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Abstract

We study the thermodynamic limit of the anisotropic XYZ spin chain with non-
diagonal integrable open boundary conditions. Although the U(1)-symmetry is broken,
by using the new parametrization scheme, we exactly obtain the surface energy and the
excitation energy of the system, which has solved the difficulty in the inhomogeneous
T — @ relation. With the boundary parameters in the regions making the Hamiltonian
Hermitian, we have obtained the distribution patterns of the zero roots of the eigenvalue
of the transfer matrix for the ground state and the excited ones. We find that the
surface and excitation energies depend on the parities of sites number N, due to the
long-range Neel order in the bulk. The spontaneous magnetization and easy-axis for all
the regions of boundary parameters are studied. We also obtain the physical quantities

in the thermodynamic limit of boundary XXZ model by taking the triangular limit.
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1 Introduction

The anisotropic XYZ quantum spin chain is a typical U(1) symmetry breaking quantum inte-
grable system and has many applications in the statistical mechanics, quantum magnetism,
string theory and mathematical physics [IH3]. The exact solution of the XYZ model with
periodic boundary condition was obtained by Baxter [4H7] based on the inversion relations,
where the eigenvalues of the transfer matrix is characterized by the 7" — @) relation. Later,
Takhtadzhan and Faddeev [§] resolved the model and proposed the famous quantum inverse
scattering method or algebraic Bethe ansatz [210]. We note that all these approaches require
that the number of sites is even. Based on the resulting exact solutions, many interesting
physical quantities such as elementary excitations and free energy at finite temperature in
the thermodynamic limit have been calculated. Please see [10] and references therein.

The next problem is how to obtain the exact solution of the XYZ spin chain with odd
number of sites or with the non-diagonal boundary reflections. Although it has been proved
that in these cases the model is integrable, it is very hard to get the exact solution, because
the algebraic Bethe ansatz does not work due to the lacking of reference state. Many efforts
have be done in this directions and many interesting methods are proposed, such as the
separation of variables [I1],[12], face-vertex correspondence [13], ¢-Ansager algebra [14HIT],
modified algebraic Bethe ansatz [I821], and off-diagonal Bethe ansatz [22-25]. The most
important result is that the eigenvalue of the system is given by the inhomogeneous T — @)
relation.

Another problem arises. The inhomogeneous T' — @) relation induces the inhomogeneous
Bethe ansatz equations. Then the traditional thermodynamic Bethe ansatz may be very hard
to approach the thermodynamic limit. However, the thermodynamic limit is very important
because the number of sites in the real system must be infinite. We can not ignore this
problem.

In this paper, we study the thermodynamic limit of the XYZ model with general inte-
grable open boundary conditions, where the reflection matrices are non-diagonal and have six
free parameters. The main idea is as follows. We characterize the eigenvalues of the transfer
matrix, which is an elliptic polynomial, by its zero points instead of Bethe roots [26,27]. We
obtain the homogeneous equations for the zero points. By the numerical calculation and
singularity analysis, we obtain the patterns of the zero roots at the ground state. Then we
calculate the distribution of roots, ground state energy density and surface energy. This

scheme can also be used to study the properties of the system at the thermal equilibrium



state.

The paper is organized as follows. In the next section, the model Hamiltonian and
exact solution are introduced. We study the thermodynamic limit of the general integrable
open XY7Z model with real crossing parameter 7 in section 3 and with imaginary crossing
parameter 7 in section 4. As an important component, we consider the degenerate case and
obtain the results of anisotropic XXZ model in section 5. Section 6 is the concluding remarks

and discussions. Some useful identities about the elliptic functions are listed in Appendix.

2 The XYZ spin chain and its exact solutions

2.1 The Hamiltonian

The Hamiltonian of the XYZ spin chain with generic boundary condition reads

N-1
H = Z (Jxafafﬂ + Jyaé»/afﬂ + JZO'jZ-O’]Z-+1) + h, o} + h;ggl/ + h_ o}

j=1

+hiox + hyok + hiok, (2.1)

where 0 (a = 7,y, 2) is the Pauli matrix on the jth site along the a direction and N is the

number of sites. The anisotropic couplings in the bulk are

ey + 5)

o(z)
where 7 is the crossing parameter and 7 is the modulus parameter. The boundary magnetic
fields are
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where o(u) is the o-function defined by (A.2)) and {a; |l = 1,2, 3} are free boundary param-
eters which specify the strengths of boundary magnetic fields.



The integrability of the model (21]) is associated with the well-known eight-vertex R-
matrix R(u) € End(C? ® C?)

R(u) = . (2.6)

The non-vanishing matrix entries are [I]

0 [ ? ](u,%‘)@[

0 [ ](0,27') 0

(u+n,27)

(u+mn,27) 0 [i
](77,27) 0 [ ? ](0,27)9
9[2](%27’)«9[2 (u+mn,27) 9[?](11,27’)9[

0 0 = 0 0
0 [ 2 ](0,27‘) 0 [ L ](n, 27) 0 [ 2 ](0,27‘) 0 [ L ](n, 27)

Here u is the spectral parameter. The associated elliptic functions are defined in Appendix

a(u)=

)

e O
NI N

](77, 27)

= O
| ST T
NI= NI

(u+mn,27)

= N

(2.7)

c(u)=

A. In addition to satisfying the quantum Yang-Baxter equation (QYBE)

312(U1 - U2)R13(u1 - U3)R23(U2 - U3)

= R23(U2 - Us)Rm(ul - U3)Rlz(ul - U2)> (2-8)

the R-matrix also possesses the following properties

Initial conditon: R12(0) = Pya, (2.9)
o(u—mn)o(u

Unitarity relation: Rijs(u)Ro1(—u) = —&(u)id, &(u) = ( U(Zgagn)jL 77)’ (2.10)

Crossing relation: Ryp(u) = ViR (—u —n)Vi, V = —io?, (2.11)

PT-symmetry: Rio(u) = Ry (u) = R (u), (2.12)

Zo-symmetry: oiosRio(u) = Rip(u)otoy, for i=ux,y,z, (2.13)

Antisymmetry: Rip(—n) = —(1 — Ppp) = —2P5. (2.14)

Here Ry (u) = PiaRi2(u)Pis with Pjs being the usual permutation operator and t¢; denotes

transposition in the i-th space. Throughout this paper we adopt the standard notations: for
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any matrix A € End(C?), A; is an embedding operator in the tensor space C? @ C* ® - - -,
which acts as A on the j-th space and as identity on the other factor spaces; R;;(u) is an
embedding operator in the tensor space, which acts as identity on the factor spaces except
for the ¢-th and j-th ones.

