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In this paper, we propose a fully nonlinear mechanism for obtaining scalarized black holes

in Einstein-scalar-Gauss-Bonnet (EsGB) gravity which is beyond the spontaneous scalar-

ization. Introducing three coupling functions f(φ) satisfying f ′′(0) = 0, we find that

Schwarzschild black hole is linearly stable against scalar perturbation, whereas it is unstable

against nonlinear scalar perturbation if the coupling function includes term higher than φ6.

For a specific choice of coupling function f(φ) = α(φ4 − βφ6), we obtain new black holes

with scalar hair in the EsGB gravity. In this case, the coupling parameter α plays a major

role in making different nonlinear scalarized black holes, while the other parameter β plays

a supplementary role. Furthermore, we study thermodynamic aspects of these scalarized

black holes and prove the first-law of thermodynamics.

I. INTRODUCTION

It is worth noting that scalar fields ubiquitously appear in the various contexts of theoretical

physics, and offer a straightforward and versatile framework that accounts for the accelerated

expansion of the universe, both in its early stages and in its later epochs. In addition, physics of

black holes can probe the existence of scalar fields from the completely different aspects. In general
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relativity (GR), however, the no-hair theorem rules out black holes conformally coupled to a scalar

field in asymptotically flat spacetimes due to a divergent scalar on the horizon and instability of

black holes [1]-[4]. Then, it becomes a challenge to introduce scalar fields that interact with the

curvature of black hole spacetimes. Fortunately, the no-theorem can be circumvented when hairy

black holes possess extra macroscopic degrees of freedom in other theories. For instance, Damour

and Esposito-Farese [5] have shown a mechanism of spontaneous scalarization in scalar-tensor

gravity when studying neutron stars.

As one of scalar-tensor gravity theories, Einstein-scalar-Gauss-Bonnet (EsGB) gravity has re-

ceived increasing attentions over the past years. The merits of this theory lie in twofold. Firstly,

it makes a simple modification of GR by including the Gauss-Bonnet curvature term coupled to

a single scalar field. Secondly, since this term alone is a topological term in four dimensional

spacetimes, this theory corresponds to extending GR rather than modifying it, provided that all

solutions of GR are also solutions of these theories and they can coexist with non-GR solutions. The

Refs. [6]-[8] have shown that the spontaneous scalarization may take place around Schwarzschild

black holes in EsGB gravity, due to a tachyonic instability triggered by coupling a scalar field to

the Gauss-Bonnet term [f(φ)R2
GB]. This is analogous to relativistic stars triggered by coupling a

scalar field to the matter field. Then, a new branch of black hole solutions with nontrivial scalar

field bifurcates from the Schwarzschild solution. Similar discussions have been also presented in the

context of scalar-tensor gravity theories possessing the scalar field non-minimally coupled to either

Gauss-Bonnet term [9]-[12] or to Maxwell term [f(φ)F 2] [13]-[18], where the scalar field induces

destabilization of bald black holes and makes scalarized (charged) black holes. It is important to

note that infinite branches (n = 0, 1, 2, · · · ) of scalarized (charged) black holes are generated

through spontaneous scalarization.

Concerning nonlinear scalarization of Schwarzschild black holes in the EsGB gravity, the effec-

tive mass term of a perturbed scalar always vanishes when the coupling function takes the following

exponential forms:

f(φ) =
1

4κ

(
1− e−κφ

4
)

or
1

4κ

(
1− e−κφ

6
)
. (1)

It implies that Schwarzschild black holes are always stable under a linear scalar perturbation.

Nevertheless, it is interesting to note that Schwarzschild black holes become unstable against

nonlinear scalar perturbation when the amplitude of a scalar perturbation is large enough [19]-

[21]. Here, finite (three) branches of scalarized black holes for κ = 100 appear but only one

branch is stable against radial perturbations [22]. Evolving nonlinear scalar equation in time on
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the Kerr background, Doneva et al. [23] have found the nonlinear scalarization phenomenon for

exponential coupling functions in the EsGB gravity. In this case, there is a threshold amplitude of

the scalar perturbation above which the Kerr black hole loses the linear stability, and scalarized

rotating black holes are obtained. Later, Lai, et al. [24] have constructed finite (three) branches

of nonlinear scalarized rotating black hole solutions for the first coupling function in Eq.(1) with

κ = 400 by making use of the pseudo-spectral method. Thermodynamic aspect of these branches

is compared to that of Kerr black hole.

