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Abstract

We consider a diffuse interface model that describes the macro- and micro-phase separation processes
of a polymer mixture. The resulting system consists of a Cahn-Hilliard equation and a Cahn-Hilliard-
Oono type equation endowed with the singular Flory-Huggins potential. For the initial boundary
value problem in a bounded smooth domain of R? (d € {2, 3}) with homogeneous Neumann bound-
ary conditions for the phase functions as well as chemical potentials, we study the regularity and
long-time behavior of global weak solutions in the off-critical case, i.e., the mass is not conserved
during the micro-phase separation of diblock copolymers. By investigating an auxiliary system with
viscous regularizations, we show that every global weak solution regularizes instantaneously for
t > 0. In two dimensions, we obtain the instantaneous strict separation property under a mild growth
condition on the first derivative of potential functions near pure phases +1, while in three dimensions,
we establish the eventual strict separation property for sufficiently large time. Finally, we prove that
every global weak solution converges to a single equilibrium as ¢ — +o0.

Keywords: Cahn-Hilliard equation, Cahn-Hilliard-Oono equation, Regularization, Strict separation,
Convergence to equilibrium.
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1 Introduction

Regularity and long-time behavior of global weak solutions to a

The Cahn-Hilliard equation provides an efficient tool to study the phase separation process of binary
mixtures [5,22]. It is a representative of the so-called diffuse interface models that describe the evolution
of free interfaces. The diffuse interface approach has the advantages that it avoids the explicit treatment
of free interfaces and can handle complex topological changes in a natural way. In the last decades, the
Cahn-Hilliard equation and its variants have been successfully applied in many of segregation-driven

problems (see [29] and the references cited therein).
In the present work, we analyze the following initial-boundary value problem

Oru = Ap inQ x (0,7),
p=—e2Au+ 9, F(u,v) inQ x (0,7),
Ow+o(v—c)=Ap in Q x (0,7),
© = —€2Av + 0, F(u,v) inQx (0,7),
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Ontt = Opv = Onpt = Onp =0 on 90 x (0,7, (1.5)
(u,v)|t=0 = (uo,v0) in €. (1.6)

Here, 2 C R (d € {2,3}) is a bounded domain with smooth boundary OS2 and 7" > 0 is the final time.
The vector n = n(x) is the unit outer normal vector on €2 and Jy, denotes the outward normal derivative
on the boundary. The coupled system (LI)—(L.4) was introduced in [3] to describe the dynamics of a
mixture of a homopolymer and a diblock copolymer (with monomers of type A and B) that undergoes
two distinct but simultaneous phase separation processes. It consists of a Cahn-Hilliard equation and a
Cahn-Hilliard-Oono type equation for the phase functions » and v, respectively. The order parameter
u(z,t) + Q x [0,7) — [—1,1] denotes the relative fraction difference between the copolymer and
the homopolymer, while the order parameter v(z,t) : Q x [0,7) — [—1, 1] denotes the relative fraction
difference between AB components of the diblock copolymer itself. The pure phases £1 of u correspond
to a homopolymer rich domain {#. = —1} and a copolymer rich domain {u = 1}. Similarly, the pure
phases +1 of v correspond to the A-rich domain {v = —1} and the B-rich domain {v = 1}. In the
diffuse interface framework, both functions u, v smoothly transit from —1 to 1 in narrow transition
layers, approximating the sharp interfaces with thickness scales ¢,,, &, > 0, respectively. The functions
iy 2 x [0,T) — R are associated chemical potentials for the macro-separation (between copolymer
and homopolymer) and micro-phase separation (between AB blocks) processes. They are given by the
variational derivatives of the following free energy functional

2 2
U (u,v) = / [E—“|Vu|2 + 6—U|Vv|2 + F (u,v)| dz,
al?2 2
where F' is a bivariate potential function. In [3]], the authors considered the following specific form:

F(u,v) = i( 2 1)+ %(v2 —1)? + auwv + Butv + yuv?,
The first two fourth-order polynomials adopt a double-well structure and have two different minima 41
corresponding to the pure phases. The real parameters «, 8 and -~y present the influences of coupling
terms in the free energy. They can alter the (u,v)-values of the minima of F'(u,v), and subsequently
affect the confined morphologies of the polymer blend. It has been shown in [3] that the system (LI)-
(L.4) is robust enough to predict many kinds of possible morphologies and offers a guideline of how the
system behaves dynamically when the parameters are varied. Besides, we mention that the system under
consideration is closely related to some diffuse-interface models for binary mixtures with surfactant,
see [110,(11,127,39] and the references therein.

Next, let us give some comments on the linear term o (v — ¢) in the Cahn-Hilliard-Oono equation
(L3). The parameter o is related to the bonding between block A and block B in the copolymer such
that its value is inversely proportional to the square of the total chain length NV (see [3.[7]). Here we treat
a general case with ¢ € (—1,1) being a prescribed constant (see [9,[18]). For any given (sufficiently
regular) function g, denote its spatial mean value by g = || ~* fQ g dz. With this notation, we find that
the solution (u,v) to problem (LI)—(L6) formally satisfies the ordinary differential equations

(;_1; =0 and %—l—a(ﬁ—c) =0, Vte(0,7),

with initial values w(0) = %g, (0) = 7g. Then we have

u(t)=wu and D(t) =75 " +c(l—e ), Vtel0,T). (1.7)
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Hence, v will remain constant provided that ¢ = 0 or g = ¢ (when ¢ # 0). This is usually referred
to as the conserved case [18]]. On the other hand, the case with Ty # c¢ is called the off-critical case. In
particular, if o > 0, then T(¢) converges exponentially fast to ¢ as t — +oo according to (L7)). It is easy
to verify that if ¢, up, Tp € (—1 + m, 1 — m) for some given constant m € (0, 1), then in both cases the
mean values @, T will stay in (—1 + m, 1 — m) on the whole interval of existence for (u,v). In [3]], the
authors considered the conserved case with ¢ = 7. Thanks to (I.7)), the equation (I.3) reduces to

0
8_: +o(v—71) = Aep.
Thus, the coupled system (LID—(T.4) can be viewed as a gradient flow of the following free energy with

a nonlocal term:
~ 62 2 62 2 g 1 2
U(u,v) = / {E“]Vu\ + %\Vv\ + F(u,v) + 5\(—A)_§(v —7)|*| du, (1.8)
Q

where A is the Laplace operator with homogeneous Neumann boundary condition in our current setting
(cf. (L3)). Moreover, the system satisfies the energy dissipative law in the conserved case (at least
formally):

%\P(u,v) - /Q (IVul* + |V@|?) dz = 0, (1.9)
with 3 = ¢ + o(—A)~!(v — 7). The modified free energy (L8) is closely related to the Ohta-Kawasaki
functional for diblock copolymers [7,331[35]. When o # 0, the Oono’s term o(v — ©) yields possible
long range interactions that can generate a variety of minimizers with fine structure in the micro-phase
separation process, such as layers, onions and multipods (see [3]] for details). For mathematical analysis
of the Cahn-Hilliard-Oono equation and its variants, we refer to [8,/14}1823,[28] and the references
therein.

In this study, we are interested in the theoretical analysis of problem (LI)—(L6). It is well-known that
as a fourth-order parabolic equation, the Cahn-Hilliard (or Cahn-Hilliard-Oono) equation with a regular
potential (e.g., a polynomial) does not maintain the maximum principle, that is, its solution may not stay
in the physically relevant interval [—1, 1] throughout the evolution, see [29] and the references therein.
On the other hand, the polynomial double-well potentials used in [3] are just convenient approximations
of the Flory-Huggins free energy density for polymers [13.[15]:

SFH(T‘) =

N D

(1+7r)In(1+7)+ (1 —7)In(l —7r)] — %73, Vre (—1,1). (1.10)

The two parameters 6, 6, in denote the absolute temperature and the critical temperature for phase
separation, respectively. If 0 < 6 < 6, the potential Spy has a double-well structure with two minima
inside (—1,1). The singular nature of Sgy near the endpoints +1 (i.e., pure phases) can ensure the
existence of physical solutions with values in [—1,1] (cf. [2,[18]]). Inspired by this, the authors of [9]
analyzed problem (LI)—(I.6) with the choice

F(u,v) =8 (4;0y,60.4) + S (v;6y,000) + W(u,v),

where W (u,v) = auv + fu’v + yuv? and

S (ri6,,60,) = % (14 r)In(14+7) + (1 —r)In(1—r)] — 0;”2,



with 0 < 6, < 0y, r € {u,v}. For both conserved and off-critical cases, they proved that the resulting
initial boundary value problem admits a unique global weak solution (u,v) on [0, 4+00) with certain
dissipative estimates in two and three dimensions. Then they focused on analysis of the conserved case
and showed that every weak solution regularizes instantaneously for ¢ > 0. When the spatial dimension
is two, they further established the instantaneous strict separation property for the macro- and micro-
phases, that is, for any ¢y > 0, there exist constants w,,,w, € (0,1) depending on t( and the initial data
such that

lu®) @) < 1= o@lleiey <1-we, ¢ > to.

The above regularization properties allowed them to study the long-time behavior of global weak solu-
tions in both two and three dimensions, i.e., the convergence to a single equilibrium as t — +oo.

As pointed out in [9] Section 5], the nonlinear coupling term W (u,v) in the mixing entropy leads to
extra difficulties in the study of regularity properties of global weak solutions (and thus their long-time
behavior). Because of the lack of control on L°°-norms for approximating phase functions, higher-order
estimates of their time derivatives cannot be achieved by exploiting the Galerkin approximation scheme
like in [18]], where the single Cahn-Hilliard-Oono equation was analyzed. Inspired by [19], the authors
of [9] derived higher-order time regularity of weak solutions in the conserved case, using the difference
quotients in time. Unfortunately, this argument seems not valid in the off-critical case. Comparing with
the conserved case, one of the main difficulties came from an additional inner product term (Othgo, 8?1)),
which was due to the possible mass change in the micro-phase separation (see (I.7)). Here, for any
function f : [0, 7] — X, with X being a real Banach space, we denote 9! f = h=![f(t + h) — f(t)] for
any h > 0 and ¢t > 0. Due to the difficulty mentioned above, regularity and long-time behavior of global
weak solutions to problem (LI)—(L6) were only analyzed in the conserved case, that is, the masses are
conserved and the energy is dissipative (see (1.9)).

Our aim in the present contribution is to study the regularity properties and long-time behavior of
global weak solutions to problem (LI)—(L.6) in the off-critical case.