Integrable open boundaries can be constructed as follows [28]. Let us introduce a pair of

reflection matrices K~ (u) and K*(u). The former satisfies the reflection equation (RE)

R12(U1 — Ug)Kf(Ul)Rgl(ul —+ U/Q)Kz_(UQ)
= K{(Ug)ng(ul + UQ)Kl_ (ul)Rgl(ul — UQ), (215)

and the latter satisfies the dual RE

ng(UQ — ul)Kf(ul)Rgl(—ul — Uy — Q)K;(UQ)
= K;(Ug)ng(—ul — Uy — 2)KT(U1)R21(U2 — ul). (216)

Then the transfer matrix ¢(u) of the open XYZ chain is given by

~

t(u) = tro{ Ky (w)To(u) Ky (u)Tp(u)}, (2.17)

where Tp(u) and Ty(u) are the monodromy matrices

T()(U) :RQN(U—QN)"'Rol(U—Ql), T()(U) :Rlo(u+91)---RNo(u+9N). (218)
Here {0;]j = 1,---, N} are the free complex parameters which are usually called as inhomo-
geneity parameters.

In this paper, we consider the most general solutions of the RE (2.15]) and dual one (2.16)),
where KT (u) [29130] read

—imu

K-(u) = g{(jz;{ cyo(u)e ™ c o(u)e

K (u) = K™ (-u—n)

Cz_g(u))aZ} . (2.19)

o(u+73) o(u+47) 7 o(u+3
(2.20)

- +
c —¢; ’

where the constants {cf|a = z,y, 2} are expressed in terms of boundary parameters {o; |l =

1,2,3} as following

3
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3 O'Oé l
= 11 l 2. (2.21)

=1 o(ar’)
The QYBE (2.8), RE (2.15) and dual RE (2.16) lead to the fact that the transfer matrices
(217) with different spectral parameters commute with each other, i.e., [t(u),t(v)] = 0.
Thus ¢(u) serves as the generating function of the conserved quantities, which ensures the

integrability of the system. The model Hamiltonian (2.I]) can be expressed in terms of the

transfer matrix as

- a((n)) {ﬁl t(w)lu=0,{8,=0y — (N — 1)¢(n) —2g(2n)}, (2.22)

ou
where ¢’(0) = Z0(u)|,—o and the elliptic function ¢ (u) is defined by (A.2).

2.2 The exact solutions

Suppose the eigenvalue of the transfer matrix t(u) is A(u). By using the fusion technique,

we have the following fusion relations [24]

A(6;)A(0; —n) = (QAH f:}&g‘;ﬂ@ =L, (2.23)

where A, (u) is the quantum determinant

4) = ~0(2u+2n)o 2u—277 au+0zl o(u—a))
Al o(n)o L1 ()

==+ [=1

2

X

ﬂ o(u+ 0k +n)o(u+0;—n)o(u—0k+n)o(u— 0, —n)
a(n)a(n)o(n)o(n) '

From the direct calculation, we also have the values of A(u) at certain points

k=1

~o(2n) vy o+ 6)o(n — 6y)
A =56) ,H oot (2.24)
AG) = )V 2" 1_1 ot ngggz)— 3 =0 2.35)
A(%) = (—1)N+1c;c;r%e—iﬂ[w%)nw—z >N 05]
o+ I+ 0o — I —6)
. kl:[l a(n)o(n) ’ (2.26)
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N T T
XHU(n+%+9k)U(n—%—9k).

oo (n) (2:27)
Besides, the eigenvalue A(u) satisfies the following crossing symmetry
A(—u —n) = Au). (2.28)
The quasi-periodic properties of of A(u) are
Aw+1)=A), A(u+7) = 2rWFHCuAETI A (), (2.29)

From the definitions of R-matrix (2.6]) and K-matrices (2.19)-(2.20), we know that
A(u), as an entire function of u, is an elliptic polynomial of degree 2N + 6. (2.30)

Thus the constraints (2.23)-(2Z28)) can completely determine the value of A(u). Considering
the crossing symmetry (2.28)) and quasi-periodic properties (2.29), we parameterize the A(u)

as
N+3

Ui Ui
A(u) = Ay lll o(u+ 2z + i)a(u — 2z + 5), (2.31)

where {z|l = 1,--- , N+3} are the zero roots of the elliptic polynomial and Ay is a coefficient.
The values of N+4 unknowns {z|l = 1,---, N+3} and A are determined by the constraints
(2.23)-([2.27) with a given set of inhomogeneity parameters {6;|j =1,---, N}.

From (222)) and (231), the eigen-energies of the Hamiltonian (2.1]) are

o) [ ) o'(2n)
EF = O"(O) {aul A( )|u:0 (N 1) 0_(77) 20.(277)}

o) {f(a/(zw%) ACES ) IR _20’<§”>}_ 232

0) | \ola+3)  olz—

Q

Q

2.3 The Hermiticity

To study the physical properties of the model, we should first consider the Hermiticity
of the Hamiltonian (2.I)), where the coupling constants {J,,J,,J.} and boundary fields
{hF, h, hT} should be real. In this paper, we take the modulus parameter 7 to be pure
imaginary and Im(7) > 0. As a result, the constraint of real coupling constants gives that 7
is real or is pure imaginary.

For convenience, we parameterize the boundary parameters {a;F} in the following forms
T + o7 1
30 3 =67+ -. (2.33)

of =57, of =5+ :



To ensure the boundary fields {h],hJ, h]} are real, the values of boundary parameters
{87l = 1,2,3} should also satisfy some constraints. Clearly, the boundary fields {A}, h}, hT
are invariant with the parameter changes 3 — 842 and g7 — 8" 427, due to the period-
icity of the elliptic function. Without losing generality, we restrict the boundary parameters
to the intervals Re(3;") € [0,2] and Im(8]") € [0,2%]. Substituting Eq.([2.33) into (2.3))-(2.5)
and conducting the theoretical analysis of the elliptic functions, we determine the Hermi-
tian regions of the boundary parameters. These regions depend on the values of crossing

parameter 7. When 7 is real, the Hermitian regions of the boundary parameters are

Re(87) € (0,2),  Im(87) =0 or Im(8F)= =,

Re(87) € 10,2, Im(Bf) =0 or Im(5f)=-,

Re(87) =0 or Re(8f)=1,  Im(8})e[0,27] (2.34)
When 7 is pure imaginary, the Hermitian regions are

Re(8F)=0 or Re(5)=1  Im(8]) € (0.2,

Re(4f) € 0.2, Im(3)=0 or Im(g})=".

