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FLOW BY GAUSS CURVATURE TO THE ORLICZ MINKOWSKI
PROBLEM FOR ¢-TORSIONAL RIGIDITY

XIA ZHAO AND PEIBIAO ZHAO

ABSTRACT. The Minkowski problem for torsional rigidity (2-torsional rigidity) was
firstly studied by Colesanti and Fimiani [12] using variational method. Moreover, Hu,
Liu and Ma [20] also studied this problem by method of curvature flow and obtain the
existence of smooth solution. In addition, the Minkowski problem for 2-torsional rigidity
was also extended to L, version and Orlicz version.

Recently, Hu and Zhang [23] introduced the concept of Orlicz mixed g-torsional rigid-
ity and obtained Orlicz g-torsional measure through the variational method for ¢ > 1.
Specially, they established the functional Orlicz Brunn-Minkowski inequality and the
functional Orlicz Minkowski inequality.

Motivated by the remarkable work by Hu and Zhang in [23], we can propose the Orlicz
Minkowksi problem for g-torsional rigidity, and then confirm the existence of smooth
even solutions to the Orlicz Minkowski problem for g-torsional rigidity with ¢ > 1 by
method of a Gauss curvature flow.

1. INTRODUCTION AND MAIN RESULTS

The classical Minkowski problem argues the existence, uniqueness and regularity of a
convex body whose surface area measure is equal to a pre-given Borel measure on the
sphere S™~!. If the given measure has a positive continuous density, the Minkowski prob-
lem can be seen as the problem of prescribing the Gauss curvature in differential geometry.
Minkowski problem and its solution can be traced back to the works of Minkowski [32],
other influential works, such as Lewy [26], Nirenberg [33], Pogorelov [34] and Cheng-Yau
[10], etc..

In the past 30 years, the Minkowski problem has played an important role in the
study of convex geometry, and the research of Minkowski problem has promoted the
development of fully nonlinear partial differential equations. The Minkowski problem
has produced some variations of it, among which the L,(p € R) Minkowski problem is
particularly important because the L,(p € R) Minkowski problem contains some special
versions. Namely: when p = 1, it is the classical Minkowski problem; when p = 0, this
is the famous log-Minkowski problem [3]; when p = —n, it is the centro-affine Minkowski
problem [40]. The L, Minkowski problem with p > 1 was first proposed and studied
by Lutwak [30], whose solution plays a key role in establishing the L, affine Sobolev
inequality [18, 31]. Until 2010, Haberl, Lutwak, Yang and Zhang [17] proposed and
studied the even Orlicz Minkowski problem which is a more generalized Minkowksi type
problem, and its result contains the classical Minkowski problem and the L, Minkowski
problem.

We know that the different geometric measures correspond to different Minkowski type
problems. Some geometric measures with physical backgrounds have been introduced
into the Brunn-Minkowski theory, naturally, the related Minkowski type problems have
also been gradually studied. For example, prescribing capacitary curvature measures on
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planar convex domains [39]: If given a finite, nonnegative Borel measure p € S! has
centroid at the origin and its supp(u) does not comprise any pair of antipodal points,
then, there is a unique (up to translation) convex, nonempty, open set Q C R? such that
dpg(€2,+) = du(-), where p,(€2,-) is g-capacitary curvature measure of € with ¢ € (1,2].
Inspired by [39], we also study the Minkowski type problem with a physical background
in the present paper, namely, the Orlicz Minkowski problem for g-torsional rigidity.

Firstly, we recall the concept of g-torsional rigidity and its related contents. For conve-
nience, let K" be the collection of convex bodies in Euclidean space R™. The set of convex
bodies containing the origin in their interiors in R", we write K. Moreover, we let C3
be the class of convex bofies of C? if its boundary has the positive Gauss curvature.

Firstly, we recall the torsional rigidity (2-torsional rigidity) of convex body €2 in R is
described by (see [11])

1 f{fﬂ |Vu|*dX

m:i W:UEWO’(Q),/Q\U\CZX>O}.

It has been provided that, there exists a unique function u such that

1,@) = [ [Vufdx.

where u satisfies the boundary-value problem

Au(X)=-2 in Q,
uw(X) =0, on 0.
Here, Au is the Laplace operator.

Next, we introduce the g-torsional rigidity [13] with ¢ > 1. Obviously, when ¢ = 2, it
is the 2-torsional rigidity. Let 2 € K", the ¢-torsional rigidity 7;(€2) is defined by

L [ holVardX )
T,(Q) f{[fgwux]q' € Wo (), /Q| |dX>0}- (1.1)

The functional defined in (1.1) admints a minimizer u € Wy%(Q), and cu( for some
constant ¢) is unique positive solution of the following boundary value problem (see [2]
or [19])

(1.2)

Aju=—-1 in Q,
u =0, on 0f),

where
Ayu = div(|Vu|?*Vu)
is the g-Laplace operator.
Applying (1.2) with the Gauss-Green formula, we have

/\Vu|qu:/udX, (1.3)
Q Q

from (1.1) and (1.3), it follows

T,(Q) = % = (/QudX)q_l = </Q |vu\qu)q_1. (1.4)
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With the aid of Pohozaev-type identities of [35], The g-torsional rigidity formula (1.4)
is given by
L9l
q+n(g—1)

a1 4
L [S B9 Vul'dS(2.),

setting T, 2(Q) = Tq(Q)ﬁ, the g-torsional measure p!°"(€2,n) is defined by

q
e (Q,m) = /

97
for any Borel set n € S™ ', Here, g : 02 — S" ! is Gauss map, and H" ! is the
(n — 1)-dimensional Hausdorff measure.