In this paper, we focus on exploring the nonlinear scalarization phenomenon and examine the

nonlinear instability of Schwarzschild black holes against nonlinear scalar perturbation in the EsGB

gravity by choosing three polynomial coupling functions f(φ) satisfying f ′′(0) = 0, appearing in

Eq.(10). The Schwarzschild black hole is unstable against nonlinear scalar perturbation if the

coupling function includes term higher than φ6. For a particular coupling function of f(φ) =

α(φ4 − βφ6), we will find newly black holes with scalar hair in the EsGB gravity. In this case,

the coupling parameter α plays a major role in making different nonlinear scalarized black holes,

while the other parameter β may play a supplementary role. Furthermore, we wish to study

thermodynamic aspects of these nonlinear scalarized black holes.

The manuscript is organized as follows. We first introduce the EsGB gravity theory and dis-

cuss what is the nonlinear instability of Schwarzschild black holes by solving the scalar equation

numerically in Section II. Then, we obtain numerical scalarized black hole solutions and analyze

thermodynamic properties of these scalarzied black holes in Section III. Finally, Section IV is ready

for conclusions and discussions.

II. NONLINEAR INSTABILITY OF SCHWARZSCHILD BLACK HOLES

We start with the Einstein-scalar-Gauss-Bonnet (EsGB) gravity theory, whose action is given

by [6]

S =
1

16π

∫
d4x

√
−g
[
R− 2∇µφ∇µφ+ λ2f(φ)R2

GB

]
, (2)

where R is the Ricci scalar and R2
GB = RµνρσR

µνρσ − 4RµνR
µν + R2 is so-called Gauss-Bonnet

curvature term. Moreover, φ denotes a scalar field, f(φ) represents a coupling function depending

on φ, and λ is the Gauss-Bonnet coupling parameter. Then, two equations can be obtained as

Rµν −
1

2
Rgµν + Γµν = 2∇µφ∇νφ− gµν∇αφ∇aφ, (3)

□φ = −λ
2

4

df(φ)

dφ
R2

GB, (4)
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where Γµν is defined by

Γµν = −R(∇µψν +∇νψµ)− 4∇αψα

(
Rµν −

1

2
Rgµν

)
+ 4Rµα∇αψν

+4Rνα∇αψµ − 4gµνR
αβ∇αψβ + 4Rβµαν∇αψβ (5)

with

ψµ = λ2
df(φ)

dφ
∇µφ.

In the EsGB gravity, the linearized Einstein equation (δGµν(h) = 0) governing the metric

perturbation δgµν = hµν are decoupled from the scalar equation governing the scalar perturbation

δϕ. Then, this linearized Einstein equation is the same as that for the Einstein gravity and, it

turns out that Schwarzschild black hole is stable against the metric perturbation hµν . Therefore,

we shall focus only on the linearized scalar equation

□̄δφ− µ2effδφ = 0, (6)

where the effective scalar mass is given by

µ2eff = −λ
2

4

d2f

dφ2
(0)R̄2

GB. (7)

Then, spontaneous scalarization may take place around Schwarzschild black holes. The tachyonic

instability is triggered by an effective scalar mass µeff when the coupling function f(φ) satisfies the

following three conditions [6]-[8]:

f(0) = 0,
df

dφ
(0) = 0,

d2f

dφ2
(0) ̸= 0. (8)

Here, infinite branches (n = 0, 1, 2, · · · ) of scalarized black holes emerges from solving static

linearized scalar equation [∇̄2δφ(x)− µ2effδφ(x)].

On the other hand, if the coupling functions are given by Eq.(1), we have

d2f

dφ2
(0) = 0 → µ2eff = 0. (9)

It is clear that tachyonic instability is absent because of □̄δφ = 0 and the Schwarzschild black hole

is stable against linear scalar perturbation. Nevertheless, Schwarzschild black holes allows to be

unstable against nonlinear scalar perturbation when the amplitude of a scalar perturbation is large

enough [19]-[21]. This provides another mechanism to obtain scalarized black hole via nonlinear

scalarization.
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To realize nonlinear instability definitely, we introduce three polynomial forms of coupling func-

tions satisfying d2f
dφ2 (0) = 0 as

f(φ) = φ4, φ4 − φ6, φ4 − φ8. (10)

