Hilbert spaces:

ρϕ|i(τ) = Ri(τ)ρphys
ϕ Ri(τ)† (3.6)

= Πie
−β

∑
i ̸=j Hj−S0,i

∫ ∞

−∞
dt ei(HS+

∑
i ̸=j Hj)tS†

ϕ|i(τ+t)|ψSSϕ|i(τ)|ψS . (3.7)

17 Note that ρϕ is only unique as a kinematical operator if r is faithful, but its physical representation below is unique.
18 We provide a full derivation of this formula in the companion paper [57].
19 Showing that this is indeed an operator in AH

CiU requires the following fact. Suppose M is a von Neumann algebra
acting on a Hilbert space containing states |α⟩ , |β⟩ , |γ⟩, with |α⟩ cyclic and separating. Then ∆−1/2

α S†
β|αSγ|α∆− 1

2
α is an

element of M, where ∆α is the modular operator of α, and Sβ|α, Sγ|α are the relative Tomita operators from |α⟩ to
|β⟩ , |γ⟩ respectively (with respect to M).

20 These are a part of Tomita-Takesaki theory, which is the mathematical formalism most commonly used for
understanding the entanglement properties of Type III algebras like AU [64].
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It turns out that the first term Πi commutes with the rest of this expression. We should point out at
this stage the conceptual usefulness of this formula: everything now is expressed in the perspective
of Ci. There is therefore a self-contained story which can be told entirely from the perspective of
the clock. It should also be noted that the reduced perspective density operator obeys the relational
Liouville equation

ρϕ|i(τ ′) = e
−i(HS+

∑
i ̸=j Hj)(τ

′−τ)
ρϕ|i(τ)ei(HS+

∑
i ̸=j Hj)(τ

′−τ)
. (3.8)

Thus, this story is consistent with the relational quantum dynamics alluded to earlier and in particular
the PW formalism.

As we will show in the companion paper [57], our formula for the density operator is consistent
with the more specialised cases investigated in [1, 14] and elsewhere.

Armed with the density operator of the state |ϕ), we can now in principle find its entanglement
entropy with

S[ϕ] = − (ϕ|log ρphys
ϕ |ϕ) = − ⟨ϕ|i(τ)|log ρϕ|i(τ)|ϕ|i(τ)⟩ . (3.9)

In practice, however, the logarithm of the density operator is not simple to compute. Later, we will
describe a semiclassical regime in which the calculation simplifies, as well as a few examples that fall
outside of this regime.

3.2 Normalisation and the type of the algebra
Let us comment on the meaning of the constant S0,i ∈ R that went into the definition of the trace

in Eq. (3.1). The density operator of a state, and its entropy, depend on this constant. Indeed, if
we were to change S0,i → S′

0,i, then the density operators given above would also change by a factor
exp

(
S0,i − S′

0,i

)
, and the entropy of any state |ϕ) would change via

S[ϕ] → S[ϕ] + S′
0,i − S0,i. (3.10)

Thus, the freedom to choose S0,i reflects an overall (state-independent) ambiguity in the definition of
the entropy. Note that S[ϕ1] − S[ϕ2] is invariant under S0,i → S′

0,i, for any two states |ϕ1) , |ϕ2), so
the difference in entropies of two states is completely unambiguous.

There are various ways to fix the constant S0,i, and so remove the ambiguity entirely. One way is to
pick a particular reference state, and choose S0,i such that the entropy of the reference state vanishes.
For example, if the trace defined above is finite, meaning Tr(1) converges, then the ambiguity in S0,i
can be fixed by setting

Tr(1) = eS0,i ⟨0|i e
−βHi |0⟩i = 1, (3.11)

i.e.
S0,i = − log Zi2π , where Zi = 2π ⟨0|i e

−βHi |0⟩i =
∫
σi

e−βE dE . (3.12)

Note that the E integral in Zi needs to converge, which means there must be a lower bound on the
energy spectrum σi of the clock. With this normalisation, the maximally mixed state (i.e. the state
with maximal entropy) on the gauge-invariant algebra AH

CiU has vanishing entropy (indeed, the density
operator of this state is just the identity 1, and − Tr(1 log1) = 0). This is what was done in [1].

A point of subtlety here is that the maximally mixed state on the gauge-invariant kinematical
algebra AH

CiU may not in fact correspond to a physical state of the system. Indeed, given a state on
the physical algebra r(AH

CiU), which is in general a functional Ψ : r(AH
CiU) → C, the corresponding

state on the gauge-invariant algebra is given by Ψr : a 7→ Ψ(r(a)). But it may be the case that the
maximally mixed state on AH

CiU cannot be written as Ψr for any choice of Ψ. The maximally mixed
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state on the physical algebra will typically have a smaller entropy than the maximally mixed state on
the gauge-invariant algebra, because there are fewer degrees of freedom at play after imposing the
constraint H = 0. In some cases, it may even be that there is no maximally mixed state on AH

CiU ,
while there is one on r(AH

CiU ); this would correspond to the trace on the physical algebra being finite,
but the trace on the kinematical gauge-invariant algebra being only semifinite.

More generally, since the trace defined on the gauge-invariant kinematical algebra AH
CiU descends

to one on its physical representation r(AH
CiU) [57], this means that fixing the normalisation for the

kinematical trace via Eqs. (3.11) and (3.12) also fixes the normalisation of the physical trace for r(AH
CiU ).

Since traces in von Neumann algebras are unique up to scaling (e.g., see [90]), this fixes the entropy of
the maximal entropy state when the algebra is of Type II1, and the previous paragraph indicates that
this may not be zero if normalised kinematically. Alternatively, one can directly normalise the trace at
the physical level to remedy this. We reserve further discussion of these subtleties for [57].

In the case of an ideal clock Ci, the dressed operators at τ = 0 may be written

O0
Ci(a) = e−iHS t̂iaeiHS t̂i , where t̂i =

∫ ∞

−∞
dt t |t⟩⟨t|i . (3.13)

As explained in [1], the algebra generated by these operators and Hi, which we have been calling AH
CiU ,

is the crossed algebra AU ⋊α R, where α is the modular flow of |ψS⟩. It is a mathematical result that
this algebra is Type II∞ [89]. The algebra AH

CiU in the case of a non-ideal Ci can be understood as a
representation of this crossed algebra, in which we project onto states with the energy of the clock
falling in the spectrum σi. The physical algebra r(AH

CiU ) is also a representation, so overall r(AH
CiU ) is

a representation of the crossed algebra AU ⋊α R. Any non-trivial representation of a Type II algebra
that preserves the von Neumann property is also Type II,21 so r(AH

CiU) is Type II (assuming again
that there are n > 1 clocks), and in [57] we will see that it is also a factor. When the trace is finite,
which by Eq. (3.12) occurs when σi is bounded below, it is Type II1; otherwise it is Type II∞.

3.3 Using multiple frames to observe the QFT
So far, we have been considering the use of a single clock Ci in the algebra of observables for the

subregion U . However, there are many clocks available in the system we are considering, and it is
reasonable to ask what can be gained by using several of them at the same time. There is a natural
generalisation of the previous structure to this case.