Under some general assumption on the nonlinearities, we recover the existence of global weak solu-
tions (see Proposition and show that every global weak solution regularizes instantaneously for¢ > 0
(see Theorem 2.)). Our proof is inspired by [31]], that is, we investigate an auxiliary system with viscous
regularization in the chemical potentials x and . Given sufficiently regular initial data being strictly
separated from +1, the coupled viscous Cahn-Hilliard system possesses global strong solutions that are
smooth enough for us to perform higher-order estimates (see Proposition 3.1). In particular, thanks to the
viscous regularizing terms, we can apply the method in [31] to obtain the instantaneous strict separation
property for phase functions u, v in both two and three dimensions. Combining uniform estimates for
the approximate solutions with a compactness argument, we are able to prove the existence of global
weak solutions to the original problem (LI)-(1.6) and their instantaneous regularization property. In
the two dimensional case, we further establish the instantaneous strict separation of weak solutions (see
Theorem 2.2)), by applying a De Giorgi type iteration scheme proposed in the recent work [17]. With
the aid of this approach, we achieve the result under weaker assumptions on the singular potentials than
those in [9]]. Next, taking advantage of the viscous regularization for the system and the above mentioned
regularizing effects, we are able to characterize the w-limit set (see Proposition [3.1) and derive the even-
tual strict property of global weak solutions in both two and three dimensions (see Theorem 2.3)). It is
worth mentioning that the validity of this property in the off-critical case was open even for the single
Cahn-Hilliard-Oono equation (see [18]]). Finally, we derive an extended f.ojasiewicz-Simon inequality
that works in the situation with possible mass change (see Proposition [5.3)). This extends the correspond-
ing result in [9}, Proposition 7.2] for the conserved case and enables us to establish the convergence to a
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single equilibrium (see Theorem .

Plan of this paper. In Section 2] we first introduce the functional setting some notations, then we
state the main results of this study. In Section [3| we analyze the viscous regularizing system and derive
uniform estimates that are independent of the approximating parameter. In Section 4f we prove the
existence and regularity of global weak solutions to the original problem. Besides, we establish the
instantaneous strict separation property in the two dimensional case. In Section 3] we study the w-limit
set and show that every weak solution becomes strictly separated for sufficiently large time. Then we
prove the convergence to an equilibrium as ¢ — +oo with the aid of the Lojasiewicz-Simon inequality.
In the appendix, we sketch a proof for the well-posedness of an auxiliary problem with regular potentials
and present some useful results on an nonlinear elliptic Neumann problem with singular potential.

2 Main Results

2.1 Preliminaries

We first introduce some notations and conventions. Let X’ be a (real) Banach space with norm ||| ,.
We use X'*, (-, ) x= x to represent its dual space and the associated duality pairing. For a Hilbert space
H, we denote the associated inner product by (-, -)%. Throughout this paper, we assume that Q C R¢
(d € {2,3}) is a bounded domain with smooth boundary 0f2. For the standard Lebesgue and Sobolev
spaces on €2, we use the notations LP(§2), W*P(Q) for any p € [1,+oc] and k € N, equipped with the
corresponding norms || - [ Lr (), | - Hwk,p(g), respectively. When p = 2, these spaces are Hilbert spaces
and we use the standard convention H*(Q) := W*?2(Q). For simplicity, the norm and inner product of
L?(£2) will be denoted by || - || and (-, -), while the pairing between H'(2) and H'(€2)* will be denoted
by (-,-). Bold letters will be used for vector-valued spaces, for instance, we denote the vector-valued
Lebesgue spaces by LP(Q) = LP(Q;R%), p € [1, +o0].

Given a measurable set I of R, we introduce the function space LP(I; X') with p € [1, 4+00], which
consists of Bochner measurable p-integrable functions (if p € [1,+00)) or essentially bounded func-
tions (if p = +o00) with values in a given Banach space X. If I = (a,b), we write for simplicity
LP(a,b; X). The space LF, (0,+o00;X) denotes the uniformly local variant of L?(0, +oo; X') consist-

uloc

ing of all strongly measurable f : [0, +00) — X such that

£ 1]z

uloc

(0,400);x) -= Sup HfHLP(t,t-i-l;X) < 0.
t>0

If T € (0,400), we find LP, (0,T; X) = LP(0,T; X).

uloc

The following shorthands will be frequently used
H:=L*Q), V:=H"'(Q), W:={ueH*Q)|dhu=0ondQ}.
As usual, H is identified with its dual. We have the continuous, dense, and compact embeddings:
W—V—HoV"
Besides, the interpolation inequality holds (see [[18]])

IFI* < ENVEIZ+C @) 1S

where £ € (0,1) is arbitrary and C (&) is a positive constant only depending on ¢ and 2. For every
f € V*, we denote by f its generalized mean value over  such that f = |Q|~Y(f, 1); if f € L'(Q), its
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mean value is simply given by f = || ~! fQ fdx. Then we recall the well-known Poincaré-Wirtinger
inequality:

If = Fll <CpIVEI, VeV,

where the positive constant C'p depends only on 2.
We denote by Ay : V' — V* the extension of the minus Laplace operator subject to the homogeneous
Neumann boundary condition such that

(Anf.g) = [ VF-Vgds, VfgeV,
Q
Set the linear subspaces
Hy:={f€eH|f=0}, Vo:=VNHy, V§:={LecV*|(L1)=0}.

It is easy to verify that the restriction of Ay to Vj is an isomorphism between V; and V(. Thus, we can
define the inverse operator N := (AN\VO)_l : V" = Vo. The following identities hold (see [9.31])

(ANu, NL) = (L,u), YueVy, LeVy,
(Ll,NL2> = <V (NLl),V(NL2)>, VL, Ly € VO*

Define

IL]l, = IV VD) = V{L,NL), VLeVy,

\LI2, = |L TP+ TP, vLev™.
We find that ||-||, and ||-||_; are equivalent norms on V" and V* with respect to the usual dual norms
(see [31]).

In the subsequent analysis, the capital letter C' will denote a generic positive constant that depends
on the structural data of the problem. Its meaning may change from line to line and even within the same
chain of computations. Specific dependence will be pointed out if necessary.

2.2 Statement of results

Let us present the assumptions for problem (LI)-(L.6). We recall that the parameters &, &, > 0 are
proportional to the thickness of transition layers between different components in the polymer mixture,
and thus are related to the rapidity of variation of w and v in the interfacial region (see [3l]). Nevertheless,
their values will not affect the subsequent analysis in this study, since we always work with fixed positive
€u, €y and do not consider the asymptotic behavior as ¢, €, — 0 (i.e., the sharp-interface limit). Hence,
without loss of generality, we make the following assumption on parameters of the system:

(HO) e, =gy, =1,0 >0,ce (—1,1), 0< 0, <y, 0<6, <bpy.
In the subsequent analysis, we consider the free energy
1 2, 1 2
U(u,v) = §]Vu\ + §]Vfu] + F(u,v) | dz, (2.1)
Q
with the bivariate potential

F(u,v) = 8 (436, 00.u) + 5 (0;00,00.0) + W(u,v), (2.2)



where

. 000 R b0
S (43 0u, 00,u) = Sy (u) — %u{ S (0364, 00.6) = Sg) (V) — ;, o2,

~

In view of [9l[17], we impose the following structural assumptions on the nonlinear functions S;) (j €
{u,v}) and W:

H1) Forj € {u,v , Sy EC —1,1]) N C?(—1,1), and
()
S_l)il_n1+ §Ej)(s) = —00, 81_i>nl[17 §Ej)(s) = +o0,

S(iy(s) = 0;>0, ¥se(-11).

~ ~

We extend S(;)(s) = +oo for all [s| > 1 and without loss of generality, we assume S(;)(0) =
qr

H2) There exists some constant p > 1/2 such that as § — 0T, it holds
( P

1 1 1 1
s (1—25):O<!1n5!”>’ S (—1+25):O<!1n5!”>'
() ()
(H3) W € C%(R%;R).

Remark 2.1. The logarithmic potential (cf. (1.10))
0.
()(8) = E] [(I+s)In(1+s)+(1—-s)n(l—-s)], Vse(-1,1), jc {u,v},

fulfills the assumptions (H1)-(H2) with p = 1, while the bivariate polynomial W (u,v) = auv +
Bu?v + yuv? considered in [3,9] fulfills the assumption (H3). The assumption §(j)(0) = §Ej)(0) =0
and the convexity also imply §(j) > 0 on [—1, 1]. The assumption (H2) characterizes the growth of the
first order derivative of singular potentials S, (j) and it only plays a role in the proof for the instantaneous
strict separation property of global weak solutions in two dimensions (see Proposition 2.2). It is worth
mentioning that our assumptions on the nonlinearities are weaker than those in [9]], cf. [9, Section 4.1]
and also [9, Assumption A].

Next, we introduce the definition of weak solutions to problem (LI)—(L6) (cf. [9 Definition 3.17).

Definition 2.1. Ler Q C R? (d € {2,3}) be a bounded domain with smooth boundary 0 and T €
(0, 4+00|. Assume that (HO), (H1) and (H3) are satisfied. For any initial data ug,vy € V such that
F (ug,vo) € L' (Q) and g, vo € (—1,1), the quadruple (u, v, i, @) is called a weak solution to problem
(LI)—(L6) on [0, T), if the following properties are satisfied:

u,v € L®(0,T;V)NC([0,T]; H) N L2, (0, T; W) N HYy (0,75 V),

u,v € L=(Q x (0,7)) with |u(x,t)],|v(x,t)| <1 ae inQ x (0,T),
1@ € Litoe(0.T5V), - Sy (), Sy (v) € Lijoc(0, 00; H),

uloc

and

(at’LL, 77> + (viu7 VU) = 07 \V/T] S V, a.e. in (0, T),



(Opw,m) +0(v—c,m) 4+ (Ve,Vn) =0, VnevV, ae in(0,T),
= —Au+ 0, F(u,v), a.e. in2 x (0,7,
@ = —Av+ 0,F(u,v), a.e. in ) x (0,7),
moreover, Opu = Opv = 0 almost every on 92 x (0,T), and (u(0),v(0)) = (ug, vo) almost every in §Q.

Then we have the following result on the existence and uniqueness of a global weak solution:

Proposition 2.1. Let 2 C R? (d € {2,3}) be a bounded domain with smooth boundary OS). Assume
that (HO), (H1) and (H3) are satisfied.

(1) For any initial data ug,vo € V such that F(ug,vo) € L*(Q) and Ug, 75 € (—1,1), problem
(LID—(1.6) admits a unique global weak solution (u, v, i, ) on [0,+00) in the sense of Definition
2.1l Moreover, the following energy inequality holds

~

U (u(t), v(t)) < Ulug,vo)e” 1T 4 ¢y, V>0, 2.3)
1 t+1 B
5/ (V@) + [Ve()?) dr < T(ug,vo)e F 4y, VE>0,  (2.4)

where

~

B(u,0) = W(o,v) + 5 ([lu 7

2o+ o= ).

with U(u,v) given by @.1), C1, Co are positive constants that only depend on parameters of the
system, §2 and Uy, vg.

(2) Given R > 0, T € (0,400) and m € (|c|,1), there exists a positive constant C depending on
m, R, T such that, for any solutions (uy,v1), (ug,v2) on [0,T] originating from the initial data
(uo1,v01), (02, v02) satisfying W(ug;,vo;) < R and [,
dependence estimate

oi| < m (1 = 1,2), the continuous

T
b [ (lua® = @ + oa(0) — eafe)]) de
0

%/* + H’Uol — vog‘

lur (8) = ua (@) 5+ + [[v1(t) — va(t)]

< C (Jluor — uon

¥+ + [0t — oa| + [vor — Toz)

(2.5)
holds for every t € [0,T].