Re(BF) =0 or Re(8f)=1, Im(57) e [0,27]. (2.35)

l

Substituting Eqs.([2.31) and (2.33) into (2.23)-(2.27), one can easily find that the zero

roots {z|l =1,---, N + 3} are invariant under the following parameter transformations
n— —n, (2.36)
By = B, (2.37)
By — =B and By — -7, (2.38)
two of six boundary parameters change with 6;/ — 6;/ +1, (2.39)
two of six boundary parameters change with 3/ — 8] + 7, (2.40)

where {7 = 1,2,3} and {7y = +}. Then, the eigen-energies are invariant under the trans-
formations (2.30)-(2.40). Further, from the Eq.(2.37), we can only consider the case of
181 > 1585
The transformations (Z37)-(240) allow us to restrict the boundary parameters to the
following compact regions as well as some parameter changes are necessary to ensure that
all possible parameters are taken in account. If 7 is real, we first choose the region as
1

Re(ﬁf) S (Ov 5]7 Im(ﬁf) =0,
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Re(65) € [0, %], Im(B5) =

Re(87) =0, Im(8f) € [0, 7] (2.41)

Then we take following transformations
(i) "= 1=6, (i) g =B +1, (i) B = 8] +7, (2.42)

and all the regions of boundary parameters are covered.

If n is pure imaginary, we can choose the region as

Re(57) = 0, Im(5) € (0, 7.
Re(55) € 0,5),  Tm(57) =0,
Re(87) =0, Im(3]) € [0, 7] (2.43)
Then taking the following transformations
(8 > 7—BF, ()8 =B +1, (D)8 — B+, (2:44)

we can cover the rest regions of boundary parameters. We should note that after taking the
transformations (2.42) and (244), the boundary fields change as

(ht,hf,—hF), for B —1-p,

x Ty
—hF hE bt f + _ At
(—h h+h+, for B — Bf + 1,

Yo z)
h¥)

(h+ — , for B — B+,

which means that the transformation (242) and ([2.44]) are equivalent to the flipping of
certain components of the boundary magnetic fields.

Next, we study the thermodynamic limit of the system for both real and imaginary values
of the parameter 1. If 7 is real, the Hamiltonian (2.I]) exhibits the periodicity H(n + 2) =
H(n). Meanwhile, from the property (2:30]), we conclude that only the interval n € (0, 1)
are necessary. While if 7 is pure imaginary, from the quasi-periodicity of the Hamiltonian
H(n+27) = e~ 7)) H(n), we need only consider the interval i € (0, 7).

We should note that the degenerate points 7 = 0, 1, 7 are excluded in this paper, because

the model reduces to the isotropic XXX spin chain with free open boundaries at these points.



3 Thermodynamic limit for the real 7

3.1 Patterns of zero roots

For the real 1, we examine the distribution patterns of zero roots {z} = {iz}. From
the intrinsic properties of R-matrix and reflection matrices, we find that t(u)" = ¢(u*) and
A(u) = A*(u*) if the inhomogeneity parameters are pure imaginary {6;} = i{6;}. Then we

deduce that if z; is a root of A(u), there must be another root z; satisfy
_ — T .
Z; = Z —|—m12—|—mgz, my, Mo € 7. (3.1)

According to Eq.(3J]), we conclude that the roots {z;} can be classified into: (i) real £z;; (ii)
on the lines +% (please note that its conjugate shifted by i becomes itself); (iii) (+2z, +z})
conjugate pairs and (iv) boundary strings induced by the boundary fields. Eq.([3d]) also
allows us to fix the roots in the interval Im(z) € [—1, 1] and Re(%) € [—4, .

Now, we should determine the detailed form of the conjugate pairs in the cases (iii)
and (iv), which can be achieved by employing the method outlined in [3I]. If the crossing

parameter 7 takes the following discrete values [25]32,133]

2L 2K .«
MK = o N+l 2M-N+1 ZQM—N+1’
3
I[IIls=-1 ¢=+1. LKez, (3.2)
y=d+ j=1
the eigenvalue A(u) can also be expressed by the homogeneous 7' — () relation

Q(u —n) Q(u+n)

A(u) = a(u) Q0 + d(u) Q) (3.3)
Here Q(u) is an elliptic polynomial
U o(u— w)o(u+u + 1)
= 3.4
Q== (34)
and {u;} are the Bethe roots. The function a(u) and d(u) are
_ —4iwLua(2u + 27}) ° O'(U _ 870[7)
alu) = —e o(2u+mn) ot E gjaj
al o(u+0;+n)o(u—=0;+n)
] e O &9

Jj=1



dlu) = a(—u—n). (3.6)

In the thermodynamic limit N — oo, the third term of 1, x (8.2)) becomes zero. By adjusting
the integers L and K appropriately, 7y, x can attain any complex number. Moreover, for
real 77, we can set L = 0 to obtain the desired result. Putting w; = A7 — 7 and considering
the homogeneous limit {#; — 0}, the Bethe roots {\;} satisfy the Bethe ansatz equations
(BAEs)

oi(20 — ) 7 Py 0G0 +elogi + 30) (o0 — 30)\ >
o-<z~<mj+m>>7:iga<m—a;;a;zz—gm( O+ 4 )
(
(

T Dali(,
= , j=1-- N. 3.7
E a(i(Nj — N +mi))o(i(N; + N +ni)) J (37)
For a complex Bethe root A\; with an imaginary part, we readily have % = 1. This
J T2

indicates that in the thermodynamic limit N — oo, the left hand side of Eq.(3.7) tends to
infinity or zero exponentially. To keep Eq.([31) holding, the right hand side must tend to
infinity or zero with the same order. Then we arrive at that the Bethe roots satisfy the
string hypothesis [10,1341135]

11—y
— k)i + 4%rHX€WL 1<k <n,, (3.8)

where z; is the position of the j-string on the real axis, k& means the kth Bethe roots in
j-string, O(e~°N) means the finite size correction, n; is the length of j-string, and v; = +1
denotes the parity of j-string. The center of j-string is the real axis if v; = 1, while the
center of j-string is the line with fixed imaginary party % in the complex plane if v; = —1.
The structure of zero roots of eigenvalue A(u) can be obtained by Eq.(3.3]). Substituting

{u = iz; — 2} into (B.3)), we obtain the relation between zero roots {2;} and Bethe roots

{A}

o(i(22 — i) 77 1y 205 + chodi + 1) (oli(z; — 30)\ ™
a<i<2zj+m>>vzi,ga<i<zj—a;;a;zz’—gz'»( 2 >)
(
(

—1,--- ,N+3. (3.9)

We should note the roots of functions A(u) and Q(u) could not be equal, i.e. Z; # A;. Thus

from the structure of Bethe roots {);;} (3.8), we obtain the patterns of zero roots {Z;} as

11—,
5+ 4'/]z’+0(e—‘”v). (3.10)

n;+1
Zj:Ij:l: J
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For clarity, we present two simple patterns of zero roots as below: for n; = 1,v; = 1, the
root pattern is z; = x; £ ni, and for n; =1 I/j = —1, the root pattern is z; = z; £ (% —n)i

which is adjusted to ensure that Im(%;) € [—1, 1] by shifting .