Indeed, suppose R ⊆ {C1, . . . , Cn} is some subset of the QRFs, and let Rc = {C1, . . . , Cn} \R be
its complement.22 Suppose we pick a particular clock Ci ∈ R. Then we may view the fields in U , and
the clocks in Rī = R \ {Ci}, as the collection of degrees of freedom that the clock Ci is being used to
observe. Thus, we can dress observables

a ∈ AU ⊗
⊗
Cj∈Rī

B(Hj) (3.14)

to the clock Ci to obtain

OτCi(a) =
∫ ∞

−∞
dt e

−i
(∑

Cj∈RHj+HS
)
t
(|τ⟩⟨τ |i ⊗ a)e

i

(∑
Cj∈RHj+HS

)
t
. (3.15)

21 This can be seen by noting that a Type II algebra is an algebra with a trace but no non-trivial irreducible
representations.

22 Here, by complement of R, we are not referring in any way to the causal structure of spacetime – we just mean
the set of clocks that are not in R. (It thus refers to the kinematical subsystem complement of R on Hkin in Eq. (2.1).)
Indeed, the clocks in R can be located in either U or its causal complement U ′, and the same is true of Rc; it makes no
difference for the arguments we will make.
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The physical representations of these dressed observables, along with the reorientations of Ci, generate
the physical representation r(AH

UR) of the von Neumann algebra

AH
UR =

{
a ∈ AU ⊗

⊗
Ci∈R

B(Hi) | [a,
∑
Ci∈R

Hi +HS ] = 0
}

(3.16)

of gauge-invariant observables of the fields in U and the clocks in R.

We presented this algebra in terms of a particular clock Ci, but we clearly get the same algebra for
each possible choice of Ci ∈ R. An alternative construction involves considering observables dressed to
all of the clocks in R simultaneously; along with the reorientations of each clock in R, these generate
the same algebra r(AH

UR). The algebra thus describes the set of degrees of freedom in U accessible
using all of the clocks in R.

When Rc is non-empty, r(AH
UR) is also a von Neumann algebra [57]. We focus here on this case,

reserving the case in which Rc is empty for Sec. 3.6.

The gauge-invariant kinematical algebra AH
UR admits a trace:

Tr(·) = eS0,R ⟨ψSRī | ⟨0|i (·)e
−βHi |ψSRī⟩ |0⟩i , (3.17)

where |ψSRī⟩ = |ψS⟩ ⊗ |ψRī⟩, and |ψRī⟩ is an (unnormalised) thermofield double state at inverse
temperature β for the frames in Rī:

|ψRī⟩ =
⊗
j∈Rī

∫
σj

e−βE/2 |E⟩j |E⟩j dE , (3.18)

where |E⟩j are eigenstates of Hj .23 The meaning of the constant S0,R ∈ R will be explained shortly.

Using this trace we can define density operators and entanglement entropies. In particular, the
physical density operator corresponding to a state |ϕ) is given at the perspective-neutral level by

ρphys
ϕ = e−S0,RVi(iβ/2)

∫ ∞

−∞
dt Vi(t)Oτ

Ci

(
∆−1/2
ψSR

ī

S†
ϕ|i(τ+t)|ψSR

ī

Sϕ|i(τ)|ψSR
ī
∆−1/2
ψSR

ī

)
Vi(iβ/2). (3.19)

and, in the perspective of any Ci ∈ R, it is given by

ρϕ|i(τ) = Πie
−β

∑
Cj∈Rc Hj−S0,R

e
β

∑
Cj∈R

ī
H̃j

∫ ∞

−∞
dt ei(HS+

∑
j ̸=iHj)tS†

ϕ|i(τ+t)|ψSR
ī

Sϕ|i(τ)|ψSR
ī
. (3.20)

Here, the relative Tomita operators are for the algebra AU ⊗
⊗

Cj∈Rī B(Hj) (which we take to act
only on one of the copies of the frames in the thermofield double), and ∆ψSR

ī
is the modular operator

of |ψSRī⟩ with respect to this same algebra. Also H̃j is the Hamiltonian of the copy of Cj in the
thermofield double (N.B. there is no overall action of ρϕ|i(τ) on the copied frames – this is confirmed
by Eq. (3.22)). These expressions work for any choice of Ci ∈ R, and simplify to the previous ones
when R contains only a single frame.

The gauge-invariant algebra AH
RU is a Type II factor [57]. Moreover, if R contains more than one

clock, then AH
RU is Type II∞. This is because Tr(1) is proportional to ⟨ψRī |ψRī⟩, where |ψRī⟩ is the

thermofield double state defined in Eq. (3.18) – but this state has infinite norm.24 The constant S0,R

23 This state is used for the following reasons. |ψRī
⟩ is cyclic and separating for

⊗
Cj ∈Rī

B(Hj), and the modular
flow of |ψSRī

⟩ on AU ⊗
⊗

Cj ∈Rī
B(Hj) agrees with that of gauge transformations. These properties make it simple to

generalise the single-clock approach.
24 This has happened because the clocks we are using have infinite-dimensional Hilbert spaces, and AH

RU contains
subalgebras such as (B(H1) ⊗ B(H2))H1+H2 , which are direct sums of type I∞ factors (with the centre generated by
H1 +H2). If one were to use clocks with finite-dimensional Hilbert spaces such as in [58], one could have a maximally
mixed state.
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represents an overall state-independent additive ambiguity in the entropy, which for this reason cannot
be fixed by requiring the maximally mixed state on the gauge-invariant algebra to have zero entropy
(since such a maximally mixed state does not exist). One must fix it by other means, as discussed
in [57]. For the purposes of this paper we will leave it undetermined.

At this point, the entropies corresponding to these density operators may be computed, but before
moving on to actual entropy calculations, it is worth refining the above slightly in order to distinguish
the contributions of the QFT and the frames. To that end, suppose the state in the perspective of
Ci ∈ R has the bipartite decomposition

|ϕ|i(t)⟩ = Ri(t) |ϕ) =
∑
I

|ϕIS(t)⟩ ⊗ |ϕ̃I(t)⟩ , (3.21)

where |ϕIS⟩ ∈ HS are a set of not necessarily orthonormal states for the QFT, |ϕ̃I⟩ ∈
⊗

i ̸=j Hj are
similarly a set of not necessarily orthonormal states for all the frames excluding Ci, and I could be
either a discrete or a continuous index. One then may write the density operators given above in terms
of this decomposition:

ρϕ|i(τ) = Πie
−β

∑
Cj∈Rc Hj−S0,R

∑
I,J

∫ ∞

−∞
dt ei(HS+

∑
j ̸=iHj)tS†

ϕIS(τ+t)|ψS
SϕJS(τ)|ψS ⊗ trRc

(
|ϕ̃I(τ + t)⟩⟨ϕ̃J(τ)|

)
. (3.22)

Here, trRc is the standard matrix trace on
⊗

j∈Rc B(Hj) (used as a partial trace), and the relative
Tomita operators are for the algebra AU .