Recently, Hu and Zhang [23] firstly established the functional form of the Orlicz Brunn-
Minkowski theory for the g-torsional rigidity with ¢ > 1 by variational formula in the
smooth category. Combined the Orlicz Minkowski sum with formula (1.5), they intro-
duced the Orlicz mixed g-torsional rigidity of functional form as follows.

| g (1)

[Vu(X)|%dH" " (X) Z/IVU(Q_l(x))quS(Q,x), (1.6)

Definition 1.1. [23, Definition 3.4] Suppose ¢ € ®, ¢ > 1, and f,g,a- f +,b-g € E for
a,b e I (not both zero). Define the Orlicz mized q-torsional rigidity T, .([f], g) by

Toalflg) = DT 20| 3 [ (50 g,

T
@ dt
D={pcC*[R):pc®:® be the class of convex and strictly increasing function},

ea(lf1,9)

Here,

E=1{heC¥(S"Y): (hy + hé;) is positive definite},

q—1
n(g—1)+q"

I C [0,+400) be a bounded interval and T =

Suppose K, L € K, q > 1, that are of class C’i’a, analogous to definition 1.1, there also
has following definition.

Definition 1.2. [23, Definition 3.8] Suppose ¢ € ®, ¢ > 1, and K, L,a- K +,b- L € K"
that are of class C’i’a fora,b € I (not both zero). Then, define the Orlicz mized q-torsional
rigidity T, (K, L) by
v hi(x) t
= — h du" (K, ).
L (R Ytarang .2

~ vl (1) dT,(K 4, t - L)
T‘pvq(K7 L) = é R dtso

t=0+

With the help of above variational formula for g¢-torsional rigidity with respect to
Orlicz sum, we not only get the Orlicz mixed g¢-torsional rigidity of K, L, but also obtain
Orlicz g-torsional measure ufgz. Thus, we can propose the normalised Orlicz Minkowski
problem for g-torsional rigidity: Let ¢ > 1, u be a finite Borel measure on S and
¢ : (0,00) — (0,00) is a fixed continuous function, under what necessary and sufficient
conditions, does there exist a unique convex body {2 whose support function is A and

positive constant 7 so that p = T,uf:,z, ie.

dp = () (2, ). (L.7)

q
Combining (1.6), if the given measure p is absolutely continuous with respect to the
Lebesgue measure and y has a density function f : S"~! — (0, 00) is even and smooth,
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then, solving problem (1.7) can be equivalently viewed as solving the following Monge-
Ampere equation on S™ 1

Tp(h)|Vul? det(V,;h + hé;;) = f. (1.8)

In (1.7), when ¢ = 2, the Orlicz Minkowksi problem to the 2-torsional rigidity first
developed and proved by Li and Zhu [27]. Moreover, Hu, Liu and Ma [22] combined (1.8)
obtained the existence of smooth solution by Gauss curvature flow for this problem.

In the case of ¢ = 2, let p(s) = s, the Minkowski problem for 2-torsional rigidity was
firstly proposed by Colesanti and Fimiani [12] and smooth solution was obtained in [20]
by Gauss curvature flow. The same case of g, the Minkowksi problem for 2-torsional
rigidity was extended L, version (¢(s) = s'™P) by Chen and Dai [9] who proved the
existence of solutions for any fixed p > 1 and p # n + 2, Hu and Liu [21] for 0 < p < 1.

If ¢ > 1 not only ¢ = 2, the Hadamard variational formula for g-torsion rigidity with
applications was provided in [24].

As mentioned above, we find that the Orlicz Minkowski problem is an important and
generalized Minkowski type problem, it includes the classical Minkowksi problem and L,
Minkowski problem, therefore, it is necessary to study the Orlicz Minkowski problem.
In this paper, we will study the Orlicz Minkowski problem for ¢-torsional rigidity with
g > 1 and give the existence of even, smooth, uniformly convex solutions for (1.8) by
the method of Gauss curvature flow. The Gauss curvature flow was first introduced and
studied by Firey [15] to model the shape change of worn stones. Since then, various Gauss
curvature flows have been extensively studied, see examples [1, 4, 5, 6, 8, 20, 22, 29] and
the references therein.

Let 0€y be a smooth, closed, origin symmetric and strictly convex hypersurface in
R"™. We construct and consider the long-time existence and convergence of the following
Gauss curvature flow which is a family of convex hypersurfaces 0€); parameterized by
smooth maps X (+,¢) : S"7! x (0,00) — R" satisfying the initial value problem

0X(z,t) X-v

P — N0 (V) marnisoes K@, iy + X (2, 1), (1.9)
X(2,0) = Xo(x),

where K(z,t) is the Gauss curvature of hypersurface 0€);, v = x is the outer unit normal

x
at X (x,t), X - v represents standard inner product of X and v, and A(¢) is defined as
follows

S [Vu(X, 1) ]9p"dE
= w7

fS”—l ?d.f
where p and h are the radial function and support function of the convex hypersurface
0%, respectively.

For the convenience of discussing Gauss curvature flow (1.9) in the following text, we
introduce a functional for any ¢ > 0 as follows:

L) = f(@)o(h(x,t))dw. (1.10)

Snfl
Here, let’s assume that ¢(s) = fos ﬁdg‘ exists for all s > 0 and lim,_,o, ¢(s) = oo, where

A(t)

I

h(-,t) is the support function of €.
Combining problem (1.8) with flow (1.9), we establish the following result in this article.