Now, we introduce a mechanism to solve (2 + 1)-dimensional evolution of the Klein-Gordon

Eq.(4) on the Schwarzschild background

ds2S = ḡµνdx
µdxν = −A(r)dt2 +A(r)−1dr2 + r2dΩ2 with A(r) = 1− 2M

r
. (11)

After redefining the scalar field φ = Ψ(t,r)
r and bringing the GB term in the background metric as

R2
GB(ḡ) =

1

r

[
A(r)2A′′(r)−A(r)A′′(r) +A(r)A′(r)2

]
→ 48M2

r6
, (12)

the Klein-Gorden equation can be simplified as(
−∂2t + ∂2r∗ −

A(r)A′(r)

r

)
Ψ(t, r)

+
λ2

r
f ′(

Ψ

r
)
[
A(r)2A′′(r)−A(r)A′′(r) +A(r)A′(r)2

]
= 0

(13)

with the tortoise coordinate r∗ =
∫
A−1(r)dr = r+2M ln |r−2M |. To solve the above equation in

time profile, we adopt the finite difference method. This method begins with discretizing Eq.(13)

in the tortoise coordinate grids by having

r = r(r∗) = r(j∆r∗) = rj ,

Ψ(t, r) = Ψ(i∆t, j∆r∗) = ψi,j ,

A(r) = A(j∆r∗) = Aj ,

(14)

where the inverse function of tortoise coordinate r(r∗) can be generated numerically by performing

the Euler integration dr
dr∗

=
ri−rj
∆r∗

= Ai and setting the seed ri=1 = rh + 10−9.

The next step is to discretize the derivative of ψi,j into the central difference, leading to

−Ψi+1,j − 2Ψi,j +Ψi−1,j

∆t2
+

Ψi,j+1 − 2Ψi,j +Ψi,j−1

∆r2∗
−
AjA

′
j

rj
Ψi,j

+
λ2

rj
f ′(

Ψi,j

rj
)
[
A2
jA

′′
j −AjA

′′
j +AjA

′2
j

]
=0.

(15)

Eq.(13) can be rewritten an iterative equation by isolating the next grid point in time direction as

Ψi+1,j =
∆t2

∆r2∗
Ψi,j+1 +

(
2−

∆t2AjA
′
j

rj
− 2∆t2

∆r2∗

)
Ψi,j

+
∆t2λ2

rj
f ′(

Ψi,j

rj
)
[
A2
jA

′′
j −AjA

′′
j +AjA

′2
j

]
+

∆t2Ψi,j−1

∆r2∗
−Ψi−1,j .

(16)
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After imposing the initial condition Ψi<0,j = 0, Ψ0,j = A exp[− (rj+1)2

1/5000 ] with A an initial amplitude

and setting ∆t
∆r∗

= 0.05
0.1 = 1

2 , this iterative equation provides us the evolution of the scalar field in

time profile.

From the results in Fig. 1, it is clear that the scalar field with the coupling function f1 = ϕ4

always decays with time for different initial wave packets. However, choosing either f2(φ) = φ4−ϕ6

or f3(φ) = φ4−ϕ8, the scalar field tends to be stable with time and does not decay at an amplitude

of A = 0.00335. At larger amplitudes, the scalar field has no tendency to decay. Therefore, we

conclude that if the coupling function includes a term higher than φ6, the Schwarzschild black hole

is nonlinearly unstable in the EsGB gravity.

A=0.00335

A=0.002

A=0.001

10 20 30 40 50
t

-12

-10

-8

-6

-4

-2

Log10φ

(a)f1 = φ4

A=0.004

A=0.00335

A=0.002

A=0.001

10 20 30 40 50
t

-12

-10

-8

-6

-4

-2

Log10φ

(b)f2 = φ4 − φ6

A=0.004

A=0.00335

A=0.002

A=0.001

10 20 30 40 50
t

-12

-10

-8

-6

-4

-2

Log10φ

(c)f3 = φ4 − φ8

FIG. 1: Time evolution of the scalar field on the Schwarzschild background with M = 0.1, λ = 1, and

Ψ(t = 0, r) = A exp[− (rj+1)2

1/5000 ]. The coupling functions of the left, middle and right graphs are given by

φ4, φ4 − φ6 and φ4 − φ8, respectively.