Remark 2.2. In [9, Theorem 3.1], the authors have proved a global well-posedness result similar to
Proposition [2.1] for & > 0, under some assumptions that were slightly stronger than (H1) and (H3).
In our current setting, we recover the existence result by a different approach. Since the continuous
dependence estimate (2.3)) can be obtained by exactly the same argument as in [9, Section 4.4], its proof
will be omitted. Although our focus in this paper is the off-critical case with & > 0, the results in
Proposition 2.1l can be easily extended to the conserved case as well.

Remark 2.3. Following [16, Remark 3.3], we find that ¢ — |[u(t)|| £« () is measurable and essentially
bounded, and the same conclusion holds for v (cf. [9, Remark 3.2]). Arguing as in [1,[19,20], we also
obtain u,v € L* (0, +oo; W). Furthermore, an application of Lemmal[6.1] yields

uloc

u,v € Luloc(oa +00; W27P(Q))7 §Eu) (u)7 S\Ey)( ) S Luloc(07 +00; LP(Q)))

where p = 6if d =3, 0rp € [2,4+00) ifd = 2.



Now we are in a position to state our main results.

Theorem 2.1 (Instantaneous regularization). Suppose that the assumptions of Proposition 2.1 are sat-
isfied. Let (u,v,u, o) be the unique global weak solution obtained therein. Then for any k > 0, we
have

u,v € L (k, +00; WHP(Q)), Oy, dv € L®(k, +oo; V*) N L2, (K, +00; V),
p, 0 € L®(k, +00; V) N L2, .(k, +00; H3(Q)),

uloc

where p = 6 ifd = 3, orp € [2,+00) if d = 2. Thus, the equations (LI, are satisfied almost
everywhere in ) X [k, +00) and the boundary conditions Onpt = O = 0 hold almost everywhere on
I X [k, +00). Moreover, it holds

[wll poo (et w20 () F [0l oo (w20 )) + 1l oo (m,t5v) + 21| Lo ()
t+1
+/t (”@U(T)H%/ + |80 (n)|[} + HN(T)H%W(Q) + ”90(7')”%{3(9)) dr <C, Vt=>k,

where the positive constant C' depends on V(ug, vy), Tg, Vg, 2, parameters of the system and k.

Theorem 2.2 (Instantaneous strict separation in two dimensions). Suppose that the assumptions of
Proposition 21| are satisfied. In addition, we assume that d = 2 and (H2) is satisfied. Let (u,v) be
the unique global weak solution to problem (LI)—(L6)). Then for any r € (0, 1], there exists 6, € (0,1)
such that

[ulo@) 1= [o@llo <16 Fe2 5 2.6
where the constant 0,, depends on V(ug, vy), Tg, Vg, (2, parameters of the system and k.
Theorem 2.3 (Eventual strict separation in two and three dimensions). Suppose that the assumptions of

Proposition[2 1] are satisfied. Let (u,v) be the unique global weak solution to problem (LI)-(L.6). There
exist ogp € (0,1) and Tsp > 1 such that

Hu(t)Hc(ﬁ) <1-dsp, Hv(t)H(j(ﬁ) <1-9dsp, Vt=>Tgp. (2.7)

Thanks to the above regularizing properties, we are able to address the long-time behavior of global
weak solutions under the following additional assumption:

(H4) §(u), §(U) are real analytic on (—1,1) and W is real analytic on (—1,1)%.

Theorem 2.4 (Convergence to equilibrium). Suppose that the assumptions of Proposition 2.1l are satis-
fied. Let (u,v) be the unique global weak solution to problem (LI)-(LL.6). If in addition, (HA4) is fulfilled.
Then we have

i [ (u(2), 0(8)) — (e, ) 2 s2-<(0) = 0

forany e € (0,1/2). Here, (U0, Vo) is a steady state that satisfies

— Ao + Oy F (Uoos Voo) = Oy F (Uoo, Voo ) in Q,
— AV + Oy F (oo, Vo) + 0N (Voo — Too) = Oy F (oo, Vo), in Q, 2.8)
Onlloo = OnVso = 0, on 0f), '

with mass constraints TUeo = Uy, Voo = C.

Remark 2.4. By the same argument as in [9] (see also [26]), we can derive an estimate on the conver-
gence rate:

1((t), v(£)) = (toos Voo) | ye - < C(L+1) 77, Wt > 0,



3 Analysis of an Auxiliary System with Viscous Regularization

In this section, we analyze the initial boundary value problem for the following coupled Cahn-
Hilliard system with viscous regularization in chemical potentials (cf. [34]):

o = Ap in Q x (0,7), 3.1
p = adiu — Au+ 0, F(u,v) in Q x (0,7), (3.2)
ov+o(v—c)=Ap inQ x (0,7), (3.3)
© = adw — Av + 0, F(u,v) inQ x (0,7), (3.4)
Optt = Onv = Oppt = Opp =0 on 02 x (0,7, (3.5)
(u,v)|t=0 = (ug,vo), in Q, (3.6)

where « € (0, 1) stands for the coefficient of viscosity.
Let us summarize the main results.

Proposition 3.1 (Strong solutions). Let Q2 C R (d € {2,3}) be a bounded domain with smooth bound-
ary 0S). Suppose that o € (0, 1), 69 € (0,1 — |c|) and the assumptions (HO), (H1), (H3) are satisfied.
Define

Wao = {f €W | IFlo@ <1 b}
For any initial data vy, vy € Ws,, problem 3.I)—B.6) admits a unique global strong solution (u, v, j1, )
on [0, +00) that satisfies the following properties:
u,v € C([0,4+00); W) N L2,,.(0, +00; H3(Q)),
Ay, v € C([0,+00); H) N L2, (0, +00; V) N HL (0, 400; V*),
1, @ € C([0,+00); W) N L2, (0, +00; H()) N H oo (0, +00; V),

uloc(

(u,v, 1, ) satisfies the equations B.I)-B.4) almost everywhere in Q x (0,+00) and (u(0),v(0)) =
(uo,vp) in Q. Moreover, there exists 01 € (0, 0¢| such that

[u@lle@ <1—906, [vE)lom <1—0, Vi=0. 3.7
Vu(O)[l, (V). [0:u0)]l, 18 (0)],

The constant &1 depends on V(ug, vg),
Q, Uy, T, do, and coefficients of the system.

Remark 3.1. In view of the equations (3.I)—(3.4), for any o € (0, 1), the initial values of y, , dyu, v
can be determined by

p(0) = (I — @A)~ [~ Aug + 0, F(ug, vo)] € W,
©(0) = (I — aA) " [=Avg — ao(vg — ¢) + 9, F(ug, v0)] € W,
du(0) = Au(0) € H,
O(0) = Ap(0) —o(vg — ¢) € H.
Proposition 3.2 (Weak solutions). Let Q C R% (d € {2, 3}) be a bounded domain with smooth boundary
0. Suppose that « € (0,1) and the assumptions (HO), (H1), (H3) are satisfied.
(1) Existence and uniqueness. For any initial data ug,vo € V such that F(ug,vo) € L'(Q) and

ug, 0o € (—1,1), problem B.I)-B.6) admits a unique global weak solution (u, v, j1, p) on [0, +00) that
satisfies the following properties:

u,v € C([0,400); V) N L2,.(0, 400; W) N HY, (0, +00; V*),

uloc(

10



Vadw, vadw € L2,.(0,+o0; H),
u,v € L2(2 x (0,400)) with |u(z,t)|, |v(z,t)| <1 ae. inQ x (0,+00),
o p € Litoe(0, 4001 V), 5(y(w), 5y (v) € Lijoe(0, +o00: H),

and
(Oru,m) + (V, Vi) =0, Vn eV, ae. in(0,+00),
(Opw,my +o(v—c,n) + (Ve,Vn) =0, Vn eV, ae. in(0,+00),
p = adyu — Au+ 0, F (u,v), a.e. in Q x (0, +00),
© = adw — Av + 0, F(u,v), a.e. in 2 x (0,400),

moreover, it holds Onu = Onv = 0 almost everywhere on 9 x (0,+00), and (u(0),v(0)) = (ug,vo)
almost everywhere in Q.
(2) Instantaneous regularity. For any k € (0, 1], the global weak solution obtained in (1) satisfies

u,v € L (k,+00; W) N Hyoe(r, +00; V),
Oyu, Opv € L®(k, +00, V™), Vadwu, Vadw € L®(k,+oo; H),
o € L¥(k, +o00; V), §Eu)(u), §£v) (v) € L*(k, +o0; H),

Furthermore, there exists a constant do € (0,1) depending on ¥ (ug,vy), S, g, Do, coefficients of the
system and k, such that

Hu(t)Hc(ﬁ) <1-— 4y, Hv(t)H(j(ﬁ) <1—09, Vixr. (3.8)

3.1 A priori estimates

Following [29,131]], we first provide a formal derivation of some a priori estimates for solutions to
the regularized problem (3.1)—(3.6). To this end, we make the following assumptions:

* For some given m € (0,1 — |c|), we assume g, vp € [—1 + m, 1 —m].
* We assume that the initial data are sufficiently regular, i.e., ug, v9g € W with
F(ug,v0) € L'(9),  §(,(uo), S,y (v0) € L*(9).

This implies that the initial energy W(ug,vp) is bounded, moreover, |ug(x)| < 1, |vg(x)| < 1
almost everywhere in (2 thanks to (H1).

* We assume that the solution (u, v, i, ) is sufficiently regular and fulfills

lu@)llLe@ <1, flv@)llze@ <1, VE=>0. (3.9)

Lemma 3.1 (Mass relations). Let the above assumptions be satisfied. The solution (u,v) to problem

B.I)-(B.6) satisfies
u(t)=mup and v(t) =75 " +c(l1—e), Vt>0. (3.10)

Proof. Integrating (3.1, 3.3) over (2, using integration by parts and the boundary conditions for p, ¢,
we easily arrive at the conclusion. O

11



Lemma 3.2 (Dissipative estimate). Let the above assumptions be satisfied. Then we have
(1)) < U(ug,vo)e” 1T+ C(140%), Vit>0, (3.11)

a t+1
(VeI +1IVe()*) dr + 5 /t (19eu(m)I? + l9pw()]?) dr

< (I\’(uo,vo)e_(H”)t +C(1+0?%), Vt>0,, (3.12)

t+1

D[ = *6>

with

~

1 _ _ a(l+o)
(u,0) = W(u,0) + 5 (lu—ald; + o vl ) + S5

5 (=" +[lv=73l?) . 3.13)

Here, C is a positive constant depending on ), m and the parameters of the system, however, it does not
depend on o and o.

Proof. Like in [9, Section 4.3], testing the equations (3.1), (3.2), 3.3), (3.4) by p, dsu, p, d;v, respec-
tively, adding the resultants together, we obtain (cf. also [36, Lemma 4.1] for computations involving
singular terms)

d
a\ll(u,v) +IVoll? + | Vul* + o (|0l + [|0w]*) + O’/Q(U —c¢)pdz =0. (3.14)

It follows from (3.4} and (3-10) that
1
/(v —c)pdr = a/ (v—c)Ovdz + —HVUH2 + / (v =)0, F(u,v)dx
Q Q Q

2dtHv—vH2+a/8tv v —c)dz + = HVUH2

+/Q(v—6)5{v>(v) dw+/95(v>(c) d$+/QD1(“’”) dz,

where R
Di(u,v) = =Sy (c) + (v —¢)[ = Oppv + O W (u,v)].