3.4 Entropy in a semiclassical regime
Consider the general case in which one can use multiple clocks, which is captured by the algebra

r(AH
UR) (if we want to just use a single clock Ci, we can set R = {Ci}). As we have stated above,

the entanglement entropy with respect to this algebra of a general state |ϕ) is difficult to compute in
practice, because the logarithm of the density operators found above will have a very complicated form.
To make progress, one needs to consider a restricted class of states. In particular, we will consider
a generalisation of the semiclassical regime discussed by [1, 14], which was based on a condition in
which the wavefunction of the clock is slowly varying in an energy eigenbasis. Our description is
conversely based on a sharp peaking in time, which, while encompassing the states of [1, 14], is perhaps
more intuitive, and also potentially easier to generalise to the case of QRFs transforming under more
complicated groups than just R.

For the purposes of this overview note, let us consider the case where the reduced state in the
perspective of Ci is well approximated by a product state between the QFT and the rest of the
frames:25

|ϕ|i(t)⟩ ≈ |ϕS(t)⟩ ⊗ |ϕ̃(t)⟩ . (3.23)

Thus, we can remove the indices I, J in Eq. (3.22). In the companion paper [57], we consider also
states where this is not the case, i.e. where there is non-negligible entanglement, which is important
because even though the QFT and frames may appear to be in a product state from the perspective of
one clock, they will typically be entangled from the perspectives of other clocks. This is rooted in a
general trade-off between superpositions and entanglement under QRF transformations [28, 30–33, 39,
42]. In fact, in Sec. 4.2, we will illustrate a gravitational interferometer example of this and how this
renders the entropy clock-dependent.

25 Note that |ϕ|i(t)⟩ must be in the image of Πi, restricting which kinds of product states are allowed here.
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To get to a semiclassical regime, we make two additional assumptions:

1. Roughly speaking, the time read by clock Ci is very sharply peaked in a window of O(ϵ), for
some small ϵ. This can be captured by the following condition on the physical state:

| (ϕ|Vi(t)|ϕ)| ≪ 1 if |t| > O(ϵ). (3.24)

In words, if we reorient the clock more than O(ϵ), we get a state which is almost orthogonal to the
one we started with. In quantum information parlance, this means that we require the state to
be highly asymmetric under reorientations, and this necessitates |ϕ) to be highly entangled across
the kinematical tensor product structure (2.1) [35] (this is thus not a physical entanglement).
We will furthermore assume that this property is not disturbed by acting with operators dressed
to the clock: ∣∣∣ (ϕ|Oτ

Ci(a)Vi(t)|ϕ)
∣∣∣ ≪ 1 if |t| > O(ϵ), (3.25)

for any a ∈ AU ⊗
⊗

Cj∈Rī B(HCj ), so long as ∥a∥ ≤ 1. This condition can only hold if there is
some physical degree of freedom (or collection of degrees of freedom) in the state |ϕ), almost
entirely uncorrelated from the dressed observables, and keeping track of the time read by Ci
with very little uncertainty.

2. In the perspective of Ci, the QFT part of the state is approximately constant over times of O(ϵ).
More precisely, we assume ∣∣ϕS(t′)

〉
≈ |ϕS(t)⟩ if

∣∣t′ − t
∣∣ < O(ϵ). (3.26)

It should be clear the sense in which this regime is semiclassical. The first assumption provides us
with an approximately classical time variable (roughly speaking, the time of clock Ci), and the second
assumption says that at the time given by that variable, there is a fixed quantum state for the fields.

It turns out that the sharp peaking described by Eq. (3.25) translates directly to a sharp peaking in
the t integral in our expression for the density operator.26 To be precise, the integral is dominated by
contributions from |t| < O(ϵ). At these peaks, Eq. (3.26) means that the QFT part of the integrand
may be treated as constant in t, and factored out of the integral. As a result, the density operator
takes the following approximate form (in the perspective of Ci):

ρϕ|i(τ) ≈ e−S0,R∆ϕS(τ)|ψSe
−β

∑
Ci∈Rc

HiρR|i(τ). (3.28)

Here, ∆ϕS(τ)|ψS is the relative modular operator from the QFT KMS state |ψS⟩ to the state |ϕS(τ)⟩ in
the perspective of Ci, and

ρR|i(τ) = Πi

∫ ∞

−∞
dt ei(HS+

∑
j ̸=iHj)t ⟨ϕS(τ)|ϕS(τ + t)⟩ trRc

(
|ϕ̃(τ + t)⟩⟨ϕ̃(τ)|

)
(3.29)

has the interpretation of a density operator for the clocks in R, from the perspective of Ci.27

26 Indeed, suppose a, b ∈ AU ⊗
⊗

Cj ∈Rī
B(Hj). Then we have

⟨ψSRī
|bS†

ϕ(t+τ)|ψSR
ī

Sϕ(τ)|ψSR
ī
a|ψSRī

⟩ = (ϕ|Oτ
Ci

(ab)Vi(t)†|ϕ) , (3.27)

and Eq. (3.25) implies that this is suppressed for |t| > O(ϵ). But since |ψSRī
⟩ is cyclic for AU ⊗

⊗
Cj ∈Rī

B(Hj), it must
be true that the operator S†

ϕ(t+τ)|ψSR
ī

Sϕ(τ)|ψSR
ī

itself is suppressed for |t| > O(ϵ).

27 More precisely, consider the algebra Aphys
R|i = ΠiAR|iΠi, where AR|i is generated by a ∈

⊗
j∈Rī

B(Hj) and
HS +

∑
i ̸=j Hj . This algebra describes the clocks in R from the perspective of Ci (including reorientations of Ci). A
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The various terms in the density operator approximately commute with each other, which makes
finding a simplified expression for its logarithm, and hence the entropy, relatively straightforward. One
finds

S[ϕ] ≈ S0,R − Srel(ϕS(τ)||ψS) − β
∑
Ci∈R

⟨Hi⟩ϕ + SR[ϕ], (3.31)

where28

Srel(ϕS(τ)||ψS) = − ⟨ϕS(τ)| log ∆ψS |ϕS(τ) |ϕS(τ)⟩ (3.32)
= ⟨ϕS(τ)| log ∆ϕS(τ)|ψS |ϕS(τ)⟩ + β ⟨ϕS(τ)|HS |ϕS(τ)⟩ . (3.33)

is the relative entropy of |ϕS(τ)⟩ compared to the KMS state |ψS⟩, with respect to the algebra AU [81],29

and
SR[ϕ] = − ⟨ϕ̃(τ)| log ρR|i(τ) |ϕ̃(τ)⟩ (3.34)

is the entanglement entropy of the clocks in R. This generalises a result of [1] to the case in which one
is allowed to dress observables to arbitrarily many clocks. If desired, one may write this in terms of
a generalised gravitational entropy (i.e. involving an area term), following the procedure described
in [14].