III. NUMERICAL SOLUTIONS OF SCALARIZED BLACK HOLES

We wish to construct scalarized black hole solutions by solving the full equations (3)(4) numer-

ically. The static and spherically symmetric black hole can be described by

ds2 = −e2ξ(r)dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2θdϕ2). (17)

Substituting the metric ansatz (17) into Eqs. (3)(4), we obtain four equations

2
r

[
1 + 2

r (1− 3e−2Λ)ψr

]
dΛ
dr + e2Λ−1

r2
− 4

r2
(1− e−2Λ)dψr

dr −
(
dφ
dr

)2
= 0, (18)

2
r

[
1 + 2

r (1− 3e−2Λ)ψr
] dξ
dr −

e2Λ−1
r2

−
(
dφ
dr

)2
= 0, (19)

d2ξ
dr2

+
(
dξ
dr +

1
r

)(
dξ
dr −

dΛ
dr

)
+ 4e−2Λ

r

[
3dξdr

dΛ
dr − d2ξ

dr2
−
(
dξ
dr

)2]
ψr

−4e−2Λ

r
dξ
dr
dψr

dr +
(
dφ
dr

)2
= 0, (20)
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d2φ
dr2

+
(
dξ
dr −

dΛ
dr + 2

r

)
dφ
dr − 2λ2

r2
df(φ)
dϕ

{
(1− e−2Λ)

[
d2ξ
dr2

+ dξ
dr

(
dξ
dr −

dΛ
dr

)]
+ 2e−2Λ dξ

dr
dΛ
dr

}
= 0 (21)

with

ψr = λ2
df(φ)

dφ

dφ

dr
. (22)

Here we need to introduce the boundary conditions for this work. Our quest for asymptotically

flat black hole solutions with a non-trivial scalar hair requires boundary conditions at asymptotic

infinity and near the horizon:

ξ |r→∞ → 0, Λ |r→∞ → 0, φ |r→∞ → 0,

e2ξ |r→rh → 0, e−2Λ |r→rh → 0. (23)

The mass of the black hole M and scalar charge D appear through the asymptotic forms of Λ, ξ,

and φ as [8]

e2ξ = 1− 2M

r
+
D2

r2
+

3D2M

r3
+

−D4 + 16D2M2

3

r4
+ · · · ,

e−2Λ = 1 +
2M

r
+

−D2 + 4M2

r2
+

−5D2M + 8M3

r3
+
D4 − 16D2M2 + 16M4

r4
+ · · · ,

φ = φ∞ +
D

r
+
DM

r2
−
D
(
D2 − 8M2

)
6r3

+ · · · (24)

with φ∞ = 0.

As stated in the previous section, we consider the relevant coupling function for obtaining

scalarized black holes

f(φ) = α(φ4 − βφ6), (25)

where we set λ = 1 because a coupling parameter α is included in f(φ). We start by picking small

parameters (α = 1, β = 1) and the numerical results are shown in Fig. 2. The horizon radius

is selected as rh = 0.1. This picture displays that the metric function gradually increases from

zero at the horizon and approaches 1 at infinity. This behavior is very similar to Schwarzschild

solution. Enlarging the local results in Fig. 2(a), it is clear that gtt(r) and grr(r) curves of scalarized

black holes are below Schwarzschild solution A(r). In Fig. 2(b), we introduce two differences

between the scalarized and Schwarzschild metric functions defined by ∆1(r) = e2ξ(r) − (1 − 0.1
r )

and ∆2(r) = e−2Λ(r) − (1− 0.1
r ). We find that these near the origin are greater than zero and are

decreasing with two lowest points at r = −0.002 and r = −0.0015. Then, ∆1 and ∆2 increase

but they remain below the x-axis. The scalar field decreases as r increases and approaches 0 as
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0.5 0.51
0.8

0.802

0.804

0.5 1.0 1.5 2.0
r0.0

0.2

0.4

0.6

0.8

1.0
metric

Schwarzaschild

e
2 ξ (r)

e
-2 Λ (r)

(a)Metric functions

Δ1

Δ2

0.2 0.4 0.6 0.8 1.0 1.2 1.4
r

-0.0020

-0.0015

-0.0010

-0.0005

0.0005
Δ

(b)Differences of two metric functions

1 2 3
r

0.02

0.04

0.06

φ

(c)Scalar hair

FIG. 2: Metric functions and scalar field as functions of r. Here, we choose α = 1, β = 1 and rh = 0.1.