Theorem 1.3. Suppose ¢ > 1, ¢ : (0,00) — (0,00) is a fized continuous function, ¢
satisfy above assumptions, 0y be a smooth, closed, origin symmetric and strictly convex
hypersurface in R™ and f be a positive and even smooth function on S*~t. Then, the flow
(1.9) has a unique smooth, origin symmetric uniformly convex solution 92 = X (S~ t)
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fort € (0,00). Whent — oo, there is a subsequence of 9§}y converges in C™ to a smooth,
closed, origin symmetric and strictly convex hypersurface Qo whose support function

satisfies (1.8).

This paper is organized as follows. We collect background materials in Section 2. In
Section 3, we give the scalar form of flow (1.9) by support function and discuss properties
of two important functionals along the flow (1.9). In Section 4, we give the priori estimates
for the solution to the flow (1.9). We obtain the convergence of the flow and complete
the proof of Theorem 1.3 in Section 5.

2. Preliminaries

In this section, we give a brief review of some relevant notions about convex bodies
and recall some basic properties of convex hypersurfaces that readers may refer to [3§]
and a book of Schneider [36].

2.1. Convex bodies. Let R"™ be the n-dimensional Euclidean space and 0€) be a smooth,
closed and strictly convex hypersurface containing the origin in its interior. The support
function of convex body €2 enclosed by 0f2 is defined by

ho(€) = h(Q,€) =max{¢-y:y € Q}, VEe S
and the radial function of Q with respect to o (origin) € R is defined by
pa(v) = p(Q,v) =max{c>0:cv €}, wves L
The volume Vol(2) of Q is defined by
Vol(2) = %/Sn_l p(Q,v)"dv = %/Sn_l h(2,£)dS(92,§). (2.1)

For a compact convex subset 0 € K™ and £ € S"~!, the intersection of a supporting
hyperplane with Q, H(Q, &) at £ is given by
HQ.6) = {z € Q€ = ha(€)}.
A boundary point of © which only has one supporting hyperplane is called a regular
point, otherwise, it is a singular point. The set of singular points is denoted as o2, it is

well known that o€2 has spherical Lebesgue measure 0.
For x € 90\ 09, its Gauss map gq : © € 90\ 0 — S™"~1 is represented by

ga(z) ={£€ 5" 1w &= hqo(6)}.
Correspondingly, for a Borel set 7 C S"~!, its inverse Gauss map is denoted by gg ',
g9o'(n) = {x € 992 : go(z) € n}.

Specially, for a convex hypersurface 9 of class C?, then, the support function of { can
be stated as

h(Qz)=2-g " z) =g(X(2)) X(z), X(x)€ 0.
Moreover, the gradient of h(€2, ) satisfies
Vh(Q,2) = g (). (2.2)
For the Borel set n C S™7!, its surface area measure is defined as

Sa(n) = H"(g95" (1)),

where H" is n-dimensional Hausdorff measure. Furthermore, for H™ almost all X € 02,

Vu(X) = —|Vu(X)|g(X) and |Vu| e LI(0Q, H").
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2.2. Gauss curvature on Convex hypersurface. Suppose that {2 is parameterized
by the inverse Gauss map X : S"~! — Q, that is X(z) = g,'(z). Then, the support
function h of 2 can be computed by

h(z) =2 -X(x), z€S" 1 (2.3)

where x is the outer normal of 2 at X (z). Let {ej,es,---,e,_1} be an orthonormal
frame on S™7!, denote e;; by the standard metric on the sphere S"~!. Differentiating
(2.3), there has

Vih=Vx - X(z)+z-V;X(x),
since V,; X (x) is tangent to Q at X (z), thus,
V.h =Vx- X(x).

By differentiating (2.3) twice, the second fundamental form A;; of €2 can be computed
in terms of the support function,

Aij = szh + h'eij7 (24)

where V;; = V,;V; denotes the second order covariant derivative with respect to e;;. The
induced metric matrix g;; of 2 can be derived by Weingarten’s formula,

€ij = VZSL’ . Vjﬂ? = AikAljgkl. (25)

The principal radii of curvature are the eigenvalues of the matrix b; = A%*g;,. When
considering a smooth local orthonormal frame on S™~!, by virtues of (2.4) and (2.5),
there is

bij = Aij = Vizh + hoy;. (2.6)
Then, the Gauss curvature K(x) of X (x) € 09 is given by
IC(SL’) = (det(Vl-jh + h(sl'j))il. (27)

3. Geometric flow and its associated functionals

In this section, we will introduce the geometric low and its associated functionals for
solving the Orlicz Minkowski problem for ¢-torsional rigidity with ¢ > 1. For convenience,
the Gauss curvature flow is restated here. Let 0}y be a smooth, closed and origin
symmetric strictly convex hypersurface in R™, f be a positive even smooth function on
S™=1. We consider the following Gauss curvature flow

0X(z,t) X.v

S = N0 () rerria e Kl v + X (2, 1), (3.1)
X(z,0) = Xo(x),

where K(z,t) is the Gauss curvature of the hypersurface 0€; at X (-,t), v = x is the unit

outer normal vector of 9€); at X(-,t), X - v represents standard inner product of X and
v, and A(t) is given by

S [Vu(X, 1) 9pde
fSn71 h—gdzp

Taking the scalar product of both sides of the equation and of the initial condition in
(3.1) by v, by means of the definition of support function (2.3) and (2.2) , we describe
the flow (1.9) (or (3.1)) with the support function as follows

{ T = =M (@) ey K@ 1) + hiz,t), (3.3)
h(x,0) = ho(x).

() (3.2)
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Next, we investigate the characteristics of two essential geometric functionals with
respect to Eq. (3.3). Firstly, we show the g-torsional rigidity unchanged along the flow
(3.1). In fact, the conclusion can be stated as the following lemma.

Lemma 3.1. For g > 1, the q-torsional rigidity T,(€2) is unchanged with regard to Eq.
(3.3), i.e.