Let us now give a bit more detail on when exactly one can expect the semiclassical approximation
to work. The sharp peaking in the t integral in Eq. (3.22) cannot come from the QFT part of the
state, by Eq. (3.26). The only term which can be responsible for it is the part involving the frames, i.e.
trRc( |ϕ̃(τ + t)⟩⟨ϕ̃(τ)|). In particular, due to the partial trace trRc it is the frames in the complement
Rc which are responsible for the semiclassical regime (perhaps slightly unintuitively). Note that
trRc( |ϕ̃(τ + t)⟩⟨ϕ̃(τ)|) contains a transition amplitude for the complementary clocks and this must
be sharply peaked around t = 0. To be specific, the complementary clocks must have support over
a very wide range of energies (this is a gauge-invariant condition). For example, there could be just
one clock in the complement, whose wavefunction in the energy eigenbasis is slowly varying (this is
essentially the scenario studied in [1, 14], except that those authors reduce with respect to a clock in
U ′ and so the ‘slowly varying’ property would refer to a clock in U). On the other hand, there could be
many clocks in Rc, each of which only has a very narrow range of energies. Collectively, these clocks
would have a total energy supported over a broad range, and in a “thermodynamic limit” in which
the number of clocks in the complement becomes very large, by the law of large numbers the term
trRc( |ϕ̃(τ + t)⟩⟨ϕ̃(τ)|) would become sharply peaked in t; this would therefore give suitable conditions
for a semiclassical approximation. It should be noted that this latter example is the natural case in
realistic physical situations – there are, after all, many clocks in the universe!

3.5 Beyond the semiclassical regime?
We show in the companion paper [57] that the entropy formula Eq. (3.31) holds to linear order

in the semiclassical approximation. Finding quadratic and higher order corrections to the formula
quickly becomes rather complicated, and we will make no attempt here to do so in the general case.

trace on the algebra can be defined by

Tr
(
ae
i(HS+

∑
Cj ∈Rc

Hj )t)
= trRī

(a)δ(t), (3.30)

where a ∈
⊗

j∈Rī
B(Hj). Using this trace, one may show that ρR|i(τ) is the density operator of the physical state |ϕ)

with respect to the algebra Aphys
R|i = ΠiAR|iΠi.

28 The second equality is only well-defined when ϕS is separating and requires Connes’ cocycle theorem (e.g., see [14]).
When ϕS is not separating, Srel(ϕS(τ)||ψS) is infinite [64].

29 Despite appearances, this term is τ -independent.
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Instead, we will study an illustrative example in Sec. 4.2, where the product state assumption in
Eq. (3.23) is violated in one perspective, due to the corresponding clock passing through a gravitational
interferometer in another. Some more general entangled states are also explored in [57].

Another interesting regime is as follows: consider a state |ϕ) in which the energy of a given clock
Ci is supported within a very narrow window. In many ways this is the opposite of the semiclassical
regime; for example, it leads to | (ϕ|Vi(t)|ϕ)| ≈ 1 for a very large range of times t, in contrast to
Eq. (3.25). We call this an ‘antisemiclassical’ regime. The leading order contribution to the entropy of
|ϕ) with respect to the algebra r(AH

CiU ) is completely independent of the QFT part of |ϕ), so long as
the energy window of the clock is sufficiently small.30 The intuition for this is that the peaking in
energy causes the time of the clock to have very large fluctuations, which essentially destroys all hopes
of using it to gain any information about the field degrees of freedom.

3.6 When there are no clocks in the complement
We have up to this point been assuming that Rc is non-empty, i.e. that there are other clocks in

the universe besides the ones that we are using. This is useful because it implies that the physical
algebra r(ARU ) is von Neumann on the physical Hilbert space. To see this, we can map this algebra
into the perspective of a different clock Cj ̸∈ R, obtaining ΠjAH

RU (see Eq. (2.21)). Since AH
RU is a von

Neumann algebra acting on the kinematical Hilbert space that commutes with Πj , its projection onto
H|j is also a von Neumann algebra, and we may conclude that r(AH

RU ) is a von Neumann algebra on
the physical Hilbert space.

When we are using all the clocks, R = {C1, . . . , Cn}, there are no clocks in the complement available
to make the above argument. In fact, in this case r(AH

RU) is not a von Neumann algebra. To see
this, note that the same algebra in the perspective of some clock Ci is spanned by operators of the
form Πiae

−i(HS+
∑

i ̸=j Hj)t with a ∈ AU ⊗
⊗

i ̸=j B(Hj). Thus, its commutant on H|i is generated by
gauge-invariant operators of the form Πia

′, where a′ ∈ A′
U . But the gauge-invariant subalgebra of A′

U is
just C1 by the ergodicity of modular flow, so the commutant just consists of multiples of Πi. Mapping
this back to the perspective-neutral level, one finds r(AH

RU )′ = C1, and hence the bicommutant is just
the full algebra of bounded operators on the physical Hilbert space:

r(AH
RU )′′ = B(Hphys). (3.35)

Clearly r(AH
RU )′′ ̸= r(AH

RU ), so r(AH
RU ) is not a von Neumann algebra.

An operational interpretation of this result can be obtained from von Neumann’s bicommutant
theorem, which says that the bicommutant of an algebra is equivalent to its closure in some operator
topology.31 This means that any operator in the bicommutant may be approximated to arbitrary
precision by an operator in the original algebra. In the present case, this means that any physical
operator may be implemented to arbitrary precision by a combination of dressed observables and
reorientations in r(AH

RU ). There is a trace on r(AH
RU )′′ – it is just the ordinary Hilbert space trace over

Hphys. The density operator of any pure physical state |ϕ) ∈ Hphys is just |ϕ)(ϕ|, and its entropy is 0.

CLPW referred to this as a ‘puzzle’ [1], saying: “the algebra of operators accessible to an observer in
P should not depend in this way on whether there is an observer in P ′” (here P = U , P ′ = U ′). We do

30 One may show this by seeing what happens when one computes the expectation value in |ϕ) of an operator a ∈ r(AH
CiU ).

This is equivalent to computing the expectation value of PaP , where P is a projection onto the range of energies for the
clock Ci in the state |ϕ). Since this range is very small, we have [PaP,Hi] ≈ 0, and since PaP is gauge-invariant we also
have [PaP,HS ] ≈ 0. This implies we can approximate PaP by an operator in AH

U ⊗ B(Hi)H = 1S ⊗ B(Hi)H , and the
expectation value of such an operator does not depend at all on the QFT part of the state.

31 The weak, strong, ultraweak and ultrastrong topologies are all valid here.
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not necessarily share this sentiment. The constraint H = 0 is a global one and thereby restricts what
each observer has access to in a way that depends on all subsystems affected by the constraint. Indeed,
the physical representation r(AH

RU), expressed in the perspective of Ci ∈ R, involves by Eq. (2.20)
the projector Πi in Eq. (2.14), which encodes implicit information also about clocks outside of R. In
fact, even in situations where some local structure in gravitational constraints is taken into account, it
turns out that finding subregions that are independent of one another is rather hard [91].

In any case it is somewhat physically unrealistic to have access to all of the clocks in the universe,
so we will continue in the rest of the paper to assume that Rc is non-empty.