α= 1
4

α=1

α=10

0.1 0.3 0.5 0.7
rh

0.001

0.002

0.003

0.004
ΔM

β= 1

250

β=1

β=100

0.05 0.10 0.15 0.20
rh

0.0005

0.0010

0.0015

ΔM

FIG. 3: Mass as a function of horizon radius rh with M0 = 0.05 mass of Schwarzschild black hole. In the

left, β = 1, α = 1
4 , 1, 10 and in the right, we choose α = 1, β = 1

250 , 1, 100.

shown in Fig. 2(c). The above results imply that nonlinear scalarized black holes are similar to

spontaneous scalarized black holes.

We further investigate the mass difference between scalarized and Schwarzschild black holes.

We plot a figure for difference ∆M = M −M0 vs. horizon radius rh in Fig.3 , where M and M0

are the masses of scalarized and Schwarzschild black holes, respectively. In the left panel of Fig.3,

we choose β = 1. It turns out that M −M0 decreases first and, then increases. With the increase

of α, the minimum value of M −M0 decreases, while its maximum value increases significantly. In

the right of Fig.3, we choose α = 1. Changing β, it shows a similar conclusion to the left panel. In

addition, the smaller the β, the smoother the M −M0 curve.

The connection between scalar field on the black hole horizon rh and mass M is also worth
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α= 1
4

α=1

α=10

0.05 0.15 0.25 0.35
M

0.02

0.06

0.1

0.14
φh

β= 1

250

β=1

β=100

0.02 0.06 0.1
M

0.02

0.06

0.1

0.14

φh

FIG. 4: Scalar field at the event horizon as function of mass. In the left, α = 1
4 , 1, 10.β = 1, while in the

right, β = 1
250 , 1, 100.

exploring. These results are shown in Fig.4, where it illustrates the uniqueness of our model with

the coupling function f(φ) in Eq.(25). Obviously, the role of α is quite different from β in making

nonlinear scalarized black holes. The coupling parameter α plays a major role in making different

nonlinear scalarized black holes, while the coupling parameter plays a supplementary role. We

first fix β and change α, which is depicted in the left of the graph. This implies that φh is a

monotonically increasing function of M (the same behavior with rh). This implies that a non-

linear parameter α affects the slope of this line: the larger the α, the smaller the slope. However,

this change have no effect on the maximum value of φh. In the right of the graph, we fix α first

and change β. This result is contrary to the left of the graph, showing that changing β hardly

affects the slope of the φh(M) line, but the maximum φh increases as β increases.

Also, Fig.5 shows the scalar charge D as a function of the black hole mass M and the effects

of different α and β on the scalar charge D are clearly displayed. In the left panel with fixed

β = 1, D shows increasing functions as M increases. The value of D increases curvilinearly as M

increases and eventually stops at the end point. The larger the value of α, the larger the end point

of D. In the right panel, we fix α = 1 first and change β. This result is contrary to the left of the

graph, indicating that changing β hardly affects the slope of the D(M) curve, but the maximum

φh increases as β increases. D(M) curves show similar behaviors to φh(M) for roles of α and β in

making different nonlinear scalarized black holes.

Based on the numerical solutions we have obtained, we can further calculate the thermody-

namic properties of these black holes. In static spherically symmetric black hole spacetime, the

temperature takes the form

T =

√
eξ(r)

′
(rh) ∗ eΛ(r)

′
(rh)

4π
. (26)
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4
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M0.0065
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M0.000

0.002
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0.006

0.008

0.010
D

FIG. 5: Scalar charge as a function of the black hole mass. In the left, β = 1, α = 1
4 , 1, 10 and in the right,

α = 1, β = 1
250 , 1, 100.

.

Schwarzaschild

α= 1
4

α=1

α=10

0.2 0.4 0.6 0.8
Ln M

20

30
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70

S
Schwarzaschild
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250

β=1

β=100

0.6 0.64
41

45

0.2 0.4 0.6 0.8 1.0
Ln M

20

40

60

80

100
S

FIG. 6: Black hole entropy as a function of mass. In the left, β = 1, α = 1
4 , 1, 10 and in the right,

α = 1, β = 1
250 , 1, 100.