Tq(Qt) = Tq<QO)-

Proof. Let h(-,t) and p(-,t) be the support function and radial function of €, respectively.
u(X,t) be the solution of (1.2) in €. The proposition 2.5 of [24] tells us that

(¢ —1)? —q_?/ 3h(9t, x) 1
= T VulTK™d
qg+n(g—1"" Jeuu Ot Vel .

Thus, from (3.2), (3.3) and p"Kd¢ = hdz, we have

—1)2 q=2
%Tq(Qt) :&T;-l/ <—>\(t) fhk +h)|vu\q/c1d:c
Snfl

qg+mn(g—1) [Vultp
(-1 = < Jgnor [Vl ?p"d€ fhE 1
= > T3 — VullK™ dx
qg+n(g—1)"" Jons hf Jodx Jgn-s \Vu|q<p| |

+/ h\Vu|qIC1dx)
Sn—1

—1)2 a=2
:—(q ) T <— / \Vul|'hK~ dx +/ \Vu|thC1da:)
qg+n(g—1) gn—1 sn-1
=0.
This ends the proof of Lemma 3.1. U

The next Lemma will show that the functional (1.10) is non-increasing along the flow
(3.1).

Lemma 3.2. The functional (1.10) is non-increasing along the flow (3.1). Namely,
%F(Qt) <0, the equality holds if and only if Q satisfy (1.8).

Proof. By (1.10), (3.2), (3.3), p"Kd¢ = hdx and the Hdélder inequality, we obtain the
following result,

0
(@)
— [ s@d G

= fo (Ot ) S

- P@h_ b,
=) / N +/ o) "

Y qhd 2
_ Jon-1| u]‘c x/ f <x)2h ICdx+/ hi(z) dx
fSn 1 o(h) dx Sn—1 |vu‘q90 (h’) Sn—l Sp(h’)

U ) T ) (L Gt
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(L))
+ (/Snl ;:Of((}jj))dx)? = 0.

By the equality condition of Holder inequality, we know that the above equality holds
if and only if f = 7p(h)K~1|VulY, ie.,

Namely, €, satisfies (1.8) with £ = A(¢). O

4. Priori estimates

In this section, we establish the C°, C' and C? estimates for the solution to Eq. (3.3).
In the following of this paper, we always assume that 0€) is a smooth, closed and origin
symmetric strictly convex hypersurface in R™, h : S"~! x [0,7) — R is a smooth even
solution to Eq. (3.3) with the initial A(-,0) the support function of 0€y. Here, T is the
maximal time for the existence of smooth even solution to Eq. (3.3).

4.1. C° C! estimates. In order to complete the C° estimate, we firstly need to introduce
the following Lemmas for convex bodies.

Lemma 4.1. [7, Lemma 2.6] Let Q € K7, h and p be respectively support function and
radial function of Q, and Tpmax and Enin be two points such that h(rmax) = maxgn-1 h and

p(&min) = mings—1 p. Then,

maxh =maxp and minh = min p;
Sn—1 Sn—1 Sn—1 Sn—1

h($) Z"L‘ : xmaxh(l‘max), YV € Sn_l;

PE)E - Emin 2p(Emin),  VE € ST
Lemma 4.2. Let u € W,2%(Q) be a local weak solution of
div(|Vul'*Vu) =4, ¢ > 1; ¥ € LI(Q),
s>q'n (i + é =1). Then, u € CLT*(). (see [14, Corollary in pp. 830])

loc

Lemma 4.3. Let 0 be a origin symmetric, smooth convex solution to the flow (3.1) in
R™, w(X,t) be the solution of (1.2) in y, f and ¢ satisfy assumptions of Theorem 1.3.
Then, there is a positive constant C' independent of t such that

1
5§me§C,WLwem*me% (4.1)

1
Z<ple) <O, D s [0.7) (42)
Here, h(z,t) and p(§,t) are the support function and radial function of €, respectively.

Proof. We only give proof of (4.1), (4.2) can be obtained by Lemma 4.1 and (4.1).
Firstly, we prove the upper bound of (4.1). At fixed time ¢y € [0,T), assume that the
maximum of h(-, o) is attained at (zy,,1o) for zy, € S"71. Let

max h(z,ty) = h(zy,, to),
Sn—l
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setting

hmax(t) = sup  h(zy,, o).
to€[0,T)

According to the second clause of Lemma 4.1, we have
h(z,t0) > hmax(t)1y, - 2, Vo € S™1

where h and hpax(t) (Amax(t) = maxgn-1 h(+,t)) are on the same hypersurface.
Recall the definition of ¢, we know that ¢ (¢ > 0) is strictly increasing and f is a
positive even smooth function on S®~!. Thus, from Lemma 3.2, there is

[(€0) 2I(%) = . f(@)p(h(x,1))dx

> @00

> | F (@) (e (), - 2)da
{xES”flzmtO-mzé}

1
> — Pz d
N /{xES”—lzmtO-mzé} f(x)¢(2 (t)) )
chs(%hmam(t)),

which implies that ¢(3/m4(t)) has uniformly positive upper bound Since ¢ is
strictly increasing and limg . ¢(s) = oo, we can know that h(-,¢) also has uniformly
positive upper bound. Here, C' is a positive constant depending only on maxgn-1 h(z,0)
and maxgn-1 f(z).

That is we have obtained the uniform upper bounds of the convex bodies generated
by 09 = X (8™ !,t). Before proving the lower bound of (4.1), let’s first explain the
following facts.