4 Subsystem relativity and quantum frame transformations
As we have explained, to define a meaningful entanglement entropy for the subregion U , one needs

to describe it relative to one or more of the clocks. The picture one obtains clearly depends on the
choice of clocks that we employ. This phenomenon is known as ‘subsystem relativity’ [29, 30, 33, 49],
and it has two manifestations.

As described above, for a given clock Ci, the physical, perspective-neutral Hilbert space Hphys is
isometric via the reduction map Ri(τ) with the reduced Hilbert space H|i:

Hphys ≃ H|i = Ri(τ)Hphys. (4.1)

This is true for any Ci, which implies that the reduced Hilbert spaces for the various clocks are all
isometric to one another:

H|i ≃ H|j = Vi→j(τi, τj)H|i, (4.2)

where
Vi→j(τi, τj) := Rj(τj) ◦ Ri(τi)−1 (4.3)

is the QRF transformation from Ci to Cj perspective. Explicitly, it is a controlled unitary [31]:

Vi→j(τi, τj) =
∫
R

dt |t+ τi⟩i ⊗ ⟨τj − t|j ⊗ e−i(H−Hi−Hj)t (4.4)

This is an isometry for any values of τi, τj ∈ R, but note that for different such values we are mapping
between reduced states when the clocks Ci, Cj read different times.

Similarly, if we are using some fixed set of clocks R, then we can map the algebra r(AH
RU ) into the

perspective of any Ci ∈ R using the isomorphism provided by the reduction map:

r(AH
RU ) ≃ Aphys

RīU|i = Ri(τ)r(AH
RU )Ri(τ)†, (4.5)

and the algebras in the perspectives of any two Ci, Cj ∈ R are isomorphic via the QRF transformation:

Aphys
RīU|i ≃ Aphys

Rj̄U|j = Vi→j(τi, τj)Aphys
RīU|iVi→j(τi, τj)†. (4.6)

The first version of subsystem relativity comes from keeping R fixed, but going to the perspectives
of different clocks Ci, Cj ∈ R. The isomorphisms just noted mean that this is a particularly weak form
of subsystem relativity. Indeed, moving between the perspectives of different clocks Ci, Cj ∈ R is just
a change in description of the same physical subsystem. In line with this, the QRF transformation
can be viewed as a unitary change of gauge. This does not mean, however, that the choice of QRF is
equivalent to a choice of gauge; rather it is a convention of how to split kinematical degrees of freedom
into redundant and non-redundant ones.
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As explained in [30] (and further elaborated on in [57]), an internal QRF perspective Ri(τ) is
nothing but a tensor product structure (TPS) (or direct sum thereof) on the physical Hilbert space
Hphys, i.e. a physical definition of a subsystem decomposition. The nonlocal QRF transformation (4.4)
thus is a change of TPS on Hphys and this means that different clock QRFs decompose the global
system, as well as its subsystem r(AH

RU ) above, in different ways into further subsystems. In typical
quantum mechanical QRF setups, this naturally implies the QRF dependence of correlations and a
range of thermodynamical properties, such as thermality and temperature [30]. It will be interesting to
extend these observations to a gravitational context and our exploration of gravitational entanglement
entropies is a first step in this direction.

The second version of subsystem relativity is a much stronger manifestation of this QRF dependence
of subsystem decompositions, and concerns what happens when we change the set R of clocks we are
using. Clearly, the algebras for two different sets of clocks R1, R2 are distinct, which is simplest to see
at the perspective-neutral level:

r(AH
R1U ) ̸= r(AH

R2U ). (4.7)

These algebras describe different sets of physical degrees of freedom. For example, in the case where
R1 is empty (i.e. we use no clocks), we have already shown that the left hand side above is trivial,
r(AH

R1U ) = C1. On the other hand, the right hand side is non-trivial for non-empty R2. More generally,
we have32

r(AH
(R1∪R2)U ) = r(AH

R1U ) ∨ r(AH
R2U ), (4.8)

r(AH
(R1∩R2)U ) = r(AH

R1U ) ∩ r(AH
R2U ), (4.9)

which captures the structure of the physical degrees of freedom which can be accessed using different
sets of clocks. Observe in particular that if R1 and R2 have no overlap, then

r(AH
R1U ) ∩ r(AH

R2U ) = r(AH
U ) = C1. (4.10)

Thus, distinct sets of clocks do not share any degrees of freedom whatsoever. This is relevant because
two observers in U with distinct clocks C1, C2 (cf. Fig. 2.1) therefore describe the QFT degrees of
freedom in their subregion by distinct physical subsystems that overlap trivially. However, note that
there will in any state be fundamental correlations between the degrees of freedom measured by the
two observers, since generally [r(AH

R1U ), r(AH
R2U )] ̸= 0 (because the field operators in one algebra will

not commute with the field operators in the other).

4.1 The frame dependence of gravitational entropy
The two versions of subsystem relativity have two different sets of repercussions for the observer

dependence of subsystem entropies. Causality implies that observers travelling along wordlines in
U (cf. Fig. 2.1) will at most have access to the degrees of freedom in U and the analogue applies to
the observers in the causal complement U ′. For the QFT (and graviton) degrees of freedom, this is
essentially encapsulated by the timelike tube theorem [65–68], while for the clocks it depends on our
operational assumptions because they are independent quantum mechanical degrees of freedom.

Let us denote by RU and RU ′ all the clocks in U and U ′, respectively, and suppose for a moment
that all observers in U somehow have access to all of RU , and similarly those in U ′ have access to
all of RU ′ . The weaker version of subsystem relativity then entails that all observers in U and U ′

agree, up to nonlocal unitaries, on the description of their full regional physical algebras r(AH
RU U ) and

32 Here, ∨ is the ‘join’ of von Neumann algebras, defined such that A1 ∨ A2 is the smallest von Neumann algebra
containing both A1 and A2. One can show that A1 ∨ A2 = (A′

1 ∩ A′
2)′.
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r(AH
RU′ U ′), respectively. This includes the full regional density operator, associated with some global

physical state, and so the full regional entanglement entropy is then observer-independent. The various
contributions to it coming from different subsystems will, however, typically look different relative
to different frames owing to the nonlocality of the QRF transformation (4.4). If U is a region whose
boundary is a horizon, such as a black hole interior or a static patch in de Sitter, this implies that
horizon entropy is observer-independent.33 Similarly, any two observers will agree on the entanglement
entropy of any subset of QFT and clock degrees of freedom they jointly have access to, but the various
contributions to it will typically appear differently.

However, a given observer Alice may not have access to all the clocks in her region U , but only the
one CAlice she carries along. Then she only has access to the algebra r(AH

CAlice U ) encoding the QFT
relative to her clock frame and the entanglement entropy she will ascribe to U will be the one defined
by the density operator in this algebra corresponding to a given global physical state. Even if she
did have access to more clocks, this would be the entropy contribution she associates with just the
QFT degrees of freedom in U . A second observer Bob, travelling along a distinct worldline in U and
carrying a clock CBob ̸= CAlice, will similarly assign the regional QFT entanglement entropy to the
algebra r(AH

CBob U ) he has access to. The strong version of subsystem relativity now implies that these
observer algebras overlap trivially and so the two observers see entirely different dressed QFT degrees
of freedom.