373]
From the singularity analysis of left hand side of Eq.(3.9]), we obtain that the boundary

strings {w]'} take the forms of

U

“9:i<2

+wwﬁ@ p—— (3.11)

By using the numerical exact diagonalization, we obtain the zero roots of the eigenvalue
A(u) with n € (0,1). We find that the distribution of roots in the interval n € (0,3) and
that in the interval n € (%, 1) are different. Thus we should discuss them separately.

3.2 Surface energy and excitation with 7 € (3,1)
3.2.1 Results in the boundary parameters region (2.47])

We first consider the region (2.41]) of boundary parameters. The numerical results of the
zero roots of function A(u) with finite system size at the ground state and at the first excited
state are shown in Fig[ll It can be seen that the zero roots in the bulk are located on the
line % with the form of {Z, = z; + %|l = 1,---,n1} where z; is real and x; € [0, 5;]. These
roots are continuously distributed in the thermodynamic limit. The ny = N 43 —ny discrete

boundary strings {wy|t = 1,--- ,ny} are the complex roots in the imaginary axis and the

T

vertical line with Re(z) = 7.

Based on the zero roots patterns derive above, the physical quantities such as the ground
state energy and excitation energy in the thermodynamic limit can be computed. The key
point of the process is to introduce a proper set of inhomogeneity parameters, which serve
as the auxiliary tool for the computation and will be taken to zero finally. For the real 7, we
choose all the inhomogeneity parameters to be imaginary, i.e., {#;} = {f;i}. Such a choice
does not change the patterns of the roots but the root density.

In the thermodynamic limit, we assume that the inhomogeneity has a density o(f) ~
1/N(0;—0;_,). Taking the logarithm of Eq.(2.23) and making the difference of the equations
for ; and 0;_;, by omitting the O(N~!) terms we readily have

N/_iAyi(U—x deFZ( we =g +Awﬁ*"()>

) Ay ) Ay i) + Ao (0)
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Figure 1: Exact numerical results of the zero roots at the ground and first excited states for
(a) N =8 and (b) N =9. Here 7 = 0.67, n = 0.7, 3 = 0.04, 3] = 0.02, 35 = 0.04, 3, =
0.02, 85 = 0.04i and 85 = 0.03i. The asterisks indicate the roots at the ground state and
the circles indicate the results at the first excited state. For the clearness, we also draw the

lines with fixed imaginary parts 2.

+N/ {Ay(u+0)+ Ayi(u—0)} o0 d9+ZZAM ), (3.12)

y==% I=1
7

where p(z) is the density of the bulk zero roots located on the line 7, A,(u) is a periodic

function with the form

(s _ !(s 4
A ) =2 (?(u 7)) o (?(U+v)) AT (3.13)
o(i(u=72))  oli(uty) 7
and v is the complex number with Im(y) € [~1,1] and Re(y) € [~5;, 5.
Taking homogeneous limit o(f) — &(0), the density p(z) of the corresponding homoge-
neous system can be obtained via the following Fourier transform

T
- o 1 ~ -

F = F —ikrz F = — F ik 7 14
(k) /T (x)e dux, () 5 k_g (k)e , ke, (3.14)

where F'(x) is a periodic function and 27 is the periodicity. The solution of the density is

3
- 1 ~ ~ - -
Np(k) = I~ ® {2NA,7i(l<:) + 30N Ak + Ayi(k) + Ay (k)
i y=% I=1
+Apirgi(k) + Ay (k) = Agi(k) — Ay (B) — Angz, ()

_A%z(k‘) - Z <Awt—%i(k) + Awt-i-;’z(k))} ) (3.15)

13



where A, (k) is the Fourier transformation of function A, (u)

A (k) = —27 (cosh(#22vi) coth(%X) + sI(vy) sinh(£227i)) , k # 0, (3.16)
0, k=0,
and
1, Tm(y) >0,
sl(y) = 0, Im(y)=0, (3.17)
—1, Im(y) <0.

Substituting the patterns of zero roots into Eq.(2.32) and taking the thermodynamic

limit, we obtain the eigen-energy E as

B = S [ sttt - NTL T oS
+§g%:(&ﬁym—&w@@)
- -Syas X P -GG T -2 TG

where B, (u) is a periodic function with the form

B«/(u) _ O-/(i(u B 7)) _ 0/(i(u + 7))7 (319)

o(i(u="2))  ali(u+7))

and B, (k) is the Fourier transformations of B.(u)

(k) = 27 (sinh(%72vi) coth(£7) + sI(v) cosh(%£22vi)) , k #0, (3.20)
27 (2yi +s1(7)), k=0.
Substituting the density ([B.I5) into (BI8), the energy F is solved as
n2
E=eN+E/+Ef+E +) E"(w), (3.21)
=1
where e, is the energy density in the bulk
a(n) i — ikw _cosh(¥%7(1—27n)) o'(n)
L= 4725 tann (X0 r \ ‘9 , 3.22
c a'(0) { WT; anh( T 0 sinh (%) " T e o(n) (3:22)
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E/ indicate the contributions of free open boundaries

| — km 1+ cos(km) ikm
Ef = -2 J(n)i t hZ— _— h(—(1 —2
" 7TU’ 0) TZ anh( T 77)si:ah(ilmr/T) cosh( T ( )

—l—cosh( tkm (1—1-=2n])) - cosh( ikm (1—-mn)— cosh(z.kTﬁn)}

o'(n) ,o(n) o'(2n)

4 , 3.23
7(0) ~ 220) o(2n) 3:29)
and EE, E"(w;) are the energies induced by the boundary magnetic fields
| = tanh(ikmn/7) ikm 1
' o'(0) "7 ; smh(ikrym) | T G )
kw1 k )
+ cosh(QH(— — B5)) cos(km) + cosh(QHﬁ3 )} Z/((%)) ;37r17, (3.24)
n. n .\ o(n) it o= cosh(ET2w,i)
EY = (sl =) — sl(w; — = — — 2
» (wr) (S (e + 21) s 2Z)> a'(0) T kzz_ cosh(”” ) (3.25)

From Eq.(3.25]), we see that only the discrete roots with Im(w;) € [~7, 3] can contribute the
non-zero boundary energy to the system.
Next, we should study the discrete roots. From the numerical simulation as shown in

Figlll we find that there exist two discrete zero roots

(3.26)

which do not depend on the boundary parameters and the ground or first excited states.
According to Eq.(3.25]), above two roots will contribute a non-zero eigen-energy.