Thanks to the assumption (H1), that is, the convexity of §(v), we get

/Q(v—c)gév)(v) dx+/9§(v)(c)da:2 /Qg(v)(v) dx

| o=epda =G S0 =vlP + 3190l + [ Sywa

—1—/ Dy (u,v)dx + a/ Ov(v — ¢)de. (3.15)
Q Q

As a consequence,

By a similar argument, we have

/(u—u),uda:> ——Hu—u|]2 —HVUH2 /S dx—i—/Dg(u,v)dx, (3.16)

where

~

Dy(u,v) = =S (@) + (u — ) [ — oute + OW (u,v)].

12



Combining the above estimates, we infer from (3.14)) that
 [wtnw) + 87 (hu—7 + o~ 71?)]
dt ’ 2
FIVAIP + [Vl + a (10l + [00]P) + o0 (uv)

Sa/ Ds (u,v) d$+0/(u—ﬂ),udx—oza/ o (v — ¢) de, (3.17)
Q Q Q

where

0o 0.0
Ds(u,v) = —D1(u,v) — Da(u,v) — %zﬂ - %19 + W (u,v).

The assumption (H3) yields D3 € C'*(R?). Hence, it follows from (3.9) that

/Dg(u,v)dzn <C,
Q

where the positive constant C' only depends on the parameters of the problem (except «, o). Using the
Poincaré-Wirtinger inequality and Young’s inequality, we deduce from (3.9) that (see [9])

[ w=wnde] = | [ =) 7)da

where C' > 0 only depends on 2. Besides, (3.10) yields

/Qatv(ﬁ —c)dz

Collecting the above estimates, we infer from (3.17)) and the fact o € (0, 1) that

_ 1 2
<2~ il e < g IV +Co

< o|Q|[T - ¢]* < 40|Q|.

S + 5 (=l + o 7))

1
+ 5 IVl +1IVel® + a (9wl + [00]*) + 0¥ (u,v)
< Co(l+0), (3.18)

where C' > 0 is independent of «v. Next, testing (3.1)), (3.3) by NV (u —u), N (v — ), respectively, adding
the resultants together, we have

1d ( 9 _2 _ — 2
—— (||lu =7~ + v —7]| *) —I—/(u—u),udx+/(v—v)<pdx+a||v—v| . =0,
2dt VO VO Q Q VO
Then it follows from (3.16) and similar arguments for (3.13)) that
1d _ _ _ _
57 (=l + lo = 1% + allu =7 + allo —7?)
+ov— m|2vo* + W(u,v) < C. (3.19)

Combining the inequalities (3.18)), (3.19) and using (3.9), we find

d = = 1
V(@) + (1+0) U(w,v) + 5 IVl +[1Vel?) + a (19l + [19:0])
< C(1+0%), (3.20)
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where (I\'(u, v) is defined as in (3.13). It follows from (3.20) and Gronwall’s lemma that
U (u(t),v(t) < e T (ug, v0) + C(1 4 02), Vit >0.

This gives (3.11) with C being a positive constant that only depends on €2, m and parameters of the
system except  and o. On the other hand, from (H1), (H3) and (3.9), we observe that

~ 1
U(u(t),v(t)) > —5\9] (Oou+000) — | max [W(r,s)| (3.21)
(T’,S)E[-l,l}2
Thus, integrating (3.20) on [¢, ¢ + 1], we can conclude the dissipative estimate (3.12)). O

Lemma 3.3 (Lower-order estimates). Let the above assumptions be satisfied. We have

u,v € LOO(Oa +00; V) a L12110c(07 +00; W) N H&loc(()’ +00; V*)a
Vadwu, vadw € L2,.(0,+o0; H),
Hy, @€ L12110c(07 +00; V)?

S{u) (u)7 SEU) (U) € L%loc(oa —+00; H),
with uniform bounds with respect to o € (0,1) in the corresponding spaces.

Proof. Thanks to Lemma[3.2]and (3.9), we easily find that

{ u,v € L0, +00; V),  vadyu, Vadw € L2, (0, +oo; H), 322

Vi, Ve € Ljoe(0, +00; L*(9)),
are uniformly bounded with respect to « € (0, 1) in the corresponding spaces. By comparison in (3.1])

and (3.3), we also get
Opu, v € HY (0, +00; V*).

~
!

According to [16}[31], we have the following inequality for S (W)

|

where R, (+) is an increasing function. By comparison in (3.2)), we find

|

~

SEu) (u) ‘

< R |1+ [ () = 5p)) (w =) ]

LY(Q)

v+ al|duulv- + [[Aul

v+ HD(H)(U,U) - D(u)(uﬂ})HV*

Sty =Sty <l =l
< C (9l + IVull + 1Dy (w, )1
<C+IVal),

where
Dy (u,v) = 0, W (u,v) — 0oy u.

Therefore, it holds

where C' > 0 depends on ¥ (ug, vg), €2, m, and coefficients of the system except o In a similar manner,
we obtain the following estimate for Sé ) (v):

U
<
Sty @)] 1y < C AN,

g@) (U)‘

< 1 .
by SCO VD
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The above two estimates yield

Al = [0 (. 0)| < C (14 | Vul). (3.23)

o] =

mﬂx%‘ <C(1+]Vel). (3.24)
Hence, by the Poincaré-Wirtinger inequality, we find
1y ¢ € Lijoe(0, +00; V). (3.25)
Let us rewrite the equations (3.2)), (3.4) as
— Au+ ‘/S\Eu) (u) = p — adu + by yu — O, W (u,v),
— Av+ §£v) (u) = o — adp + 0y v — W (u,v).
Keeping (3.22), (3.23) in mind, we can apply Lemmal6.1]to conclude that

u,v € L2 , +o00; W), §Eu)(u), :S’\EU)( ) € L2,.(0,+00; H),

uloc (
with uniform bounds with respect to o € (0, 1). O

Lemma 3.4 (Higher-order estimates). Let the above assumptions be satisfied. For any given r € (0, 1],
we have

t+1
IVu@I? + IV + o (lowu@)l* + 0w (®)]1?) + /t (IV8eu()|I* + IVOpo(7)|I?) dr

< X[0,1] (1 - —> Q1 +0Q2, Vt>0,

(3.26)
where X[o,1] denotes the indicator function of [0, 1], the positive constant Q1 depends on W(ug,v),
[uoll 2 (0), Ol O)1l, 18:u(0) I, 1830 (0)]
while the positive constant Qs depends on ¥ (ug,vg), 2, m, k and coefficients of the system (except «) .
As a consequence, it holds

A, v € L2 (k, 4+00; V) N L (k, +00,V*),

Vadw, Vadw € L™ (k,+oo; H), Wy € L (k,+00; V),

v € L¥(k, +00; W), 8y (u), Sy (u) € L= (s, +o0; H),
with uniform bounds with respect to « € (0, 1) in the corresponding spaces.

Proof. Like in [18]], testing (3.1), (3.3) with 0,0, 9;¢, respectively, we obtain

2dtuv | + /atuatudx_o (3.27)

2dtHv o|® + /8tv(9tcpdx+a/(v—c)8tcpdx =0. (3.28)
Q

Using (3.2), (3.9), (H1), (H3) and integration by parts, we find

0’F

/ Opudypdr = —_”3tUH2 + ||V Opul|® + —
Q q Ou

(Opu) dx—i—/auavatvatudx
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23 dtllaﬂdl2 + [ Vopul* = C (|0pull* + [|00]) (3.29)

and in a similar manner,
0’F 0’F

2 2,
/Q&gv@tgpd:n = B dtH@th + ||V8tv|| 8U8u8tu8tv dzx + a a9

C (l0pull® + llowl®) -

(atv) dx

(3.30)

> = 2 2
> 5 ol + Vol -

Besides, it follows from (3.4)) that

/(v—c)@tgpda::i/(v—c)gpd:n—/gp@tvdzn
Q dt Jo Q
_4 /(v—c) dx—1|]VU|]2—/§ (v)dz
~at \Ug L 0w
- / (0, (1, 0) — Bp.00) By d: — ]| Do
Q

1 ~
> a (/ (v —c)pda — =||Vv]? _/ Sy (v) d$> owlP—C, (331
dt Q 2 0

where in the last step we use Young’s inequality and the fact o € (0, 1). Substituting (3.29), (3.30) and
(3.31) into the sum of (3.27) and (3.28)), by interpolation and Young’s inequality, we obtain

d
H(t) + || VOul|* + || VOl?

dt
S C (H@tu||2 + ||8ﬂ)||2) + C
1 1
< S IVOul® + Clowli + S IVorw|* + Clloww = D)l + Cllow]* + €
1
< 3 (||V8tu||2 + ||V8tv||2) +C (||8tu\ %/ + |0 %/) +C, (3.32)
where
1
Ht) =5 (IVull? + IVl + alldul® + ol 80| ?)
+o </ (v—c)pdx — —||Vv||2 / S(w) d:z:) (3.33)
Q
and the constant C' > 0 is independent of «.
Recalling (3.13)), we infer from (3.9), (3.10) that
1 ~
[ o= apds = 5I9uP - [ B)ds
Q Q
(6% d —112 _
>——llv—1||°+ | Di(u,v)dz+a [ Ow(v—c)dx
(3.34)

a
> ——|0w|* - C
>~ ol - 0
). On the other hand, from (3.9), (3.24) and the Poincaré-

where C' > 0 is independent of o € (0,
Wirtinger inequality, we find the upper bound

[ o= eedr—51vul = [ S0

v)da < o —cllllell < C A+ [Vel) - (3.35)
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According to (3.33), (3.34), (3.33), there exist some constants C', Co > 0 independent of « such that

1
1 IVl + IVel® + alldwull* + allow]?)
<H(t) +Cr < [Vull® + [IVel* + alldwl? + af| gl + Co. (3.36)
Now for any given ¢ € (0, 2|, integrating (3.32)) over [0, t], we get

1

_/0 (IVOu(r)|* + | Vow(7)|1%) dr

)+ 3

t
< H(0) + C/ ([10cu(T)|[F+ + 10po (7)) dr + C. (3.37)
0

Using the lower-order estimates obtained in Lemma[3.3] we infer from (3.36) and (3.37) that

1 (VB + Vo) + aldu®)|? + all o o))

1 t
+ 5/ (IVoru(r)|* + [VOw(T)I?) dr < C, Vi € [0,2),
0

which gives
2 2 2 2 s 2 2
IVu@I* + 1Ve®I* + o (10u@)]I” + 1o )+/t (IVOuu(T)|I* + [VOru(7)|*) dT
<C, Vtelo1], (3.38)

where C' > 0 depends on W(ug,vo), [luoll2(e), lvollm2 @), IVEO), [[V(0)]], 18:u(0)]], [|0:v(0)I],
Q, m, o and also «.