This brings us to one of the main points of the paper: the QFT entanglement entropy of the
subregion U depends on which set of clocks R we are using, even when the state of the overall system
is fixed. Since the QFT degrees of freedom include the gravitons, this means that gravitational entropy
is QRF- and thus observer-dependent. In a sense, this is not too surprising: different clocks will
naturally have access to different sets of degrees of freedom, which carry different information. Our
work makes this precise.

It is also important to point out that this result is, in gravity, both essential (because of the
triviality of the algebra when no clocks are used), and entirely consistent with the general notion that
all physical quantities should be defined in a relational manner, i.e. in relation to a given reference
frame/observer. Indeed, as explained above, the dressed observables Oτ

Ci
(a) capture the behaviour of

the operators a from the perspective of the clock Ci. Here, we argue that the entanglement entropy is
no different: it measures the information content of the region U from the perspective of a clock.

As an extreme example of this phenomenon, it can be the case that a semiclassical approximation is
valid when dressing to one clock, while the antisemiclassical regime is valid when dressing to another,
within a fixed physical state. Indeed, consider a state |ϕ) which from the perspective of a certain clock
C1, takes the form

|ϕ|1⟩ ≈ |ϕS⟩ ⊗ |ω⟩2 ⊗ |g⟩Rc . (4.11)

Here |ω⟩2 is a state for another clock C2, while |g⟩Rc is a state for the rest of the clocks Rc = {Ci | i ̸=
1, 2}. Let us pick |g⟩Rc such that a semiclassical approximation holds when computing the entropy of
r(AH

C1U ). Thus, the relative entropy Srel(ϕS ||ψS) contributes to the entropy of U as measured by C1.
Let us simultaneously choose |ω⟩2 to have energies contained within a very narrow window. Then, as
explained in Sec. 3.5, the entropy of r(AH

C2U), i.e. the entropy of U as measured by C2, contains no
contributions from the QFT degrees of freedom.

33 In semiclassical regimes, this horizon entropy can be expressed as generalised entropy, where the area term comes
from the relative entropy contribution in Eq. (3.31), see [14] (and also [1, 15, 17]) for the case of one observer in each of
U and U ′. The observer-independence of the total horizon entropy means also that all observers will agree on the area
contribution, provided the semiclassical regime holds in each of their perspectives (so that the area term can be defined).
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More generally, there can be many different sources for this entropy relativity. Another extreme
example, which we will discuss in [57], arises when at least one of the observers uses a clock subject
to a degenerate Hamiltonian whose degeneracy does not depend on the energy. This leads to a
superselection of Hphys and r(AH

CiU ) across the degeneracy sectors. For example, doubly degenerate
clock Hamiltonians arise typically in relativistic dispersion relations in the form Hi = ±p2

i /2mi and
this leads to a superselection across positive and negative frequency mode sectors [32]. This means
that two observers who carry along two such relativistic clocks, but only have access to their respective
positive frequency sectors (the forward evolving branch), can only compare their descriptions in the
overlap of the two corresponding superselection sectors, i.e. HCi,+ ∩ HCj ,+ ⊂ Hphys. The two observers
can thus not compare their full respective density operators, but only ‘half’ of each, and in general this
means that the full QFT entanglement entropies accessible by the two clock frames will differ. Similar
conclusions hold for any clocks that only exist on some code subspace of the physical Hilbert space.

Entropy relativity will also typically arise for states in which the two clocks carried by the two
observers in question are not isomorphic. For example, one observer could carry a monotonic clock
C1 (thus a translation group QRF), while the other carries a periodic clock C2 (thus a U(1)-QRF),
such as a harmonic oscillator. The overall constraint will still be a translation group generator, which
means that C2 is an ‘incomplete’ QRF; it has a reorientation isotropy group H ≃ Z and this means
that it can only resolve properties of the QFT that are periodic themselves [29, 58]. This leads to an
additional averaging that will typically affect the entanglement entropy.

But clocks can also be non-isomorphic when they are both monotonic, e.g. when they feature
different spectra σi. This can lead to differing degrees of fuzziness of their clock states (2.2) and hence
a different ‘coarse graining’ of the QFT degrees of freedom, which again leads to differences in the
respectively observed entanglement entropies. This case will be illustrated in a simple example in
the next section, along with the most general source of entropy relativity: differing entanglement
structures between the perspectives thanks to subsystem relativity. This source arises for any two
clocks, i.e. also for isomorphic ones.

4.2 Gravitational interferometer: two sources of entropy relativity
We will highlight two reasons why the QFT entropy of a physical state might differ between different

observers: their clocks have different spectra, and the entanglement structure differs between the
perspectives. The example under consideration will be such that in one clock’s perspective, the wave
function associated to another clock is in a superposition of two clock states. This can be interpreted
as resulting from the use of a gravitational interferometer (see Fig. 4.1).

For this purpose, we consider the case of three non-ideal clocks with spectra bounded in both
directions, hence the clock states (2.2) are normalisable [31, 57], with perspectival states

|ϕ|1⟩ = NΠ1(|ϕS⟩ ⊗ |f⟩2 ⊗ |g⟩3), (4.12)
|ϕ|2⟩ := V1→2(0, 0) |ϕ|1⟩ =

√
2πNf(−HS −H1 −H3)Π2( |ϕS⟩ ⊗ |0⟩1 ⊗ |g⟩3), (4.13)

where f(E) = ⟨E|f⟩2 and g(E) = ⟨E|g⟩3 are normalised energy eigenbasis wave functions on their
respective clock factors, while N is an overall normalisation constant that fixes ⟨ϕ|i|ϕ|i⟩ = 1 for both
i = 1, 2, and V1→2 is the QRF transformation (4.4). We will additionally take ϕS to be canonically
purified with respect to the KMS state ψS (e.g., see [14, App. C]), meaning that SϕS |ψS = JψS∆1/2

ϕS |ψS ,
where JψS is the modular conjugation operator associated with ψS .34 Both |ϕ|i⟩ represent the state
when the clock Ci reads 0.

34 The modular conjugation JψS should here be understood as the regular QFT one tensored with the complex
conjugation on the clocks with respect to the energy basis.