The remaining discrete roots can be divided into two types. The first kind of discrete
roots are the complex numbers located long the line Re(2) = 0 induced by the parameter 57
and the second ones are that located along the line Re(z) = 7 induced by the parameters
By. Substituting Eq.(233) into ([BII), we get the forms of first kind of discrete roots as
(2 + 767 )i and —(2 + 7 B )i, where the minimum distance between them is 2 — 1. The
second kind of discrete roots are Z + (£ +&5 5 )i and £ — (£ 4¢3 35 )i, where the minimum
distance between them also is 2 — 1. With the changing of boundary parameters 3; and
B3, some discrete roots move and locate on the line % Therefore, the first kind of boundary

StI'il'lgS take the forrns
w3 = I'Ilil'l — 4+ B —1 7 Wy = — rnin — 4+ B —1 7. (324)
2 1> 2 ) 2 1> 2
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These boundary strings contribute nothing to the energy according to Eq.([325]). It should
be noted that as shown in Fig[l], these boundary strings keep unchanged at both the ground
state and the first excited state, and are independent of the parities of the sites number N.

However, the second kind of boundary strings depends on the states of the system and
the parities of N. At the ground state, the boundary strings are

T . [n _ 1. T . 1] .
w5g:2—i—|—m1n{§—l—ﬁ2,§}z, wﬁg=2—i—mln{§+5g+a§}l> (3-28)

for even N and are

1
wsy = o max {1~ 4,000, wey = o —mm{g +B2+,§}z’- (3.29)

for odd N.

Substituting the discrete roots (8.:26) and boundary strings (3.28) or (8.:29) into (3.21)),
we obtain the ground state energy as

Ef =e, N+ El + EY + E; + E¥(w1) + E*¥(ws) + E*(ws,) + E* (wsy). (3.30)

The definition of the surface energy is defined as E? = E9 — E9% where E is the ground
state energy of the periodic XYZ spin chain which reads E% = Ne, + (1 — (=1)M)E¥(Z).

Then the surface energy of present system is

E! = E!+E'+E 4+ E*(w)+ E(ws) + E (wsy)

P (weg) — 5 (1~ (~D)M)BX() (331)

Next, we consider the elementary excitation. By comparing the distribution of zero roots

at the ground state and that at the first excited state, we find that the boundary strings

located on the vertical line Re(Z) = 7; are changed, while others are similar due to the

reconstruction of Fermi sea, which can seen clearly from Fig[ll Furthermore, the structure

of boundary strings depends on the parity of N. If N is even, the boundary strings are

T

Wse = -
)

Vb, wee = 21 — max {g B om—1— ¢1,0} i (3.32)
1

with ¢1 = max {Z — 85,7 —1}. As illustrated in Fig[l(a), the boundary strings ws, and
wey, ([B.28)) at the ground state are excited to their symmetrical positions with respect to

the red lines Im(z) = 7 and Im(2) = —Z, respectively. The boundary strings ws. and ws.

are located in the region within two lines Im(z) = £Z, and contribute the non-zero
g 2

eigen-energies.

16



If N is odd, the boundary strings are

T . |n _ 1. T Ui 3n _ ,
Wse = %+m1n{§+ﬁz ,5}1, Wee = Z—max{i—ﬁgr,g—l—@ ,O}Z. (3.33)
As illustrated in Fig[Il(b), we see that the boundary strings ws, and we, (3.29)) at the ground
state are excited to the symmetrical positions with respect to the lines Im(z) = 7 and

Im(z) = 7, respectively. Here, the boundary strings ws. contributes nothing to the energy,
while the wg, indeed has the non-zero contribution and induce the excitation energy of the

system with odd N.

Substituting the discrete roots ([8.26) and boundary strings (332 ) or (3:33) into (3.21)),
we obtain the energy at the first excited state

E¢=e.N+E/ + Ef+ E7 + E“(w) + E¥(wy) + E¥ (wse) + E¥ (wee). (3.34)
Define the excitation energy as AE, = Ef — EY and we have

AE, = Ef(wse) + B (wee) — B (wsg) — B (weg)- (3.35)

0.1 0.2 03 0.4 0.5 0 0.1 0.2 03 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

(a) N =100 (b) N =101 (¢) N =100 (d) N =101

Figure 2: (a)-(b) The surface energy E? versus 35 . (c)-(d) The excitation energy AE, versus
the boundary parameter 3;°. Here the model parameters are chosen as 7 = 0.6i, n = 0.7,
B =0.04, By = 0.02, 3y = 0.02, 35 = 0.04: and S5 = 0.03i. The solid lines indicate the
analytic results and the asterisks are the DMRG data. They are consistent with each other

very well.

We should remark that the surface energy E? and the excitation energy AFE, depend
on the parity of N, due to the different patterns of boundary strings. The surface energy
and excitation energy versus the boundary parameter 35 are shown in Figl2l To check the
correction of our results, we also apply the density matrix renormalization group (DMRG)
method [36] to study Ef and AE, with several values of 5, and the results are shown as
the asterisks in Figl2l It is clear that our analytic results are consistent with the numerical

ones very well.
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3.2.2 Results in the boundary parameters region (2.42])
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Figure 3: Exact numerical results of the zero roots after parameter changes (a) 3" — 1— 4,
(b) B — B + 7, and (c) B — B + 1. The asterisks indicate the numerical values of {z}
at the ground state and the circles indicate the values of {Z} at the first excited state. Here
N =38, 7=06i,n=07 6 =004,5 = 00205 = 00405 = 00208 = 0.04 and
B = 0.03i.

Next, we should investigate the remaining region of boundary parameters. We find
that the parameter changes (2.42)) do not effect the root patterns except for the boundary
strings, as shown in Figl3] for the numerical validation. Thus the forms of Eqs.([3.12])-(3.25)
keep unchanged. From the derivation, we also know that in the thermodynamic limit, the
energies e,, B, EX determined by the bulk roots are the same as before. The discrete
roots only affect the values of boundary energy E¥(w;) (8:25). Thus we should analyze the
distribution of discrete roots {w;}.

The numerical results show that the distribution of discrete roots is invariant under the
parameter changes 8 — 1 — 3" and 8" — B, + 7 in the ground state and the first excited
state, which can also be obtain by comparing the data in Figlll (a) with those in Fig[3 (a)-(b).
Then we conclude that the surface energy E? and the excitation energy AFE, are invariant
under such parameter changes in the thermodynamic limit. We verify this conclusion by the
DMRG method and the results are shown in Figlll (a) and (c), where asterisks and circles
are the results after taking parameter transformations, and the solid lines are the analytic
results. We see that they coincide with each other very well.

However, the parameter transformation 8, — ;" +1 will indeed affect the distribution of
discrete boundary strings at the ground state and the first excited state. By careful checking

the patterns of zero roots, we also conclude that this transition is equivalent to the change
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of parities of sites number N. For example, please compare Figlllc) with FigBl(c). Thus
the discrete boundary strings after taking 3" — B8;” + 1 are the same as that changing the
parities of N, which have been given in Eqs.([3.27)-([8.33). Therefore the surface energy E?
and excitation energy AF, for the even N can be obtained by using the boundary strings
with the odd N, and vice versa. We verify this conclusions by the DMRG method and
the results are shown in Figl(b) and (d), where the triangles are the results after taking
parameter transformation, and the solid lines are the analytic results. It can be seen that
the analytic results coincide with the DMRG results.