It is interesting to study the profiles of the area of the black hole horizon, Ah = 4πrh
2 and of

the entropy S of this class of solutions [9][26].

S =
1

4
Ah + 4πλ2f(φh). (27)

As is shown in Fig.6, the entropy decreases as α increases for fixed β = 1 and the entropy decreases

as β increases for fixed α = 1. Schwarzschild black hole lies on the top.

Now we discuss the first-law of thermodynamics of the hairy black holes. In order to evaluate

this law, the discrete values of thermodynamic quantities of mass M , temperature T and entropy

S with different horizon radius rh are shown in Table.I.
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No. rh M T S

1 0.01 0.004988 7.958000 0.005872

2 0.03 0.015004 2.652330 0.002829

3 0.05 0.024942 1.591190 0.007863

4 0.07 0.035000 1.136250 0.015430

5 0.09 0.045021 0.883451 0.025546

6 0.11 0.055063 0.722499 0.038237

7 0.13 0.065316 0.610955 0.053533

8 0.15 0.075491 0.529097 0.071477

9 0.17 0.085648 0.466433 0.092121

10 0.19 0.096001 0.416862 0.115541

TABLE I: Mass M , temperature T , and entropy S of scalarized black hole with different rh and α = β = 1.

Forward differences of mass M entropy S can be written as [27]

∆M ≡ M(i+ 2)−M(i)

2
,

= {0.019953, 0.019996, 0.020080, 0.020064, 0.020294, 0.020428,

0.020333, 0.020510, 0.020802},

∆S ≡ S(i+ 2)− S(i)

2
,

= {0.007549, 0.012601, 0.017683, 0.022807, 0.027987, 0.033240,

0.038588, 0.044064, 0.049746}. (28)

Then, the expression dM = TdS in the form of discrete points is given by

∆M(i)− (T (i+ 1) ·∆S(i))

= {−6.95 ∗ 10−5,−5.53 ∗ 10−5,−1.27 ∗ 10−5,−8.52 ∗ 10−5, 7.37 ∗ 10−5,

1.19 ∗ 10−4,−8.42 ∗ 10−5,−4.26 ∗ 10−5, 6.47 ∗ 10−5}. (29)

Thus, the thermodynamic quantities of the hairy black holes are seen to obey the first law dM =

TdS to quite a high precision.

IV. CONCLUSIONS AND DISCUSSIONS

We have discovered the existence of a fully nonlinear dynamical mechanism for forming scalar-

ized black holes, which is different from the spontaneous scalarization. We considered three types
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of polynomial coupling functions satisfying f ′′(0) = 0 for which the Schwarzschild black hole is still

a linearly stable solution to the linearized equations. However, for certain ranges of the amplitude

A of a scalar field, scalarized black hole phases appear if the coupling function f(φ) includes term

higher than φ6. This was shown by solving the non-linear scalar equation (13) in (1+1)dimensions

numerically.

To obtain nonlinear scalarized black hole solutions, we select the most intuitive coupling function

α(φ4−βφ6) where the parameter αmeasures the overall effect of the scalar field on making nonlinear

scalarized black hole, whereas the other β represents the effect of higher order terms on making

nonlinear scalarized black holes. We confirm the feasibility of our conjecture through calculation

and analysis. Our numerical results have shown that scalarized black hole phases always exists

for different coupling parameters α and β. It is important to note that the role of α is quite

different from β in making nonlinear scalarized black holes. The coupling parameter α plays a

major role in making different nonlinear scalarized black holes, while the coupling parameter β

plays a supplementary role. This was shown by observing scalar hair at the horizon φ(M) and

scalar charge D(M) for different α and β. This indicates that the nonlinear instability is a way of

obtaining scalarized black holes, in addition to tachyonic instability for spontaneous scalarization.

Interestingly, we studied the thermodynamic properties of nonlinear scalarized black holes. We

analyzed the relationship between black hole entropy S and mass M under different coupling

parameters, and compare it with Schwarzschild black hole entropy. The entropy decreases as α

increases for fixed β = 1 as well as the entropy decreases as β increases for fixed α = 1. The curve

of Schwarzschild black hole lies on the top. Finally, we proved that the first-law of thermodynamics

dM = TdS is satisfied numerically for α = β = 1.
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