Next, for any given x € (0, 1], we derive higher-order estimates on the infinite interval [, +00).
Thanks to Lemma[3.3]and (3.36), it holds

t+r t+1
/ (H(r) +C1) dr < / (H(r)+C) dr < C, Vt>0,
t t

where C' > 0 depends on ¥ (ug, vp), §2, m, o, but are independent of & € (0,1) and x € (0, 1]. Thus,
we can infer from the above estimate, Lemma[3.3] (3.32)) and the uniform Gronwall lemma (see Lemma
1.1, Chap. III of Ref. [38]) that

H(t) + Cy §C<1+%>, Vit >k,
which yields
1
IVu@®)|? + Ve@)? + a (|0mu@)|* + |00 @)]?) < C (1 + E> , Vt> k. (3.39)
Furthermore, integrating (3.32)) in time, we get
t+1 1
/ (\|V@tu(7)||2 + Hvatv(T)HQ) dr < C <1 + E) , Vt> k. (3.40)
t

Combining the estimates (m, (3.39) and (3.40)), we arrive at the conclusion (3.26)). In particular,
it follows from (3.23), (3.24)), (3.39) and the Poincaré-Wirtinger inequality that 11, o € L™ (k,+o00; V)
for any given k € (0,1]. By comparison in (3.I) and (3.3), we have Jyu, v € L*(x, +o0, V*)
On the other hand, by Lemma [6.1] (see (6.4)), we obtain u,v € L*(k,+o00;W) and SE ) SE )
L*>°(k,+o0; H) with uniform bounds with respect to a € (0, 1). D
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Lemma 3.5 (Strict separation property). Let the above assumptions be satisfied.
(1) Assume in addition, ugy, vy € Wi, for some oy € (0, m]. Then we have

Hu(t)HLoo(Q) < 1-— (51, H’U(t)”Loo(Q) < 1-— 51, vVt > 0, (3.41)

where the constant 61 € (0,1) depends on W¥(ug,vo), |[uollg2q) |V(0)
|0k (0)]|, ||0zv(0)]], 2, m, do, and coefficients of the system.
(2) For any given k € (0,1], there exists 65 € (0,1) depending on ¥ (ug,vg), 2, m, coefficients of

the system and k, such that

|V 1(0)

’UOHH2(Q)’ ) ,

Hu(t)HLoo(Q) < 1-— (52, H’U(t)”Loo(Q) < 1-— (52, Vi > K, (3.42)

Remark 3.2. We emphasize that both constants d1, d in Lemma 3.3 depend on the viscous parameter
a e (0,1).

Proof. The proof follows the idea in [31]], that is, for every o € (0, 1) one is allowed to take advantage
of the comparison principle for second-order parabolic equations. To this end, we note that can be
written as

adiu — Au + SEU) (u) = hy), (3.43)
with

by = 0o — OuW (u,v) + p.

(1) It follows from Lemma[3.3] Lemma[3.4) (3.9), (3.23), (H1), (H3) and the Sobolev embedding

H?(2) — L*°() that

[y () o) < 100uttllpoe () + [[0uW (u, )| oo () + Cllitll 20
< C+C(a| + [Vl + [|Opull)
<C, VYt>0,

where C' > 0 depends on ¥ (ug, vo), [uollr2(ays [vollz(eys IV O], [V(0)l, [[8:u(0)]]. [|19:0(0)]
Q, m, o, a. Consider the following auxiliary ODE systems for y and y_:

adys + S(y (y=) = £C,  y+(0) = *|ugl| () € (~1,1).
Since ug € Ws,, we can apply [31, Proposition A.3] to conclude
14014 <y-(t) 0Ly () <1 =010, Y20,

where d; ,, € (0, dp] depends on &y and C'. On the other hand, by the comparison principle for (3.43), we
get
y—(t) <wulz,t) <ygp(t), V(x,t) e x][0,+00).

The above facts yield the strict separation for w on [0, +00). By a similar argument, we can obtain the
strict separation property for v with distance 6;, € (0,dp]. Taking §; = min{dj 4, 61, }, we conclude

(3.41.
(2) To prove (3.42), we just note that for any given x € (0, 1], it holds

1) @)l e @) < 100wt oo () + 10uW (1w, )| Lo () + Cllull g2 (0)
< C+C(a] + [Vl + [|Opull)
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where 5,§ > 0 depends on W (ug,vp), 2, m, o, a and . Consider the following auxiliary ODE systems
for y, and y_:

Byt + 8y (ye) = £Cr,  y2(0) = £ Hu (g) e (~1,1).

H Lo (Q)
From (3.9) and [31} Corollary A.1], there exists a constant 2 € (0, 1) depending on x and 6’,.@ such that
146 <y ) <0<y (t) <1—20y, Vit>n.

Using the comparison principle again, we arrive at the conclusion (3.42)). O

3.2  Well-posedness of the auxiliary problem

First, we present a result on the continuous dependence of weak solutions to problem (3.1)—(3.6)
with respect to the initial data, which also implies the uniqueness of weak solutions. Since the viscous
terms adyu, adyv do not bring any trouble for the argument as in [9) Section 4.4], we omit the detailed
proof here.

Proposition 3.3 (Continuous dependence). Let d = 2,3. Given R > 0, T € (0,+00) and m € (||, 1),
there exists a positive constant C' depending on m, R, T such that, for any weak solutions (uy,vy),
(ug,v2) to problem B.I)—(B.6) on [0, T'] originating from the initial data (ug1, vo1), (uo2, vo2) satisfying
\If(’LL(]Z',’U(]Z') < R and |u_oz

0i| < m (i = 1,2), the continuous dependence estimate

’

T

T
%+Aumw—ww%w+4|mw—ww%w

¥+ + |01 — sl + [vor — P02l

lur (8) = ua(®)I[5+ + [[vr(t) — va(t)]

< C (|luor — uor [IF+ + llvor — vozl

holds for every t € [0,T).
Next, we prove Proposition[3.1lon the existence and uniqueness of a global strong solution to problem
B.I)-E.0).

Proof of Proposition 3.1} We extend the argument in [31] to the coupled system (3.1)—(3.6).
Step 1. Local well-posedness. For any > 0, we consider the following approximate problem

(Opu = Ap in Q x (0,7),
= adyu — Au+ 0, Fs(u,v) in Q x (0,7),
Ow+o(v—c)=Ap ?n Qx(0,7), (3.44)
© = adw — Av + 0, F5(u,v) in Q x (0,7),
Ontt = Opv = Oppt = Opp =0 on 90 x (0,7,
L (u,v)]t=0 = (uo,v0), in Q.

Here, we introduce a cut-off of the nonlinear function I (see (2.2))) such that

F&(ua U) = 56 (U, euy eo,u) + 56 (U7 0117 00,1)) + Wé(ua U)v
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where
55 (3;97’790 7“) - {S(s;er’eo’r) 66(8)’ 5 € (_17 1)7
G s€R\ (-1,1),
for r € {u,v} and
Ws(u,v) = W(u,v)& (u)és(v)-

The smooth cutoff function £5 : R — R is given by

§6) = (Xrsgaog () xms() (), VseR,

where x means the usual convolution and {7 }¢~¢ is a family of mollifiers on R. It is straightforward to
verify that Fj(-,-) and its partial derivatives of order not larger than two are uniformly bounded on any
bounded set in R2. That is, Fs(-,-) € BUC%(R x R). Moreover,

Fs(u,v) = F(u,v), Vu,ve[-1+45,1—74].

From the assumption that ug, v9 € Ws,, we have g, 7g € [—14Jp, 1 —dp] and thus can take m = Jy.
Let 61 € (0, dp] be the strict separation constant determined by Lemma[3.5l Then we consider problem
(3.44) with the nonlinear term Fj, /o(u,v), subject to the same initial data (ug,vo). It follows from
Proposition (see appendix) that this auxiliary problem admits a unique global strong solution, which
we denote by (uf,vf, uf, of). Since uf,v! € C([0,T]; W), from the Sobolev embedding H?(Q) —

C'(£2) that holds in two and three dimensions, there exists some positive T;, > 0 such that

3 3
Huﬁ(t)HC(ﬁ) <1- 151, ||Uﬁ(7f)||0(ﬁ) <1- 1517 vt e [0,Ti]. (3.45)

The strict separation property (3.45) together with the definition of Fy, /; yields

OuFs, j(uf (t), 0 (1)) = B, F (uf (1), 0 (t)),
0 Fy, 1o (W (1), 0F(1)) = B, F (w(t), 0F(1)),
for all t € [0,T.]. As a consequence, (uf,v*) is indeed a strong solution to the original problem (3.1)-
[3.6) on [0, T..]. This gives the existence of a local strong solution (u,v) = (u¥, v*) to problem (3.1)-(3.6)
(with corresponding chemical potentials (4, )). According to Proposition this local strong solution
is unique on [0, T].
Step 2. Global existence. It is obvious that the local strong solution (u, v) to problem (B.I)—(3.6) can

be (uniquely) extended beyond the finite interval [0, 7%]. Next, we show that (u, v) is indeed global. To
this end, let T},.x be the maximal existence time for (u,v) such that

la®)lo@ <L To®le@ <L 7 € 10, Tmu).

Then Tyax > Ty > 0 thanks to (3.43) and the continuity of (u,v). Assume by contradiction, Tiax <
+oo. We observe that the a priori estimates obtained in Section [3.1] hold for (u,v) on [0, Tipax). In
particular, the uniform strict separation property obtained in Proposition [3.3] yields

le®llogy <181 I@llog < 1=8, 7t 0, ) (3.46)

As a consequence, (u,v) is also a solution to the auxiliary problem (3.44) with the nonlinear term
Fs, j2(u,v), that is (uf,v*) = (u,v) on [0, Tiax). Since (uf,v¥) is global, by its continuity and (3.46),
we have

Huﬁ(TmaX)HC(ﬁ) <1-dy, HUﬁ(Tmax)”C(ﬁ) <1-0d.
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Then there exists certain ¢y > 0 such that
! 3 1 3
[ ()l ey <1 - 200 [0* @)l ey <1 - 70 Vte [Timax; Tmax + to],

which imply (u,v) = (u®,v%) is a strong solution to the original problem @.I)—(3.6) on [0, Tiax + to).
This leads to a contradiction with the definition of T} ..

Hence, we can conclude Ti,.x = +0o and moreover, the a priori estimates in Section [3.1] apply.
Thanks to the strict separation property of the solution (u, v) on [0, +00), it enjoys the same regularity as
(uf,v*) (see Definition [6.1)). In this way, we establish the existence of a (unique) global strong solution
to problem (B.I)—(3.6)) that fulfills the expected regularity properties and (3.7). O

We proceed to study the weak solutions of problem (G.1)-(3.6).

Proof of Proposition 3.2l The proof is based on a suitable approximation for the initial data (cf. e.g.,
[21/311]). Suppose that (ug,vg) € V satisfies F(ug,vo) € L*(Q) and Ug, Tg € [~1+m, 1 —m] for some
m € (0,1). According to [21]], there exists a sequence {(ug n, vo.n)}5, C (H3(Q)NW)x (H3(Q)NW)
satisfying

Juonllze@) S 1=, Joonllzm S 1=, ¥neZt,
(wonsvon) = (uo,v9) inV asn — 4oo.
We can extract a subsequence of {(ug ., v0n)}oe; (not relabelled for simplicity) such that
(uo,m,v0,n) = (uo,v9) a.e. in) asn — 400
By the Lebesgue dominated convergence theorem, we find
U (uopn, von) = V(ug,v9) asn — +oo.
Then there exists a sufficiently large integer N such that for all n > NN, it holds

[uonlly <1+ fluollv, llvonlly <1+ [[vollv,

_ . m
[Tonl, [ton <1-— 5 U (uon, von) < 1+ U(ug,vp).