22



One can show [57] that the density operators for both states on their respective algebras Aphys
U|1 ,

Aphys
U|2 , which are both type II1 factors, take the following form35

ρϕ|1 = Z1Ne
−β(H2+H3)Π1∆1/2

ϕS |ψS

∫
σ2

dϵ2Π(−H̄1 − ϵ2, σ3)|f(ϵ2)|2|g(−H̄1 − ϵ2)|2∆1/2
ϕS |ψSΠ1, (4.14)

ρϕ|2 = Z2Ne
−β(H1+H3)f(H̄2)Π2∆1/2

ϕS |ψS

∫
σ1

dϵ1Π(−H̄2 − ϵ1, σ3)|g(−H̄2 − ϵ1)|2∆1/2
ϕS |ψSΠ2f

∗(H̄2), (4.15)

where Z1, Z2 are defined in Eq. (3.12). In these expressions, H̄i := Hi −H, and Π(−H̄i − ϵj , σ3) is the
projector restricting −H̄i − ϵj to eigenstates with eigenvalues in σ3. A major simplification occurs if
we take C3 to be effectively ideal, together with g representing a normalised clock state of the form
N3 |τ3⟩3. The former means that σ3 is taken to be much larger (in both directions) than any other
scale in the problem so that the projector onto the σ3 range can be ignored, while the latter renders
|g|2 = ∥σ3∥−1 completely constant, with ∥σi∥ :=

∫
σi

dϵi being the spectral range of Ci. In this case, we
obtain approximately

ρϕ|1 ≈ Z1N∥σ3∥−1e−β(H2+H3)Π1∆ϕS |ψSΠ1, (4.16)

ρϕ|2 ≈ Z2N∥σ1∥∥σ3∥−1e−β(H1+H3)f(−HS −H1 −H3)Π2∆ϕS |ψSΠ2f
∗(−HS −H1 −H3). (4.17)

At this stage some basic manifestations of subsystem relativity are already apparent: the fact that
(4.17) depends on the wavefunction f while (4.16) does not, and the appearance of projector Π2 versus
Π1 makes it obvious that the observable algebras Aphys

U|1 and Aphys
U|2 will differ in properties such as

(but not limited to) their entanglement entropies, even in the same physical state. Indeed, by varying
the wave function f , we can vary the entanglement entropy S[ϕ|2] relative to clock C2, while leaving
the entanglement entropy S[ϕ|1] relative to clock C1 invariant. That this occurs is natural given that
these are physically distinct (and, in fact, non-overlapping) algebras, cf. Eq. (4.10). But these algebras
encapsulate all that can be observed about the QFT state on the subregion “from the perspective” of
a given clock; that these can differ dramatically based on both the clock state and the clock properties
(here meaning the spectra), even when describing the same subregion, is physically significant.

Recalling that both algebras Aphys
U|i here include not only the dressed QFT operators but also the

reorientations of the clock Ci (see Table 3.1), one can ask whether it is possible to further decompose
these algebras’ entropies into a simple sum of contributions associated with QFT and frames, separately.
For states with arbitrary entanglement structure this is certainly not possible. But states of the form
(4.12) represent a case where such a decomposition might be expected, particularly when the projectors
Πi may be ignored, since then the frame and QFT factors are unentangled across unambiguous tensor
factors [57]. Note, however, that in the case at hand, the algebras themselves do not respect this tensor
product decomposition of the reduced Hilbert space (manifesting a property described in [64], that
entanglement is a property not just of states, but of algebras). The semi-classical conditions discussed
in Sec. 3.4 provide a scenario where such a decomposition is nevertheless possible. In related works [1,

35 To make contact with the generalised entropy computations done in [1] for a de Sitter static patch algebra, and in
[14] for general bounded subregions, we might also consider the case where only two frames are present, with reduced
state |ϕ|2⟩ = NΠ2(|ϕS⟩ ⊗ |f⟩1) in the perspective of C2, which, in contrast to the main text, would now represent a clock
in U ′. Switching to the perspective of C1 and computing the density matrix for Aphys

U|1 leads to

ρϕ|1 := Z1Nf(H̄1)Π1∆1/2
ϕS |ψS

Π(H̄1,−σ2)∆1/2
ϕS |ψS

Π1f
∗(H̄1)e−βH2 .

If the complementary clock C2 is ideal, the projector in the middle can be ignored. The QRF transformation (4.4) of
this state recovers the one in [14] in the case of ideal clocks. Then under the semiclassicality assumptions of [1, 14] the
remaining operators all approximately commute, and the resulting entropy can be decomposed into a horizon area piece,
plus entropy contributions associated with the observer and QFT fields in the region.
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massive
object

C2 C1

|0⟩2

|τ2⟩2 + |τ2 + ∆τ⟩

τ2 + ∆ττ2

Figure 4.1: We consider a state where, in the perspective of a particular
clock C1, the state of a second clock C2 is in a superposition of clock states.
One can imagine starting with C2’s time reading 0, and then exposing it to
a ‘gravitational interferometer’, which splits the state of the clock into two
branches; in one branch we bring the clock close to a massive object, while in
the other we keep it far away (or we accelerate them by different amounts).
Gravitational redshift causes the two branches to experience different amounts
of time, so after recombining the branches the final state is in the desired
superposition.

14], a semiclassicality condition was imposed on ‘slowly varying’ frame wavefunctions (e.g. f(ϵ)) that
allowed the log of density matrices to be to approximately decomposed between the approximately
commuting relative modular operator and wavefunction contributions.

Here we will instead now consider a specific example state, which in C1 perspective sees C2 in a
superposition of clock states. Take as the wavefunction

|f⟩2 = N2
(
|τ2⟩2 + |τ2 + ∆τ⟩2

)
, f(E) = N2√

2π
e−iτ2E(1 + e−iαE/∥σ2∥), (4.18)

where α := ∆τ∥σ2∥ is a dimensionless parameter. Note that N2 depends on α because the clock
states (2.2) are not orthogonal for non-ideal clocks. We can imagine the preparation of |f⟩2 by C2
being sent through the two arms of an interferometer in a gravitational field with redshift or differing
accelerations such that a time dilation by ∆τ arises (see Fig. 4.1). This also implies that

|ϕ|2⟩ ∝ Π2e
iHSτ2

(
|ϕS⟩ ⊗ |−τ2⟩1 ⊗ |τ3 − τ2⟩3 + eiHS∆τ |ϕS⟩ ⊗ |−τ2 − ∆τ⟩1 ⊗ |τ3 − τ2 − ∆τ⟩3

)
, (4.19)

which illustrates the general trade-off between superpositions (here in |f⟩2 relative to C1) and entan-
glement (here in C2 perspective) in QRF transformations [28, 30–33, 39, 42].

Let us write down the expressions for the entropy. For the first density matrix (4.16), we straight-
forwardly find the f -independent expression

S[ϕ|1] = − log
(
Z1N∥σ3∥−1

)
+ β ⟨H2 +H3⟩ϕ|1

− ⟨log
(
Π1∆ϕS |ψSΠ1

)
⟩ϕ|1

. (4.20)

For the second density matrix (4.17), since HS and ∆ϕS |ψS do not commute, we will make use of the
Baker-Campbell-Hausdorff-expansion by expanding in α ≪ 1; hence, the superimposed clock is close
to a single clock state. This leads to36

S[ϕ|2] = − log
(
Z2N∥σ1∥∥σ2∥−1∥σ3∥−1

)
+ β ⟨H1 +H3⟩ϕ|2

− 1
2

(
⟨log

(
Π2∆ϕS(−τ2)|ψSΠ2

)
⟩ϕ|2

+ ⟨log
(
Π2∆ϕS(−τ2−∆τ)|ψSΠ2

)
⟩ϕ|2

)
+ O(α2), (4.21)

36 Note that the τ2-dependence (not however the ∆τ -dependence) drops out by taking the expectation value.
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which through ∆τ depends on f . At this point, we can discuss two sources of entropy relativity
appearing in the QFT contributions to the full von Neumann entropies S[ϕ|1] and S[ϕ|2]:

1. α → 0 : in the limit when f is also taken to be a single clock state, i.e. ∆τ → 0, |ϕ|2⟩ in (4.19) is
essentially of the same form as |ϕ|1⟩ in (4.12) with ϕS additionally evolved forward in time. In
the end, the difference in entropy only stems from the different fuzzinesses of the clocks. Namely
when σ1 ̸= σ2, log

(
Π1∆ϕS |ψSΠ1

)
and log

(
Π2∆ϕS |ψSΠ2

)
will functionally differ.