Combining Lemma 4.2 with €); is convex body, we know that there are positive con-
stants ¢ and C such that

c < |Vu(X(x,t),t)| <O, V(x,t)e S x][0,T),
further, according to (2.2), we obtain
c < |Vu(Vh(z,t),t)| <O, V(x,t)e St x][0,T). (4.3)
In the same time, by virtue of Schauder’s theory (see example Chapter 6 in [16]), there

F(Qo).

is a positive constant C , independent of ¢, satisfying that
IVEu(Vh(z,t),8)| < C, Y(z,t) € 8" x[0,T), (4.4)

for all integer k£ > 2.

To prove the lower bound of h(z,t), we use the method of contradiction to discuss.
Let’s assume that there exists a sequence {t} C [0,7") such that h(z, ;) is not uniformly
bounded away from 0, i.e., mingn—1 h(z,t;) — 0 as k — oo. Since f, hy is even and €,
is a origin-symmetric convex body, thus, h(x,t) is even. On the other hand, making use
of the upper bound, by Blaschke-Selection theorem [36], there is a sequence in {€, },
for convenience, which is still denoted by {2}, such that {€; } converges to a origin-
symmetric convex body Q through the Hausdorfl measure as k — oo, then, we obtain
mingn-1 A(€2, -) = limy_,o mingn-1 A(€Y, , -) = 0. Thus, there exist  such that h(2,7) =0
and h(ﬁ, —2) = 0. This implies that () is contained in a lower-dimensional subspace in
R™. This can lead to p(&,t,) — 0 as k — oo almost everywhere with respect to the
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spherical Lebesgue measure. According to bounded convergence theorem and formula
(2.1), we can derive

1
Vol(Q2) = —/ p(&,tp)"dv — 0 as k — oc.
Sn—1

n

However, (4.3) (1.5), (2.1), (4.3), Lemma 3.1 and the conditions for initial hypersurfaces
show that

0 < Cc = 11](&20> — jq(SZ) — liIH jq(SZtk)

<k [ n@ois@.e

which is a contradiction with ¢ > 1. It follows that h(z,t) has a uniform lower bound.
Therefore, we complete proof of Lemma 4.3. O

Lemma 4.4. Let 0 be a origin-symmetric, smooth convex solution to the flow (3.1) in
R", f and ¢ satisfy assumptions of Theorem 1.3. Then, there is a positive constant C'
independent of t such that

\Vh(z,t)| < O, Y(z,t) €St x[0,T), (4.5)
and

[Vp(& )] < C, V(&) € S"H < [0,T). (4.6)

Proof. The desired results immediately follows from Lemma 4.3 and the following iden-
tities (see e.g. [28])

2

h=—»>X 2 =h2+|Vh

VR

U

Lemma 4.5. Under the same conditions as the Lemma 4.3, there always exists a positive
constant C' independent of t, such that

— <A <C, telo,T).

Proof. By the definition of A(t),

_ fsn—l [Vul?p"dg
)‘<t> - hf ’
L/‘Snfl ?dl‘

the conclusion of this result is directly obtained from the (4.1), (4.2) and (4.3). O

4.2. C? estimate. In this subsection, we establish the upper and lower bounds of prin-
cipal curvature. This will shows that Eq. (3.3) is uniformly parabolic. The technique
used in this proof was first introduced by Tso [37] to derive the upper bound of the
Gauss curvature. We begin with completing the following results which will be need in
C? estimate.
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Lemma 4.6. Let Q; be a convex body of C% in R", and u(X(x,t),t) be the solution of
(1.2) with g > 1 in Q, then

(Z)(VQU(X({L‘, t)a t)el) "6 = _IC|VU(X($a t)7 t)|cij(l‘7 t)7

(i) (V2u(X (z,1),t)e;) - ¥ = —K|Vu(X (2,1),t)|ci5(, 1);

1

(331 (V2u(X (2, 1), t)z) - 2 = P <lC\Vu|Tr(cl-j(h¢j + ho;j)) — |Vu\2q).
Here, e; and x are orthonormal frame and unite outer normal on S™t, - is standard inner
product and ci; is the cofactor matriz of (hij+hdy;) with Y7, . cij(hij+hdi;) = (n—1)C~1.

Proof. Similar conclusions have been presented in some References, for example [22], thus,
we will briefly state the proofs combining with our problem.

(i) Assume that h(z,t) is the support function of € for (z,t) € S"! x (0,00) and
let © = 2. Then, X(z,t) = hie; + ha, % = X(z,t) = D (hie; + hx) = vie; + 1.
XZ(X, t) = (h” + héij)ej, let hij + h5w = Wij, then, XZ](ZL‘,t) = WijkCr — Wi, where Wijk
is the corariant derivatives of w;;.

From u(X,t) = 0 on 09, we can not difficult to obtain

Vu - Xz = 0,
and
It follows that
wikwjl(((VQu)el) . Gk) + wij|Vu| =0. (47)
Multiplying both sides of (4.7) by ¢;;, we have
cijwikwﬂ(((vzu)el) . Gk) + det(hij + h5,j)|Vu| =0.

Namely,
81 det(hgp, + héi)win(((V2u)er) - er,) + det(hij + hdy;)|Vu| = 0.
It yields
wii(VPu)e;) - e5) +[Vul =0,

then,

cijwii(V2u)e;) - ) + ¢ij|Vu| = 0,
ie.,

K=H((V*uw)e;) - ;) + ci|Vu| = 0,
thus,

(V*u)e;) - e; = —ciiK|Vul.