Consider the following approximate problem

Opty, = Apiy, in Q x (0, +00),

= @Oty — Aty + Oy F (U, vy) in Q x (0, +00),

Oy, + (v, —¢) = Ay, in 2 x (0, +00), (3.47)
©n = aOvp — Avy + Oy F (U, vy) in Q x (0, +00),

Ontly, = OpUp = Onfbn = Onon =0 on 09 x (0, 400),

(Un>n)|t=0 = (U0, Vo,n) in Q.

It follows from Proposition 3.1l that, for every n € Z™, problem (3.47) admits a unique global strong
solution (uy,, vy, ) on [0, +00). Moreover, thanks to the above construction of initial data and Lemma[3.2]
(Up, Up, fn, r ) are uniformly bounded (w.r.t. n) in the following sense

Up, Uy, € L°°(0,400; V) N L2, (0, +00; W) N HY (0, +00; VF),

uloc
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Vadiu,, adw, € LﬁlOC(O, +oo; H),
Hny Pn € Laloc(()? —|—OO, V)

uloc

L>(Q x (0,400)) and |up (z,t)|, |[vn(x,t)] < Lae. in Q x (0,+00). Then there exists some functions
(u, v, u, ) with the same regularity properties and a convergent subsequence {(uy,, Un, fin, ©n)} such
that as n — 400,

Besides, S {u) (un), §Ev) (vn) € L2, (0, 00; H) are uniformly bounded as well. This implies that u,,, v, €

(Un,, Un, fon, o) = (u, v, @, )

weakly (or weakly-x) in the corresponding spaces. Hereafter, the related convergence will always be
understood in the sense of a subsequence.
By the Aubin-Lions-Simon lemma [37]], for any 7" > 0, we obtain

Up — u, v, — v stronglyin C([0,T]; H),

which also implies

Up = U, v, > v ae.in Qx(0,7).

As a consequence,

~ ~

§Eu) (un) — Séu)(u), Sév) (vpn) — §EU) (v) weaklyin L(0,T; H),

From (H1), we further infer that u, v € L> (2 x (0, 7)) with |u(z, )], |v(z,t)| < 1 almost everywhere
in Q x (0,7). Using (H3), we also find

OuW (U, vp) = OuW (1, 0), OuW (U, ) — O, W (u,v) weakly in  L*(0,T; H).

Because of the strong convergence of u,, — u, v, — v in C([0,T]; H), we can verify the initial
condition (u, v)|;—0 = (uo,vo). Hence, it is straightforward to check that the limit (u, v, 41, ) is a global
weak solution to problem (B.I)—(3.6). Uniqueness of the weak solution follows from Proposition 3.3

Next, we study the regularity of weak solutions. From Lemma [3.4]and the construction of the initial
data {(uo,n, vo,n)}ne;, we find that for any x € (0, 1],

Oy, Oyvp € L2 (K, 4+00; V),  Vadsu,, Vadw, € L®(k,4+oo0; H),
tny n € L2(K,+00; V),  up,v, € L>(k, +00; W),
Sty (), Sy (vn) € L (k,+o0; H),

with uniform bounds with respect to n in the corresponding spaces. Then on the interval [k, +00),
the convergent subsequence (uy, Uy, fin, @rn) considered in (1) will converge (maybe up to a further
subsequence) to some functions (u, v, j1, ) with higher-order regularity properties described above. By
uniqueness of the weak convergence, we have (u(t),v(t), u(t), p(t)) = (u(t),v(t), u(t), p(t)) for all
t > k. Since x € (0, 1] is arbitrary, we see that every weak solution to problem (B.I)—(3.6) regularizes
instantaneously as long as ¢ > 0. The Aubin-Lions-Simon lemma yields u,v € C([x,o0); H2¢(Q2))

for any ¢ € (0,1/2), so that u,v € C([k,00);C(£2)) thanks to the Sobolev embedding theorem for
d € {2,3}. Then the strict separation property (3.8) is a consequence of Proposition O
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4 Regularity of Weak Solutions

In this section, we study the original problem (LI)—(L.6). First, we recover the existence of global
weak solutions by using an approach different from that in [9]].

Proof of Proposition 2.1l Consider the regularized problem (3.I)—(3.6) subject to the given initial data
(ug,vp). For every a € (0,1), thanks to Proposition [3.2] the problem admits a unique global weak
solution, which we denote by (uq, Va, fia; Pa ). Moreover, we have

Ue, Vo € C([0,4+00); V) N L2,,.(0, +00; W) N HL (0, +00; V*),

Vadiug, v adwe € LA,.(0,4+00; H),
Hos Pa € Lﬁloc(ov +OO; V)v §Eu) (ua)’ §EU) (Ua) S Lﬁloc(o’ +OO; H)’

with uniform bounds with respect to o € (0, 1) in the corresponding spaces. In analogy to the proof
of Proposition we can find some (u, v, u1, ) with the same regularity properties and a convergent
subsequence (U, Vo, fa, o) (nOr relabelled for simplicity) such that

(Ua; Vas tas Pa) = (U, v, 1, 0)  as o — 0,
weakly (or weakly-*) in the corresponding spaces. In particular, for any 7" > 0, it holds
aliug — 0, «adiw, — 0 strongly in L2(0,T; H).

By a standard compactness argument similar to that for Proposition we can verify that (u, v, u, ) is
a global weak solution to problem (LI)-(L€) on [0, +00) with the initial data (ug,vo). The uniqueness
is a direct consequence of the continuous dependence estimate (2.3), which can be proved by exactly the
same argument as in [[9, Section 4.4]. Moreover, thanks to the regularity of weak solutions, the dissipative
estimates (2.3)), can be derived as in Lemma[3.2] with o = 0. O

Next, we show the regularizing effect of weak solutions for ¢ > 0.

Proof of Theorem 2.1l Thanks to Lemma for any k € (0, 1], we find that the convergent subse-
quence {(Uq, Vo, fhas P ) } in the proof of Proposition 2.1] satisfies

Ue, Vo € L®(k,+00; W),  Oie, O € L2, (K, +00; V) N L®(k, +00; V*),

uloc

Pos o € L (K, +00; V), §Eu)(ua), §EU)(uQ) € L>(k,+o0; H),

with uniform bounds with respect to o € (0, 1) in the corresponding spaces. Based on the above facts,
by the same argument as for Proposition we can show that the weak solution (u, v, i, ¢) fulfills

u,v € L®(k, +00; W), Oy, v € L2, (K, +00; V) N L>®(k, +00; V*),

uloc

B € L(k,+00; V), S(,(u), S(, (u) € L®(k,+oo; H),

with bounds in the corresponding spaces depending on W (ug, vg), Uo, U, 2, parameters of the system
and k. By comparison in the equations (I.I), (I3)) that hold almost everywhere in Q X [k, +00), we get
w0 € L2 (k,+00; H3(£2)). Next, let us write the equations and (L4) into the following form:

uloc
— Au+ S, () = p+ 0ot — OuW (u,0), (4.1)
— Av+ §£v) (v) = @+ 00 — O, W (u,v). 4.2)
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The two terms in right-hand side of (4.1) and (4.2) are bounded in L°°(k,+o00; V). Recalling that
Onu = Oyv = 0 almost everywhere on 9 x [k, +00), then we can apply Lemmal6.1]to conclude

1l Loo (e w20 () + 10| Loo (w20 () + ||§Eu) ()| oo (1,t:17(2))
+ 1180y (W) [z (mtioy < € VE> K,

where p = 6if d = 3, or p € [2, 4+00) if d = 2, the positive constant C' depends on W (ug, vg), Tg, Tg, 2,
parameters of the system and «, but not on ¢. U

Finally, we prove the instantaneous strict separation property of (u,v) in two dimensions.

Proof of Theorem 2.2l The proof essentially follows the idea in [17]. For any fixed x € (0, 1], let
us consider the elliptic equation (4.I)) in 2 x [k, +00) subject to the boundary condition d,u = 0 on
I X [k, +00). As in the proof of [17, Theorem 3.3], we introduce the sequence:

k‘nzl—éu—g—z, VneZt,
where 6,, € (0, 1) is a constant to be determined later. Then it holds
1—=26y <kp<kpy1 <1l—=906y, VYn>1, k,—1—46, asn — +oo.
For every n € Z™, define

Ap(t) ={z € Q| u(x,t) — k, >0}, Vtelk, +0),

Un(z,t) = (u(z,t) — k)T, zn(t) = 1dz.
(1) = (u(z, t) — k) (1) /An@)

Recalling that 1 € L (k, 400, V), below we consider an arbitrary but fixed time ¢, € [k, +00) such
that || p(ts)llv < |12l oo (s,4-00,17) - Testing the equation at ¢, with uy,(z, t,) yields

\|Vun||2+/9§£u)(u)und$:/Q[Gg,uu—auW(u,v)] undw—l—/g,uundx. 4.3)

By Theorem 2.1] and the Aubin-Lions-Simon lemma, we have u,v € C([x,+00); H?>~¢(2)) for any

€ €(0,1/2), sothat u,v € C([x, +00); C(£2)) thanks to the Sobolev embedding theorem for d € {2, 3}.
Then it holds |u(z,t,)| < 1 and |v(z,t)| < 1in Q, which imply

/ [00,uu — O W (u,v)] up dz < (max |0OuW (-, )| + 907u> / Uy do,
Q [-1,1]2 Q

and 0 < u,, < 26,. The other terms in (4.3) can be estimated exactly as in [17, Section 3], thus we get

[V, |® + <§Eu)(1 —20,) — [?1&1}1(2 10 (-, )| — 907u> /Qun dr + HH/Qqu dz

:/,uundx:/ Py, do
Q An(ts)
1

1—1 1—
< 20u|lpE)llLr@)zn * < Coullp(to)llvv/pzn *,  Vp € [2,400). (4.4)

In the last step, we have used the following Gagliardo-Nirenberg-type inequality in two dimensions
(see [4])

2 1-2
1fllzecy < CVDIFIP Il 7y YFEV, pe€(2,+00).
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With the inequality and the additional assumption (HZ2), we can follow the same De Giorgi’s
iteration scheme as in [17, Section 3] to show that there exists some sufficiently small §,, € (0,1), it
holds z,(t.) — 0 as n — +oo. Observe that z,(t.) — [{x € Q : u(z,t) > 1 — 0,}, we find
[ (w(ts) = (1 = 0u)) " ||Loe (@) = 0. In a similar way, one can prove ||(u(t«) — (=1 + ;) || o) = 0
for some small &/, € (0,1). Since t, > & is arbitrary, from the space-time continuity of u, we get

lu@®) @ €1—0u, VE>r, with 5, =min {6,,6,} .
By the same argument, we can find some sufficiently small gy € (0, 1) such that

Hv(t)H(j(ﬁ) <1—9,, Vt>k.

Taking §,, = min{gu, gv}, we arrive at the conclusion (2.6)). O

5 Long-time behavior

In this section, we study the long-time behavior of global weak solutions to problem (LI)—(L6).