2. σ1 = σ2: we can also look at the case when the two clocks are isomorphic such that the projected
modular operators are functionally the same. Since α ̸= 0 we find that due to the different entangle-
ment structure of |ϕ|2⟩ in (4.19) an extra term proportional to iα ⟨[log

(
Π2∆ϕS(τ2)|ψSΠ2

)
, HS ] ⟩ϕ|2

appears if one Taylor expands the second term in (4.21).

So, the gravitational interferometer exemplifies two possible sources for the subsystem relativity of
entropy: non-isomorphic clocks, and a different entanglement structure of the reduced states.

5 Conclusion and outlook
In this paper, we have explained how the formalism of quantum reference frames (QRFs) provides an

appealing arena in which to understand recent developments involving observers in the regularisation
of entropy in quantum gravity. We have argued that the observer invoked by CLPW in [1] (and by
related works [14–17, 67]) is indeed a QRF, as exemplified by the slogan PW = CLPW (see Eq. (1.1))
The left hand side refers to the Page-Wootters formalism [55, 56], which (in suitably generalised form)
is a key ingredient of the perspective-neutral approach to QRF covariance [29–40]. We have used this
insight to generalise and expand upon those previous results. Hopefully the reader has been convinced
that it is both natural and fruitful to consider the role played by QRFs in quantum gravity.

A particular focus of our work was a system with an effective QFT coupled to multiple ob-
servers/QRFs, each carrying its own clock, and we studied the way in which the gravitational entropy
of a subregion can depend on which observers are being used. We noted that the total entropy of
all the degrees of freedom in a subregion, including all the observers, does not depend on which
observer is used to compute it – because each observer sees the same algebra (up to the unitary QRF
transformations we described in Sec. 4). Thus, horizon entropies such as the black hole entropy [17]
are observer-independent. On the other hand, if we are interested in the experience of a particular
observer (or subset of observers) in the subregion, operational considerations mean one should restrict
to the degrees of freedom accessible to these observers alone – and, due to subsystem relativity, it is
the entropy of this restricted set of degrees of freedom which depends on the choice of observers. In
particular, what two distinct observers, equipped with distinct clocks and travelling along different
worldlines within the same subregion (cf. Fig. 2.1), ‘see’ as the entanglement entropy of the QFT
degrees of freedom (including gravitons) is highly observer-dependent and we have provided examples
of this. This is what we mean by the observer dependence of gravitational entropy.

We have tried to provide a relatively approachable account of our results, but in doing so we have
had to skip over many important details. We refer the interested reader to our longer companion
paper [57], in which we provide a much more comprehensive account of the QRF-dependence of
gravitational entropy, including mathematical subtleties which we have only hinted at here, as well as
a few more explicit examples of the phenomenon.

Before ending the paper, let us list a few possible future directions.

First, it would be interesting to understand how the thermodynamics of a gravitational subregion
might depend on the choice of observers, which is certainly the case in simpler quantum mechanical
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systems [30]. Horizon entropies are known to obey a generalised second law [92], a proof of which has
recently been extended to the current setup of von Neumann algebras and observers [93] (see also
[94]). But, as we stated above, horizon entropies are not observer-dependent. It is thus natural to
ask whether a generalised second law can be proven for the entropy of the subsystem consisting of
the degrees of freedom in a subregion relative to some subset of observers, instead of the full horizon
entropy. One complicating factor here is that, in the presence of interactions between the observers
and the fields, such a subsystem can freely exchange heat with its complement (unlike in the case of
the horizon entropy, where causality implies heat can only radiate out of the subsystem). Presumably,
however, since we are neglecting any such interactions, a version of the generalised second law can be
proved also for subsets of observers.

Of course, observers do interact with the fields. Indeed, to a certain extent it is these interactions
which allow the observers to measure the fields at all: each observer carries some measurement
apparatus whose state evolves according to its coupling with the QFT (this is the subject of quantum
measurement theory [95–97]). It would be interesting to see what happens to our results once one
turns on these interactions by changing the constraint via H → H +Hint. The physical Hilbert space
of a gauge theory can change drastically under an arbitrarily small perturbation to the constraints
(e.g., see [98] for a simple example), so understanding this could be quite complicated. First steps to
study interacting quantum reference frames have been taken in [39, 59, 99–101].

Another feature of gravity that we have ignored is that its gauge group is vastly more complicated
than R. Indeed, the full gauge group consists of all spacetime diffeomorphisms, and more general QRFs
than those we have studied here will transform under more than just the single boost diffeomorphism
we have invoked. (A treatise of classical dynamical frames in gravity can be found in [50, 51] and some
extension to the quantum realm appears, e.g., in [43, 44, 102].) Physically speaking, these QRFs can
carry not just clocks, but also rulers, and tetrads, and so on. This would then be another source of
observer dependence in the entropy: one observer could carry just a clock and a ruler, another could
carry a clock and a tetrad, etc. Depending on what the observer carries, it will be able to witness
different field observables, and thus measure a different entropy. By considering QRFs transforming
under more general groups than just R [29], we hope to address this in forthcoming work (see also [54]).

We anticipate that subsystem relativity should generalise in some form to QRFs associated with
the diffeomorphism group and thereby cause a generic entropy relativity in gravity. This is presumably
connected with the recent observation that events and localisation in quantum gravity are observer/QRF-
dependent [43, 102], as this means that different QRFs will not agree on what the subsystem is.

Finally, although we have sometimes used in this paper a heuristic picture of QRFs evolving along
worldlines, a QRF need not be of this nature. In particular, in gravity and gauge theory it is very
natural to use dynamical edge modes as reference frames [44, 50–52, 103]. These are degrees of freedom
which do not live on a worldline in the subregion, but rather on the boundary of the subregion. The
similarity between the construction of the extended phase space used in the study of classical edge
modes [104], and the crossed product von Neumann algebra described in [1] and the present work,
has already been pointed out [23, 24, 105, 106]. There are different sets of dynamical edge modes one
could use on any given boundary [51, 52]. Much as a choice of clock in this paper yields a particular
physical representation of the crossed algebra, a choice of dynamical edge modes yields a particular
map from the physical phase space of a classical field theory to its extended phase space. It would be
interesting to understand this from the point of view of QRFs, and in light of the results of this paper.
Indeed, in the quantum theory different choices of dynamical edge modes are different choices of QRF,
and so should result in different entropies.
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