This gives proof of (i).
(ii) Recall that

|[Vu(X (z,1),t)| = —Vu(X(z,1),1) - z,
taking the covariant of both sides for above formula, we obtain
|Vul; = =Vu-e; — (V)X -z = —w;;((Vu)e; - z). (4.8)
Multiplying both sides of (4.8) by ¢;; and combining
cjwij = 0y det(hi; + héyj;).
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We conclude that
cij|Vul; = — det(hy; + héi;)(Vu)e; - x.
Hence,
(Vu)e;) - & = —Keii|Vul;.

This proves (ii).
(iii) From (1.2), we know that

1 = div(|Vu|*"2Vau) = [Vu|*2(Au + |“’V_u|22 (V2uVu) - V),
then,
12 (V2uVu) - Vu = —Au — |Vu|**
[Vul? ’
further,
(g =2)(V*u)z) - =
= —Au — |Vu[**
= —Tr(V?u) — |Vul*™?
==Y (V?u)er) - ¢; = (Vw)a) - = [Vl
= K|Vu|Tr(c;ij(hi; + hdiy)) — (V2u)z) -z — |Vul*™9,
hence,
(¢ — D)((V*u)x) - 2 = K|Vu|Tr(cij(hij + héij)) — |[Vul*9,
consequently,
1
(V2u)r) -z = P <lC\Vu|Tr(cl-j(h¢j + hoj)) — |Vu\2q).
This completes proof of the (iii). O

By Lemma 4.3 and Lemma 4.4, if h is a smooth even solution of Eq. (3.3) on S"7! x
[0,T) (T is the maximal time for the existence of smooth even solution) and f, ¢ satisfying
assumptions of Theorem 1.3, then, along the flow for [0,T"), Vi + hz, and h are smooth
functions whose ranges are within some bounded domain 7y and bounded interval

Ij,1, respectively. Here, Qo ) and Ijg ) depend only on the upper and lower bounds of
hon [0,7).

Lemma 4.7. Let 0 be a origin-symmetric, smooth convex solution to the flow (3.1) in
R"™, f and @ be as Theorem 1.3 and q > 1, there is a positive constant C depending on
[ llcogsnny; leller g )

lellc2rgr): hllcrsn-1xpo.r) and [[Allcosn-1xo,r), where ||s|| represent max s and mins,
such that the principal curvatures k; of 02, 1 = 1,--- ,n — 1, are bounded from above
and below, satisfying

1
c < ki(z,t) <O, V(x,t)€ St x[0,T).

Proof. The proof is divided into two parts: in the first part, we derive an upper bound
for the Gauss curvature K(x,t); in the second part, we give an estimate of bound above
for the principal radii b;; = h;; + ho;;.

Step 1: Prove K < C.
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Firstly, we construct the following auxiliary function,

A (o Vul) T Kf(@)h —h _ —h

O(x,t) = =
where
1 oh
=75, IPII[%) T)h(:p,t) >0, hy= %

For any fixed ¢t € [0,T"), we assume that ©(xzy,,to) = maxgn—1 O(z,t). Then at (xy,, to),
we have

—hui n hihi

0=V,0= , 49
h—eo (h—egp)? (4.9)
and from (4.9), at (x4,,t0), we also get
— i hyih; hyihi + hehy hehi(2(h — €0)hy)
0> V“@ = —
= h—co  (h—c0 | (h—co)? (7 — o)
= hai | 2hgihi + hihg o 2hihihy
_h—€0 (h—€0)2 (h—€0)3
i — i + hihi; 2hyihi(h — g0) — 2hhih;
_h — &p (h — 80)2 (h — 80)3
—hyi; il
4.10
h—zo " (h—zo)? (4.10)
From (4.10), we obtain
_hthm
—h (7
t h — 80
hence,
—hihi; —hy
—hyii — hydi; < — hyoi; = hii + (h — €0)0i;
t t h— 2y t h— 0( + ( £0)0ii)
:@(h“ + h5“ — 605“) = @(bn — 605%). (411)
At (4, t0), we also have
0 —hy h?
Jo_ 4.12
o h—e  (h—e) (4.12)
o [OA)(elVul) " h) 1, O(det(V?h + hI))™ 2
= At O™ h
T 5 K+ A(t) (o] Vul?) Y + 6+ 67,
where
O (ATl 1) = — o2 Tl 5 — g Vul = T [Tl + (o) O
ot ot ot

and ¢’ denotes a( ),
According to Lemma 5.3 of [22], it shows that

a|Vu|=—(v2u)a;- (%) (Z’)w Yo -2 — (|Vu| ' VuV3u - a;)@h) |Vu |(8h)
— (Vu)z - (—@i(h—eo)—@hi)ei

+ O(h — ) ((Vzu)x x| Vu| 'VuViu - o+ \Vu|)
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<O(4y, to) <(V2u)xhiei + h((V2u)z - 2 + |Vu| 'VuViu - o + \Vu|)),
then,
0 -1
2 (eIvar ) (4.13
< — o 2P |[Vu| (=6 (zy,, to) (h — &)
— ¢|Vu| Ve he (2, to) <(V2u)xhiei + h((V*u)z - 2 + |Vu| ' VuVu -z + |Vu|))
— (@I Vul") 'O (24, to) (h — £o).-

Thus, combining (4.3) with Lemma 4.6, and dropping some negative terms in (4.13), we
have

0 , _
5 (@IVul) ) < =07 [Vul " x (=B, 10)) (h = €0) < C1O(wsy, Lo).

And from (3.2), we know that
0 1 0 [ Jors [Vulipre
o) ‘5< [ ol )
o) () (3 m)

Sy hffede ( Jon b /@dx) 2

By p? = h* +|Vh|?* and (z4,,t0) is a maximum of O, we get

19)
8_;) = pH(hhy + Y hihig) = p'O(20h — p*) < p'O(4y, t0) (20h — p7).