Figure 4: (a)-(b) The surface energy E* versus the boundary parameter 55 . (c)-(d) The
excitation energy AE, versus 85 . The solid lines indicate the analytic results. The asterisks,
circles and triangles indicate the DMRG results after the transformations 8 — 1 — ;,
B — B + 7 and B — Bf + 1, respectively. Here N = 101,7 = 0.6i,n = 0.7, 8 =
0.04, 87 =0.02, 8, = 0.02, 85" = 0.047 and S5 = 0.03i.

Such a parity dependence of the surface energy and the excitation energy is due to the
quasi-long-range Neel order in the bulk. For the real crossing parameter 7, the coupling
constants (2.2) satisfy |J,| > |J,| > |J.|, which leads to the spontaneous magnetization and
the easy axis of magnetization is the z-direction. If the couplings are anti-ferromagnetic,
two spins with nearest neighbor should take the opposite directions to reduce the energy.
For the even N, two boundary spins prefer to be anti-parallel. While for the odd N, two
boundary spins prefer to be parallel. Therefore, fixed boundary magnetic fields must induce
the different surface energies and excitation energies for the different parities of N. This
conclusion is also valid for the ferromagnetic couplings. Thus we explain the reason why
flipping the boundary fields along the y- and z-directions (which correspond the changes of
B — 1— ) and B — Bf + 7) does not affect the surface and excitation energies of the
system, and flipping the boundary field along the x-direction (which corresponds the change
of B — Bf + 1) has the same effects to the boundary energies as that of changing the
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parities of N.

3.3 Surface energy and excitation with 7 € (0, 3)

If the boundary parameters are chosen in the region (241]) and 0 < 7 < %, the numerical
results of zero roots at the ground state and those at the first excited state are shown in
Fighl We see that the roots include the conjugate pairs {z = x; £ nill = 1,---, %} with
real z; € [0, 5] in the bulk and ny = N + 3 — n; discrete roots {wy|t = 1,--- ,ny}. The
conjugate pairs in the bulk would distribute continuously in the thermodynamic limit.

0.5

Q

05
04 ® & 04 ® ® ®
0.3% ® 0.3% ®
0. x 0
0.1 0.1
T 0 z 0
0.1 -0.4
0.2 0.2
® * ®
0.3 03
0.4 ® & 04 ® ® @
-0.5 -0.5
0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
Re(z) Re(2)
(a) N =38 (b) N=9

Figure 5: Zero roots on the complex plane at the ground state and the first excited state
for (a) N = 8 and (b) N = 9. The asterisks indicate the results at the ground state and
the circles indicate the results at the first excited state. For the clearness, we also draw the
lines with fixed imaginary parts +2i. Here 7 = 0.6¢, n = 0.4, B =0.04,87 =0.02,8f =
0.04, 8, = 0.02, 85 = 0.04i and 3; = 0.03i.

Using the similar procedure as before, we obtain that the density of roots should satisfy

following integration equation

N / (Agilu = o) + Asy(w =) p(a)de + 3 (Auy g (@) + Ay g:(w))
o t=1
= Aplu) Ay () + Apiga() + Apyrsa(0) = Agi) = Augy () — Auri(u)

—sz(u) + N/;i {Am(u + é) + Am(u - é)} Q(é)dé_l_ Z ZAQ;’Z(U)’ (336)

y== =1

where p(x) is the density of bulk conjugate pairs and o(#) is the density of auxiliary inho-

mogeneity parameters. Taking the homogeneous limit o(6) — §(f), we can solve the density
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p(x) via Fourier transform (B.I14]) and the result is

3
1 - -
Nj(k) = —= - { Agri(k) + 2N A (k) + Ayi(k) + A, (k)
Agi(k) + Asn, (k) ;; l ! ! (
Ay gi(k) + Ayyrsei (k) = Agg(k) — Ay (k) — Augry (k) — Aprer (k)

n2

_ Z <AWt—7§]i(k) + Awﬁgi(k)) } . (3.37)

t=1
The eigen-energy in the thermodynamic limit can be expressed as

n2

B o= 3 TS (B g8+ By ) - NTD 70

—1 o'(0)27 ke a’(0)  o’(0)
o) o'(2n) o) Ni ~ (7 - )
_20/(0) o(2n) + o' (0) 9 - k‘:z—:oo (B%z(k) - Bgz(k)> p(k). (3.38)

By substituting Eq.(3.37)) into the above Eq.([3.38]), we can ultimately solve for the energy
E as given by Eqs.([3:21))-(3.25).

Next, we should determine the discrete roots. We focus on the ground and the first
excited states. From Figlhl we see that there exists a discrete root located on the line
Im(z) = % which contributes nothing to the eigen-energy and only appears in the case of
even N. The discrete roots (3.20)) also exist and contribute nothing to the eigen-energy. The
remaining discrete roots include the boundary strings located along the line Re(z) = 0 and
the boundary strings located along the line Re(2) = 7-. From the numerical simulation, we
find that the maximum length of these boundary strings is 27.

The boundary strings w™ and w™ located along the line Re(Z) = 0 are induced by the
boundary parameters 3. With the increasing of boundary parameters 5; and B;, two
discrete roots w~ and w™ will move away from the real axis, and eventually form the strings
w~ =ni and wt = —ni, which obey Eq.(8.8) with n; = 1,; = 1 and the distance between
them is the maximum value 2n. From these analyses, we present this kind of boundary

strings as
_ . n . fn n 1.
w” = ¢at, w’ =—min B + 81,20 — ¢2, 3 (" (3.39)

where ¢ = min {g + 67 ,77}. It should be noted that as shown in Fig[5l these boundary
strings keep unchanged at both the ground state and the first excited state, and are in-
dependent of the parities of N. Clearly, this boundary strings contribute nothing to the

eigen-energy of the system.
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However, the boundary strings induced by the boundary parameters S5 (the complex

numbers located at the line Re(Z) = 7-) can contribute the non-zero value to the energy.
Thus we only consider this kind of boundary strings, which depend on the states and the

parities of N. At the ground state, the boundary strings are
_ T : LT n .
w, —2—Z_+¢3z, w, —2—Z_—mm{§+52,277—¢3,§}z, (3.40)
with ¢3 = min {g + 55, 77} for even N, and are

B T n _ . T . n 37] _ 1]
wg:Z—FmaX{i—BQ,O}Z’ w;:Z—mm{§+5;=7+ﬁ2a§}z (341)

for odd N. The ground state energy reads
E! =e, N+ El + Ef + E; + EX(w,) + EX(w)). (3.42)

Here e,, Ef and EF are given by Eqs.([3.22), (3.23)) and ([3.24)), respectively. Substituting the
boundary strings ([3.40) or (3.41) into Eq.([3:235), we obtain the values of E}"(w;). Then the
ground state energy is completely determined. Comparing with the ground state energy of
XYZ spin chain with periodic boundary condition, we obtain the surface energy of present

open system as

1 T

E}=El+Ef+E  + EX(w,) + EX(w)) — 5(1 — (—1)N)EW(2Z,). (3.43)

T

According to this analytical expression, the surface energy E? with some fixed model pa-
rameters are shown in Figl6la) and (b) as the solid lines. To check the correction of these
results, we calculate the surface energy with same model parameters by suing the DMRG
method, and the numerical data are shown in Figl6(a) and (b) as the asterisks. We see that
the analytic results and numerical ones are consistent with each other very well.