5.1 Characterization of the w-limit set

For any initial data ug,vo € V with F(ug,v9) € L'(Q) and ug, 5 € (—1,1), let (u,v) be the
corresponding global weak solution to problem (LI)—(L.6) given by Proposition 2.1l First, it follows that

u(t) =7g, V(t)—c=(Tg—c)e 7, Vt>0. (5.1)

Next, we write problem (L.I)—(L.6) into the following equivalent form

Oru = Ap inQ x (0,7), (5.2)
p=—Au+ 0, F(u,v) in Q x (0,7), (5.3)
Ov+o(U—c)=Ap in Q x (0,7), (5.4)
¢ =—Av+ 0,F(u,v) + oN (v —7) inQx (0,7), (5.5)
Optt = Onv = Ot = Opp =0 on 002 x (0,7, (5.6)
(u,v)|t=0 = (uo,vg) in Q. (5.7)

Through a standard argument and the chain rule (see e.g., [18, Section 3] for the single Cahn-Hilliard-
Oono equation), we can work with the new form (3.2)-(5.6) and show that the weak solution (u,v)
satisfies the following energy equality

d

GIO.00) + [T+ [TEO + o(0) ~ o [ p(t)dz =0, 5.8
Q

almost everywhere in (0, +00), where the modified free energy is given by (cf. (2.1))
(u,v) = U(u,v) + oljv — EH%/O*.

By a similar argument for Lemma [3.3] (cf. (3.24)), we find [p| < C(1 + ||V||). This implies o(v(t) —
¢) Jo ¢(t)dz € L*(0,1). Furthermore, Lemma[3.4lyields ¢ € L>(1,400; V), then from (5.1 we get

< Kje %, foraat>1,

o(@(t) —c) /Q o(t) dx
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where K7 > 0 depends on W (ug,vy), Ug, Up, §2, and parameters of the system, but not on ¢. As a
consequence, the energy equality (3.8) implies that the map t — \I/(u(t), v(t)) is absolutely continuous
on [0, +00). This fact combined with the assumptions (H1), (H3) and the facts u,v € C([0,400); H)
yields u,v € C(]0,+0o0); V).

Set

It follows from (3.8)) that

d -
aE(t) + IVu@®)|? + IVe@®)|> <0, foraa.t>1. (5.9)

Since U (u,v) is bounded from below (cf. (3.21)), we see that E(t) converges as t — oo, i.e., there
exists some F, € R such that
lim E(t) = Bx. (5.10)

t——+o0

In view of (3.1]), we have the convergence of energy as well

lim W(u(t),v(t)) = Be. (5.11)

t——+o0

Below we study the w-limit set.

Proposition 5.1. Let the assumptions in Proposition 21| be satisfied. For any initial data ug,vy € V
with F(ug,vo) € LY (Q) and Uy, Ty € (—1,1), we define the corresponding w-limit set by

w(ug,v0) = {(uoo,voo) | U, Voo € H?T(R), Ting = Ty, Tog = ¢, there exist {t,} /400
such that u(t,) = tso, v(ty) = veo in H*(Q)},

where ¢ € (0,1/2). Then w(ug,vo) is non-empty, bounded in W x W and compact in H>~¢(Q) x
H?7¢(Q). Moreover, every (s, Vo) € w(ug,vo) is a strong solution to the stationary problem (2.8).

Proof. Since the weak solution (u, v) is uniformly bounded in L°(1, +00; W x W), we find that the set
w(ug, vo) is non-empty and compact in H2~¢(Q2) x H%~¢(Q) for any € € (0,1/2). Besides, w(uq, vo) is
a bounded set in W x W. Next, we show that w(ug, vg) consists of steady states satisfying (2.8)) by using
the argument in [23]. Let (oo, Voo) € w(ug, vg). From (3.I)), we have T = g, Too = ¢. By definition,
there exists an unbounded sequence {¢,,} such that ¢t,,.1 > t,, + 1, and

i (u(ta), (tn) — (o v0) ir2-< ) x 2 = 0.

for some € € (0,1/2). Without loss of generality, we also assume {(u(t,),v(t,))} weakly converge to
(Uoos Voo) In W x W. Integrating (3.9) gives

| (9@l + vl at < c (512
By comparison in (53.2)), (3.4) and using (5.1), (5.12), we further obtain

[ o)
1

Vet o)) dt < C. (5.13)
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Like in [23]], we infer from (3.13)) that

1
/ ([|0pu(tn + 7)|
0

2+ 10wty + 1)

%/) dr — 0, asn — +oo,

which implies

lu(ty +71) —u(ty +72)||lvs =0, |o(ty,+71)—v(ty +72)|lv= — 0, uniformly for 7, 7o € [0, 1].

By precompactness of the trajectory (u(t),v(t)) in H2~¢(Q) x H?~¢(Q2), we have for every 7 € [0, 1]
u(tn +7) = toollm2—c(@) = 0, |[v(tn +7T) = Voollg2-(@) = 0, asn — +oo,

which also yields the almost everywhere convergence in €2 (up to a subsequence). Recalling the uniform
boundedness of 9, F'(u,v) in L?(t,,t, + 1; H), we get

Do F(u(ty +7),v(ty + 7)) = 0pF(tso, Vo), weaklyin L*(0,1; H) as n — +o0.
Thus, possibly up to a further subsequence, we deduce from (5.3) that
Pty +7) = P(u(ty +7),v(tn + 7)) = Poo, Wweakly in L*(0,1; H) as n — +oc0.
where the limit can be identified as
Poo = —AVso + Oy F (Uso, Vo) + 0N (Vo — ¢) € H. (5.14)

We note that ¢, is independent of time. Thus, for any € Hy, it holds
1 1
(Poosn) = /0 (Poo,n)drT = lim (p(ty +7),m)dr.

n—-+4o00o 0

It follows from (3.12) and the Poincaré-Wirtinger inequality that

1 1
/ (p(tn +71),m)dr| < C/ IVo(tn + 7)|lIn]|dr — 0, asn — 4o0.
0 0

Therefore, (¢, n) = 0 for any n € Hy, which implies that ¢, is a constant. Integrating over )
easily gives Qoo = 0y F' (oo, Voo ). By a similar argument, we obtain

too = =AU + Oy F (Uoo, Voo)  With fioe = Oy F (Uoo, Voo )-
Hence, (tco, Vo) € W x W is a strong solution to the stationary problem (2.8)). O

Given an initial datum (ug, vg) as that in Proposition 5.1} we denote its corresponding set of steady
states by

S(up,vo) = { (us,vs) € W x W | (us,vs) a strong solution to 2.8)) }.

Proposition [3.limplies that w(ug, vy) C S(ug,vp) and thus S(ug, vg) is non-empty. From 2.8), we see
that S(ug, vg) only relates the initial data via the mean value %y. Moreover, we have
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Proposition 5.2 (Strict separation property of steady states). Let the assumptions of Proposition [5.1] be
satisfied.
(1) For every (ug,vs) € S(ug, vg), there exists some constant ds € (0, 1) such that

HuSHC(ﬁ) <1-4, HUsH(j(ﬁ) <1—0s.
(2) For all (uso, Vso) € w(ug, vy), it holds
”uOO”C(ﬁ) S 1-— 6007 HUOOHC(Q) § 1-— (5007
where the constant 6o € (0, 1) is independent of (Uso, Vo)

Proof. We apply a dynamic approach inspired by [31] (see its [23] for further application), for possible
alternative proof involving the maximum principle, we refer to [2, Proposition 6.1] for the single Cahn-
Hilliard equation. It is obvious that every steady state (us,vs) € S(ug,vp) can be viewed as (at least) a
global weak solution to the viscous problem (3.I)-(3.3) with some o € (0, 1) and the initial data given
by (us,vs) itself. Then by the uniqueness of solutions and Proposition we find there exists some
Jds € (0,1) such that

”us(t)”c(ﬁ) < 1- 557 Hvs(t)HC(ﬁ) < - 657 vt > 1.

Since (us, vg) is actually independent of time, this gives our first conclusion. The second conclusion eas-
ily follows from the compactness of w(ug,vg) in H?>~¢(Q2) x H?>~¢(£2), which is continuously embedded

inC(Q) x C() for e € (0,1/2), cf. [2]. O

Now we are able to show the eventual strict separation property of weak solutions.
Proof of Theorem 2.3} It follows from relative compactness of the trajectory (u(t), v(t)) and Proposition

[5.1lthat

tliin dist((u(t), v(t)), w(ug,v0)) =0 in H>¢(Q) x H>¢(Q). (5.15)
— 400
This combined with Proposition [3.21(2) yields the conclusion O

5.2 An extended Yojasiewicz-Simon inequality

The eventual strict separation property Theorem [2.3| plays an essential role in the study of long-time
behavior of global weak solutions (see [9] for the conserved case). Since we are only interested in the
behavior of solutions as ¢ — +o0o, Theorem implies that the singularities of §(u), §(U) and their
derivatives can be avoided by altering these functions outside a certain compact interval [—1 + 4,1 — ¢]
for some 6 € (0, dgp), see [1L12,129] and the references therein.

Using a similar idea, under the additional assumption (H4) on the analyticity of §(u), §(U) and
W (u,v), the authors of [9] proved a suitable Lojasiewicz-Simon type inequality in the conserved case.
Below we present an extended version that works for the off-critical case, i.e., the change of mass is
allowed.

Proposition 5.3 (Lojasiewicz-Simon inequality). Suppose that Q@ C R? (d € {2,3}) is a bounded
domain with smooth boundary 0X), and the assumptions (HO), (H1), (H3), (H4) are satisfied. Given
an initial data ug,vo € V with F(ug,vo) € L'(Q) and ugy,v5 € (—1,1), then for any (uso, Vo) €
w(ug,vo), there exist constants 0 € (0,1/2) and C,w > 0 such that for u,v € V N L>®(Q) satisfying
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[ul| oo () <1 = 3b00/4,

inequality holds

Ul poo() £ 1= 300/4, [[u— usclly < @, [[v— vl < @, the following

g o 1-6 _ ~ = _ _ _ —
B(1,0) = Flutaer o) < € (I =Tl + 17— Bl + (T— ] +[5—<)'™") . (5.16)

where |1 = —Au + O, F(u,v), ¢ = —Av + 9, F(u,v) + o N (v — 0) and §o, € (0,1) is the constant
determined in Proposition [3.21(2).