For ¢ > 1, one can obtain form (4.3) and Lemma 4.6

0

g q,n

at(/sn_l Vulty d&)

0 0
_ . q 7 q| —_n
-/ (at‘w )p s+ [ v (6tp )d§
40 [ 0p

_ q—1 7 n qg n—1[=F
_q/Sn1 |Vl at\Vu|p d§—|—n/sn1 |Vulip (6t>d§

<qO(z4,, to) ((V%)xhiei +h((V*u)z - 2 + |Vu| ' VuVu -z + |Vu|)) / |Vu|iprde
s

n—1

+np 102y, o) 20k — ) / IVl de
Snfl
SCQCH)('Tt(N tO)?

and

([ ) [ 1258
- hf/pdx | =— O tdx
Ot \ Jgn— / gn-1 @ 2

:/ (i+ hff/)@(h—ao)daz
sn—1 \¥ ¥

2 /
S/ (ﬁ —+ h f;@ )dx@(l’to,to)
gn—1 \ ¥ ¥
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SCg@(fL‘tO s to) .
Hence,

We use (2.7), (4.11) and recall b;; = V,;h + hd;; may give

d(det(V?h + hI))™! —  (det(V2h + hl_>>726(det(v2h + h1)) O(V?h + hI)

ot ab;; ot
O(det(V2h + hI
= — (@et(v*h+ h) 22T )
ij
2
(]

<KO((n —1) — go(n — 1)K1).
Therefore, we have following conclusion with (4.12) at (x4, to),

0 1

50 < T ((15@2 + AR Vu) O ((n — 1) — e(n — 1)icﬁ)) +O+02
— <0

(4.14)

According to construction of © and the previous estimate, we easily obtain
1
—K <0 <Gk
Co

Then, it is clear that ©(xy,, o) is sufficiently large, (4.14) implies that

0 1 1

a@ gh . (05@2 + fAR(@|Vu|) " 1Cs0%((n — 1) — go(n — 1)(06@)m)) +0+067°
— €0

<5 <05 PNV Coln = 1)] = AR Tul) O (n — D]eg®7T + 2)

M| Vul) 'O (n = 1)] 0?2 <C5 + A Vu) " Cs(n = D] +2 ao@ﬁ)
h — & [FAR(|Vul9)=1CF " (n — 1)]
<C102(Cy — 2007 T) < 0,

since C7 and Cg depend on || f{|co(gn-1y, ||S0||CI(I[07T)), ||g0||02(1[07T)), | l|crsn—1x(0,1), | Al cogsn—1x10,1)
and |Vu|. Consequently, above ODE tells us that

O(z4,,t0) < C,
and for any (z,t),
h—¢e9)O(x,t)+h h—¢e9)O(xs,,tg) + h
K)ot 5 = fonasa <
Step 2: Prove k; > %
We consider the auxiliary function as follows
F(,t) = 10g Buax({b;j}) — Alog h + B|VA[?,

where A, B are positive constants which will be chosen later, and Suax({b;;}) denotes the
maximal eigenvalue of {b;;}; for convenience, we write {b"} for {b;;}~*.
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For every fixed t € [0,T), suppose maxgn»—1 f (x,) is attained at point zo € S"!. By
a rotation of coordinates, we may assume
{bij(xo,t)} is diagonal, and Bmax({bi;}(xo,1t)) = b11(zo,1).
Hence, in order to show x; > %, that is to prove b;; < C. By means of the above
assumption, we transform F (x,t) into the following form,

F (x,t) =log by — Alogh + B|Vh|*.

Utilizing again the above assumption, for any fixed ¢t € [0, T), F (z,t) has a local maximum
at (xg,t), thus, we have at (zo,1),

0= V[ =b"'V,byy — A5 +2B > byl (4.15)
B
:bn(hm + hydi1) — A# + 2Bh;h;,
and
0>Vl
11 11 hz‘i hzz 2
=V;b"" (hitn + hidia) + 0 [Vi(har + hidin)] — A 7 72 + QB(Z hihii; + hi;)
= — (b11) *Vib11 (hiy + hi6iy) + 0" (Vigbyy) — A b _ D7 +2B(Y  hihyii + h)
11 V111411 1071 i1Y11 h 2 k!bkii i
=b"'Viby — (B")2(Vib)? — A b _ i + QB(Zh i + h2)
1Y11 V11 h h2 k!lkii ii )"
At (z9,t), we also have
0~ 1 90bpy hy
—fF=———-A—+2B hih
ol To, o n 2 hihi

) h
:blla(hll + héll) - Aﬁt + ZB Z hkhkt

=b" (haye + hy) — A% +2B ) hyhy.
From Eq. (3.3) and (2.7), we know that
log(h — hy) =log(h + M| Vul|!) "' Chf — h)
=log K + log(A(¢| Vul*) "1 f)
= — log(det(V?h + hI)) + log(A(¢|Vu|?) " hf). (4.16)
Let
X(z,t) = log(A(e|Vul") hf).
Differentiating (4.16) once and twice, we respectively get

hip — h .
k kt :_szjvk‘blj+vk‘x

h — h;
=— Z bii<hkii + hidir) + ViX,

and

P =By (b — )’ o
— — _ _ pu Yy AV
h — ht (h — ht)Q Z( ) (VZ “) + sz i |+ VUX

=— Z V'V 11y + Z b6 (V1bi)? + Vi X
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By the Ricci identity, we have
V11bii = Viibin — bi1 + by
Thus, we can derive
b (et b 2B3 b
h — hy h — hy h(h — hy) h — hy
i hm—h11+h11+h—h+ht Alht h+h+232hkhkt
h — hy h — hy h h—h h — hy