Next, we consider the first excited state. By comparing the zero roots distribution (rep-
resented by asterisks) at the ground state and the ones (represented by circles) at the first
excited state in Figls, we see that the boundary strings located along the line Re(2z) = 7
showing a different pattern. Furthermore, we note that the boundary strings at the first
excited state are dependent on the parities of V.

In the case of even N, as illustrated in subgraph (a) of Figlhl it can be observed that at
the first excited state, the boundary strings w; and w; (B.40) jump to their symmetrical
positions with respect to the line Im(z) = Z and Im(z) = —1, respectively, and form the

2 2
boundary strings w, and w}. The boundary strings w, and w] are located within the
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two red lines Im(z) = +1,

increasing of boundary parameters 3; and 3, , the discrete roots w, and w] move towards

and they can contribute the non-zero eigen-energy. With the

the real axis, and eventually located at the real axis. From above analysis, we obtain the
form of boundary strings as

we_:%—l—max{g—ﬁz_,O}i, w::%—max{g—ﬁj,O}i. (3.44)
In the case of odd N, as illustrated in subgraph (b) of Figlh, it can be observed that at
the first excited state, the discrete zero roots w, and w, (3.4I)) jump to their symmetrical
positions with respect to the red lines Im(z) = § and Im(2) = —3, respectively, thereby
forming the discrete roots w, and w;. Furthermore, as the boundary parameters f; and
B4 increase, the discrete root w, moves away from the real axis, while the roots w] moves
towards the real axis. From above analysis, we obtain the form of boundary strings as
we_:%—l—min{gjtﬁ;,%}i, w::—_—max{ﬁ—ﬁj,O}i. (3.45)
Substituting these roots into the unified form (B.23]), we obtain the first excited state energy

E¢=e,N+El + Ef + E- + E¥(w) + E¥(w]). (3.46)
Subtract the result from the ground state energy, and we have the excitation energy
AE, = EX(w.) + E*(w]) — EY(w, ) — Eﬁ”(w;) (3.47)

The analytical results of excitation energy with certain fixed model parameters for the differ-
ent parities of N are shown in Figl6c) and (d) as the solid lines, where the asterisks are the
DMRG results with the same model parameters. We see that the analytic results coincide
with the DMRG data very well, and our results are correct.

For the system with n € (0, %), due to the quasi-long-range Neel order in the bulk, it is
expected that the results in the boundary parameters region (2.42]) are consistent with the
discussions presented in the subsection B.22l Firstly, the distribution of discrete roots is
invariant under the parameter changes 3" — 1 — 3 and 8 — B + 7 in the ground state
and the first excited state. Consequently, the surface energy E? and the excitation energy
AFE, remain unchanged under such parameter changes in the thermodynamic limit.

Secondly, the effect of the parameter change 8; — B + 1 on the discrete boundary
strings is identical to the results obtained by directly changing the parity of N. The specific
forms of these discrete boundary strings, which can contribute a non-zero eigen-energy, have
been elaborated in Eqs.([3.40), 3.41), (3.44]), and (3.45]). Therefore the surface energy E?

and excitation energy AFE, for the even N can be obtained by using the boundary strings

with the odd N, and vice versa.
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Figure 6: The surface energy E? and the excitation energy AFE, versus the boundary param-
eter 5. The solid lines indicate the analytic results of E? calculated from Eq.([3.43]), and
AF, calculated from Eq.(3.47). The blue asterisks are the results obtained by using DMRG
with N =314 [(a) and (c)] and N = 315 [(b) and (d)]. Here, the fixed model parameters are
chosen as 7 = 0.6i, n = 0.3, 8 = 0.04, ;7 =0.02, 3, =0.02, 35 = 0.04i and 35 = 0.03i.

4 Thermodynamic limit for the imaginary n

4.1 Patterns of zero roots

Next, we study the case that n is imaginary. We first examine the distribution patterns of
zero roots {z}. With the help of choosing real inhomogeneity parameters {6}, we prove
that t(u)! = t(—u*), which gives A(u) = A*(—u*). Therefore, if z is a root of A(u), there

must exist another root z; satisfying
zj = Zl* + 1M T + Mo, Mmi,Mg € 7. (41)

Based on Eq.(&I), we deduce that the zero roots {%z} can be classified into: (i) real
numbers; (ii) pure imaginary numbers on the lines 7, where their conjugates shifted by 7
become themselves; (iii) conjugate pairs {%z;, 2z} and (iv) discrete roots induced by the
boundary magnetic fields. According to the quasi-periodicity of elliptic functions and the
relation (A1), we fix the roots into the region Im(z) € [—%, =] and Re(z) € [—3, 3].

Now, we determine the detailed forms of root patterns in the cases of (iii) and (iv). As
explained previously, for the discrete values of n, x ([B.2)), the eigenvalue A(u) is characterized
by the homogeneous T'— @) relation ([B3]). In the thermodynamic limit, the values of 1 could
be continuous with the properly choosing of L, K and M. We should note that all the
eigen-states can be obtained by putting M = N, thus the energy spectrum are complete.

Putting u; = A\; — 7 and considering the homogeneous limit {#; — 0}, the Bethe roots in
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the T'— @ relation (B.3]) should satisfy the BAEs

_ginnx: T(2N 41 ﬁ a(Aj—elay —3) (U()‘j + %))W
a2\, —n o(Nj+eal +24) \o(N — )

The solutions of BAEs (4.2) give that the Bethe roots satisfy the string hypothesis

1
Nk =2+ (2 k) + 7+0(eN), 1<k<n,, (4.3)

where z; is the position of the j-string on the real axis, £ means the kth Bethe roots

in j-string, O(e=Y)

means the finite size correction, n; is the length of j-string which is
determined by 2, and v; = %1 denotes the parity of j-string. The center of j-string is the
real axis if v; = 1, and is located at the line with fixed imaginary party 7 in the complex
plane if v; = —1.