Proof. Step 1. In view of Proposition 5.2(2), we define Q = [~1 + do0 /4,1 — 50 /4] and

Freg(s1,82) = F(s1,52)xqQ(51,52) + G(s1,52)(1 — x(s1,52)),

where G(s1,52) is chosen in such a way to extend F' outside @@ with C3(R?) regularity and bounded
derivatives up to order three (cf. [9]). Consider the regularized energy functional

1 1
Uyeo(u,v) := /Q [§|Vu|2 + §|Vv|2 + Freg(u,v)| do + oljv — T

2
VO* .

It has been shown that \T/reg(u, v) is twice continuously Fréchet differentiable and (uoo, Voo ) is its critical
point (see [9, Lemma 7.3, Lemma 7.4]). Recall the first Fréchet derivative

<\I';Og(u, v), (h, k:)> = /Q (Vu-Vh+ Vv Vk+ 0, F(u,v)h + 0,F(u,v)k + oN (v — 0)k) dz,

for any h,k € Vj. Under the additional assumption (H4), the following Lojasiewicz—Simon type in-
equality has been obtained in [9, Proposition 7.2]: there exist 6; € (0,1/2) and C1,w; > 0 such that
for 4,0 € V satisfying & = g, 0 = cand ||T — uso ||y < @1, || — Vool < @1, it holds

|Wreg (0, 0) — Ureg (tioo, Vo) |~ < C1||Wley (@, D)

. (5.17)

From the construction of \T/reg(ﬁ, v), if we further require that w,0 € L*() satisfying |[|ul| e (q) <
1 — 600 /2, [[U]| oo () < 1 = 6o0/2, then in (5.17), we can simply replace \f'mg(ﬂ, ?) by U(a, D), that is

[0(@,0) — ¥ (too, voo)| " < C1|| ¥ (@, 9)|

vy < C1 (I =il + 18-l ). 5.18)

where
ﬁ:_Aa—I_auF(a’@)v @Z—A@\+8@F(ﬂ,@)+o’j\/’(@—%\)

Step 2. We shall control the possible mass change by using the perturbation argument in [24] (see
also [6]). For any functions u,v € V N L*(Q) satistying [|ul|je(g) < 1 = 3doc/4, [[0]| ooy <
1 —3000/4 and ||u — uso||yy < @2, ||V — Vool < w2, let us define

(w,v) = (u,v) = (W—"7p, 0 = ¢),
w=—-Au+ 9 F(u,v), ¢=—-Av+9,F(u,v)+oN(v—7).

We can choose the constant @y € (0, w1 /2) sufficiently small such that

m—u—owgmin{‘sﬁ,ﬂ}, w—cwémm{‘sﬁ,ﬂ}.
47 920 4720
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Then it holds ||l oo () < 1 = bo0/2, [[0]| oo () < 1= 000 /2, [|U = tsolly < @1, |V = voclly, < @1
As a consequence, (u, ) satisfies the inequality (5.18). On the other hand, since both (u,v) and (u,v)
are strictly separated from +1, we infer from (H1) and (H3) that

vy < C (a7l +[v— )
< C(ju—mug|+ v —c)) 7, (5.19)

+l(e—9) — (@—9)

1w — 1) — (5 — 1) |lvg

as well as
| (u,v) — (4,

Inserting (5.20) and (5.19)) into (5.18)), we find

)" < C(la ] + o - o) (5.20)

0 (1, 0) = B (oo, voo)| " < |9(@,5) — \I’(uw,vooﬂl_gl + |0 (u,v) — U (@, 7)) "
< ¢ (I - Fllvg )+ C (-l +[o—cl) "
< C1 (lu = mllvg Blivg ) + Ca (7 o + 17— €)'~
Hence, taking 6 = 01, w = ws and C' = max{C1, Cs}, we arrive at the conclusion (5.16)). O

5.3 Convergence to equilibrium

Now we are able to prove the convergence to a single equilibrium by using the well-known Lojasiewicz-
Simon approach.

Proof of Theorem With the aid of Proposition [5.3]and the auxiliary energy inequality (3.9), we can
apply an argument similar to that in [9/18] with minor modification. The the convenience of the readers,

we sketch it here.
It follows from (3.11)) that

U (Uoo, Voo) = Fooy, V¥ (Uoo, Vo) € w(ug, vo).

Next, thanks to the compactness of w(ug,vg) in H2~¢(Q) x H>(Q) Cc V x V (e € (0,1/2)), we can
find a finite number of steady states (u&), G )) € w(up,vo) (1 <j < N) such that

w(ug,v9) C B = UB( u), v, w])

7j=1

where @; > 0 is the constant corresponding to (u&}, G )) in Proposition [5.3] and B ((ugo), vg})) w@;)

denotes the open ball in V' x V, centered at (u&}, vg})) with radius w;. By Proposition [5.2H(2) and

(5.13), there exists a sufficiently large 77 > 1 such that

3 3
le®llem < 1= 20 o@lom <1 30w () o) €B, ¥t =T

By Proposition [5.3] we can extract uniform constants C' > 0, § € (0,1/2) such that for all ¢ > T the
following inequality holds

B (u(t), v(8) = Bwe|' ™ < C () = BO) Iy + 13() = F@)lvg +[58) = '), 52D
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where 1 = —Au + 0, F(u,v), = —Av + 0, F(u,v) + oN (v — ©). Therefore, we infer from (5.1,
(.9), (3.10) and (5.21)) that for any ¢ > T7,

[ (19ue)1? + 19501R) ar
<E(t) - Ex < ]\T’(U(t),v(t)) — Eoo| + %e—c’t
<C (Hu(t) — At &0710 + ||¢(¢) —'_gE(t)H‘l/? +[3(t) — c,) I %e—at

< C (Va7 + VeI + 7). (5.22)

Since 0 € (0,1/2), we have

& 1 1
—20(1-0)7 _ —20(1-0)t ~ —ot > 1.
/t c = a=n° S 0 T2

Set X(t) = | V()| + [|VE()|| + e~ 7=, we infer from (5.22) that

1

/ Y(7)2dr < CR(t)T-e, vVt >T.
t

It follows from the above estimate and [12, Lemma 7.1] that > € Ll(T 5, +00). By comparison in the
evolution equations (5.2), (5.4) and using (5.1) we also have O;u, dyv € L(Ty, 00; V*), which implies
the convergence of (u(t),v(t)) in V* x V* to some (Uso, Voo ) € w(ug, vo) as t — +oo. By compactness
of the trajectory, we can conclude

. 1
lim [|(u(t), v(t)) = (Uoos Voo )|l 2-c () x r2—e(y = 0 foralle € <O, 5) .

t—+00

As a consequence, w(ug, vg) is a singleton. O

6 Appendix

6.1 Well-posedness of the auxiliary problem with regularized potential

In what follows, we analyze the auxiliary problem (3.44). First, we give the definition of strong
solutions.

Definition 6.1. Let d € {2,3}, T € (0,+00) and a,0 € (0,1). For any initial data ug,vy € W, the
quadruple (u,v, p, @) is called a strong solution to problem (3.44) on [0, T), if

u,v € C([0,T]; W) N L0, T; H3(Q)),
O, O € C([0,T); H) N L0, T; V)N HY0,T;V*),
1, € C([0,T); W) N L*(0,T; H*(Q)) N H'(0,T; V),

the equations in (3.44) are satisfied almost everywhere in Q) x (0,T) and the initial conditions are
satisfied everywhere in Q.

Then we prove the following result:
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Proposition 6.1. Suppose that Q C R? (d € {2,3)) is a bounded domain with smooth boundary 0S),
T € (0,+0), a, 6 € (0,1) and the assumptions (HO), (H1), (H3) are satisfied. Then for any initial
data ug, vy € W, problem (3.44) admits a unique strong solution (u,v, i, ) on [0,T] in the sense of
Definition

Proof. Letg,h € L?(0,T;V)NH'(0,T;V*) be two given functions. We consider the following linear
problem:

((Opu = Ap in Q x (0,7),
t=adu—Au+g in Q% (0,7),
v+o(v—c)=Ap in Q x (0,7), 6.)
o =a0w—Av+h inQ x (0,7),
Ontt = Onv = Oppt = Opp =0 on 90 x (0,T),
[ (u,v)|t=0 = (u0,v0) inQ,
where the initial data satisfy ug,vg € W. Set
u=u—u, v=v—-0, g=g-—7, E:h—ﬁ
with
u(t) =w and o(t)=7pe " +c(l—e"), Vtel0,T).
Then problem (6.1)) can be written as (cf. [32])
adii = AU+ (al + N) ' — alal + N)7 g in Q x (0,7),
ad v = AT+ (oI + N)"'0 —ac(al + N) ' —alel +N)"'h  inQx (0,T), 62)
Ontt = Onv =0 on 90 x (0,T),
(@,?)]4=0 = (uo — U, vo — Tp) in ©,

in which we find two linear heat equations with compact perturbations. By a standard argument (e.g., the
Faedo-Garlerkin approximation), we can show that problem (6.2) admits a unique strong solution (u, v)
satisfying
w,v e C([0,T); W) N L0, T; H*(Q)) N H(0,T; V)N H*0,T;V*).

Hence, problem (6.1) admits a unique strong solution (u, v, u, ) with corresponding regularity proper-
ties.

Now for any given functions u., v, € L2(0,T; W)NH(0,T; H) satisfying u(0) = ug, v«(0) = v,
we set

Gx = OuF5(us, Vi),  hy = Oy Fs(ty, vy).

Since Fj(-,-) € BUC?(R x R), it is straightforward to check that g, h, € L?(0,T;V)NHY(0,T;V*),
which also implies g, h. € C(0,7; H) thanks to the Aubin-Lions-Simon lemma [37]. As a conse-
quence, the mapping

M LX0,T; W) N HY0,T; H)? — L*0,T; H3)?* N HY(0,T;V)? s.t. M(us,vs) = (u,v),

is well-defined, where (u,v) is the unique strong solution to problem (6.I) with the external terms
(g« hs). Furthermore, by the standard energy method, we obtain

1d

_ o (&% g
5z UVul® +1IVel® + acllo =) + [ Vul* + [Vel® + Sllowll® + S 0wl + SVl
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1 1
< gallgn |+ gallhal* + acl@ — o

and
1d
557 (1901 + 19612 + allowl? + allowl? + 20 [ (v~ o - o 70?)
+ \|V8tu||2 + ||V8tv||2
< O (10l + 1200l + el + 1 ]?)
where

20 < o|[Vol* + acllv — cll|owll + ollv — c]| [l ]

/Q(v —c)pdx

The above estimates enable us to conclude that M maps bounded set in L2(0, T; W)% N H(0,T; H)*
to bounded set in L2(0, T; H3)2 N H(0,T; V).

Thanks to the nice property of Fj5, with a refined argument, we can verify the existence of a strong
solution to problem ([3.44)) on [0, 7] (see Definition by using e.g., the Schauder principle. On the
other hand, uniqueness of strong solutions follows from an easy application of the energy method. Since
the argument is standard, we omit the details here. U

6.2 Results for a nonlinear elliptic problem

Let us consider the Neumann problem for an elliptic equation with singular nonlinearity:

{—Au—l—S(u):f in Q, 63

Opu =0 on 0f).
The following useful result can be found in [20, Appendix] (see also [1,18]).

Lemma 6.1. Let 2 be a bounded domain in R? (d € {2,3}) with smooth boundary 9. Suppose that
S satisfies the assumption (H1). For any f € H, problem (6.3) admits a unique solution v € W with
S'(u) € H such that it satisfies —Au + S'(u) = f almost everywhere in £ and the boundary condition
Onu = 0 almost everywhere on 02. Besides, we have the following estimate

[l g2y + 15" (@) < CQA+ | £]])- (6.4)
If f € LP(Q), p € [2,+00), it holds
18" (W)l 2oy < 11l Lo (-

In addition, if f € V, we have
1 1
[Aull < [[Vul[ 2|V f]2,

and
[ullwzr (@) + 1S (WlLr@) < CA+fllv),
forp=6ifd=3,andp € [2,4+00) if d = 2.
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