hi —h
:bll < - (17“ + Z buvllbu - Z bub]] V bz]) vllX

(h — hy)?2
Lt h— (b)) A (D) + DY | 2B iy
h— Iy h h— hy h—hy

—h
:b11< h h” +Zb”anu > B (Vb)) VnX)
t

4 bll <h11 +h _ 1) A A 2B Z hkhkt

P A B

—p! < - (17” + ) VIV — ) b0 (Vidy)® - an) +

h— h, h

(h— )2 T
A 2B hphi
_p o I TR
L —
) o 1-A
11 i1 % 2 11
<b <Zb (Viibin — b1 + b)) — Zb V7 (Vibyy) ) —b "Viux+ W h
A 2By
h h— hy

hy  h?
< szz|: bll (V bll) + 14(7 — ﬁ) — 2B Z hkhkzz + hm):|

1—-A A 2B> hih
+_+M
h—h: h h — h,

_ bll Z b”b’”(vlb”)Q _ bllvllx +

R I .
_QBZbii(bii —h)? ="V x + ;:2 +%

<> b A(% — 1)] +zBth<hi’ﬁht + by, —Wx)
— 2B " b(bE — 20;:h) — b Vi x + ;:2 +%

<—2BY mVix —b"Vix+ (2B|Vh — A)> b —2B> by
2B|VA? +1 - A L nA
h—hy h

+4B(n—1)h +
Recall
x(x,t) = log(A(@|Vul|") "thf) = log A = log ¢ — qlog |[Vu| + log h + log f,

17
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since A is a constant factor, we have \;, = 0. Consequently, we may obtain following form
by x(z,t) and (4.15),

— 2B Z thkX — bHVHX
'h

h |Vl ®
fk (|Vul)y  ¢'hy
— 285" M _ _
2 < e Vv
w(Hha £ BT (T e
I e ([Vul)? o 7
11 ([ Vul)x 11 h(b1n — h)
<CoB + Ciob"" +2¢B Y _ Iy vl 1=
! [Vul([Vul)in = ([Vul)? L (@”hf + ¢'h1y N (@’hl)z)
(IVul)? © 2 )
_ 9%p(s)
where ¢ = =552,
plt (‘P”h% + ¢'hiy i (‘P/h;)z) —plt (Spl/h% + @' (b1 — h) 4 (‘P/h21)2> < C’an.
2 2 2 2

Recall that

IVu(X,t)| = —Vu(X,t) -z
taking the covariant derivative above equality, we get

(IVul)k = —bi((V*u)e; - 2),
further,

(IVu|)11 = — bt (V2u)e; - 1) — bj1ba ((Vu)eje; - o)

+ bit (V2u)z - ) — by (Ve - e1).

Thus, combing (4.3) with Lemma 4.6, we get

zk: V U ez )
2 Bth IV ‘ =2 Bth ul < C19Bby;.

From (4.15), we obtain

therefore, from (4.3), (4.4) and Lemma 4.6, we get
oYU (VeDn = (IVuDi

L < C13Bby;.

(IVul)?

It follows that
gtF 11 i nA

- < CuBbyy + Cisb" + (2B|Vh| = A) Y v QBZbZZ+4Bn—1)h+T<O
provided b1; >> 1 and if we choose A >> B. We obtain

F(lba t) S Ca
hence,

F(ZL‘Q,t) = F(l‘o,t) S C
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This tells us the principal radii are bounded from above, or equivalently x; > % O

5. The convergence of the flow

With the help of priori estimates in the section 4, the long-time existence and asymp-
totic behaviour of the flow (1.9) (or (3.1)) are obtained, we also can complete proof of
Theorem 1.3.

Proof of the Theorem 1.3. Since Eq. (3.3) is parabolic, we can get its short time exis-
tence. Let T be the maximal time such that h(-,¢) is a positive, smooth, even and strictly
convex solution to Eq. (3.3) for all ¢t € [0, 7). Lemma 4.3-4.6 enable us to apply Lemma
4.7 to Eq. (3.3), thus, we can deduce a uniformly upper and lower bounds for the biggest
eigenvalue of {(h;; + hé;;)(z,t)}. This implies

O™ < (hyj + héij) (2, t) < CI, V(z,t) € S* ' x [0,T),

where C' > 0 independents on ¢. This shows that Eq. (3.3) is uniformly parabolic.
Estimates for higher derivatives follows from the standard regularity theory of uniformly
parabolic equations Krylov [25]. Hence, we obtain the long time existence and regularity
of solutions for the flow (1.9) (or (3.1)). Moreover, we obtain

H hHCi”T(S"—l x[0,T)) S C(l,mu

for some Cj,, (I, m are nonnegative integers pairs) independent of ¢, then 7" = oo. Using
parabolic comparison principle, we can attain the uniqueness of the smooth even solution
h(-,t) of Eq. (3.3).

By the monotonicity of I' in Lemma 3.2, there is a constant C' > 0 independent of ¢,
such that

ID(X(-,1)] <C, vt € [0, 00). (5.1)
By the Lemma 3.2, we obtain
. “\d
tlgglo D(X(-,t) —T(X(-0)) = —/0 EF(X(~,t))‘dt. (5.2)

From (5.1), the left hand side of (5.2) is bounded below by —2C, therefore, there is a
sequence t; — oo such that

d
aF(X(-,tj)) —0 as t; = oo,

using Lemma 3.2, Lemma 4.3 and Lemma 4.4 again, above equation implies h(-,t) con-
verges to a positive, even and uniformly convex function h., € C*°(S™!) which satisfies
(1.8) with 7 given by

1

T tj—00

This completes the proof of Theorem 1.3. U
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