Substituting {u = z; — 2} into the 7" — @ relation (B.3]), we obtain the relation between

{#z;} and {\,} as

o(2z; —n) -

, J=1,--- N+3. (4.4)

The roots of functions A(u) and Q(u) could not be equal, i.e., z; # A;. From the structure
of Bethe roots {\;;} (@3) and Eq.(&4]), we obtain the structure of zero roots {z;} as

nj+1 1—I/j
5 1T

zj =x; £ 7+ O(e™M). (4.5)

For clarity, we present two simple patterns of zero roots as below. If n; = 1,v; = 1, the root

pattern is z; = x; £ 7, and if n; = 1,1; = —1, the root pattern is z; = x; £ (7 — 1) which
has been shifted by 7 to ensure Im(2;) € [—3, ).

From the numerical simulation and singularity analysis of Eq.(4.4]), we obtain that there
exist several discrete roots

w) =+ (g +elal). (4.6)

We also find that the distribution patterns of roots {z|l = 1,2,--- ;N + 3} in the interval

Im(n) € (0, 3;] and those in the interval Im(7) € (

them separately.

T

5> ) are different. Thus we should consider
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4.2 Surface energy and excitation with Im(n) € (5, 7)
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Figure 7: The distribution patterns of zero roots at the ground state and the first excited
state for (a) N =8 and (b) N =9. Here 7 = 1.6i, n = 1, 3] = 0.084, 3; = 0.044, 35 = 0.1,
By = 0.04, 35 = 0.08 and B3 = 0.04i. The asterisks indicate the z-roots at the ground
state and the circles means the results at the first excited state. The imaginary part of the

red lines is j:%.

The patterns of z-roots at the ground state and at the first excited state are shown in
Figll From it, we see that the bulk of the roots are located on the line § with the form of
{av=2+3[l=1,--- ,ni} and 2y € [0, %] These roots are continuously distributed in the
thermodynamic limit. Besides, there are ny = N + 3 — ny discrete roots {wy|t = 1,--- ,na}
with the form of conjugate pairs or complex numbers located on the imaginary axis and
vertical line Re(z) = 1.

Based on the above zero root patterns, we can study the thermodynamic limit with the
suitable choice of inhomogeneity parameters {¢;}. Suppose {;} are real and define the
corresponding density as o(6) ~ 1/N(6; — 6;_1). Taking the logarithm of Eq.(2.23]), making
the difference of equations for real 6; and 6,_;, and omitting the correction O(N™1), we
readily have

Z (th+g(u) + Cuyp—a(u + N C’T = (u—z)p(x)dx
t=1

— Cy(uw)+C,, ()+on+()+c 1z (u) — Oy (u) - CW() Cuse (u)

2

MI»—-

~Cese (u +N/1 (w4 0) + Cy (u — ))Q(@)d9+ZZCa7(u), (4.7)

y==% =1

where the function p(x) is the density of bulk roots located on the line 7, C¢(u) is the periodic
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function defined in the interval [—3, 3] as

u—€)  oute)
w8 ot (48

and ¢ is a complex number with Im(§) € [-Z, 7] and Re() € [3, 3.

2?

Ce(u) =

In the thermodynamic limit, the density of inhomogeneity parameters is the -function,
i.e., 0(0) — 6(f). Then Eq.(LT) can be solved by the Fourier transform ([3I4) and the

solution is

Np(k) = {21\7@7(1{;) + > D Cor(k) + Cyk) + C,pr1 (k)

~Cayse () = Y (Cups g (K) + G5 (1)) } , (49)

t=1

where p(k) is the Fourier transformation of p(x), Ce(k) is the Fourier transformation of C (u)

N { —2im (— cosh(ikm2€) coth(ikmT) + sI(§) sinh(ikn2€)), k #0, (4.10)

0, k=0,

and the function sI(¢) is given by (3.I7). Please note that the Fourier spectrum {k} take

the integer values.

Substituting the zero root patterns at the ground and first excited state into the expres-

sion of energy (2.32), we have

o)1, [} . o) , o)
E = §N/_ (D%n (x) — 2”) p(r)dx — Na’(()) + a'(0)

702" 2 70 " 7(0)
o 0'/ 2 2 g 1 > ~ a
B O'/((?))) U((2777])) Z; 0'((7(7))) 2 k_z_: <Dwt_g(k) - D“’ﬁg(k)) ’ (4.11)

where D (u) is the periodic function defined in the interval [—3, 1] as

du—8) oute)
w8 ot (4.12)




and Dg(k) is the Fourier transformation of Dg(u) [@IZ)

De(k) = 2im (— sinh(ikm26) coth(iknT) 4 sI(€) cosh(ikm26)), k #0, (4.13)
sI(&)2im, k=0
Substituting Eq.([@.9) into Eq.(#I1]), we obtain the energy E as
na
E=eN+E +EF+ BT+ Ef(wy), (4.14)

t=1

where e; is the energy density of the bulk

a/(oz))) {4z'7r f: tanh(ik7mn) cosh(ikn(7 = 2n)) _ o'(n) } : (4.15)
k=1

sinh(tkmT) a(n)

Elf is the surface energy induced by the free open boundaries
1 1+ cos(km)
smh(zkm')
+ COSh(Zk‘ﬂ'(T —i|T — 2n])) — cosh(ikn (T — n)) — cosh(ikmn)}

a'(n) o) d'(2n)
+ —2 : 4.16

7(0) 2o (0) a(2n) (410

B3 indicate the contributions of two boundary fields

B

(2

{cosh(ikm (T — 2n))

)

+ _ Z-WU(W)
BT AT

1 . T +
)sinh(z'km-) {COSh(QZkW(i — A1)

+ cosh(2ikr5E) + cosh(2ik7r(% ) cos(/mr)} , (4.17)

and E!(w;) is the energy induced by the discrete root w,

—sl(w, - 3)) olm) i cosh(ikn2uw) (4.18)

- n
EY =— I =
i () o (S (1w + 2'/ 0'(0) 4= cosh(ikmn)

5)

According to Eq.([@I8]), we find that only the discrete roots located in the region of Im(w,) €

[—5, 5] can contribute a non-zero value to the energy.

Next, we should analyze the discrete roots. From the numerical simulation as shown in
Figlll ,we find that there exist two discrete zero roots
T—n 1 77—
2 7 2 2
which do not depend on the boundary parameters at both the ground state and the first

(4.19)

wyp =

excited state. According to Eq.(4I8]), these two roots contribute the non-zero values to the

energy.
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The remaining discrete roots include the boundary strings induced by parameters 3
and the boundary strings induced by parameters 3. Substituting Eq.([233) into (ET), we
obtain the boundary strings as 2 +¢7 87, —(2 +e78f), 2 + 2 +¢e50;5 and 3 — (2 +¢e365).
With the increasing of boundary parameters 5;° and (3, the values of some discrete roots
change and finally are located on the line 7. From the numerical simulation, we also find
that the minimum length of these conjugate pairs is |2n — 7.

Based on the above analysis, we obtain the boundary strings induced by 37 as
. n _ T . n T
w3:m1n1{§+ﬁ1,§}, w4:—m1n1{§+ﬁf,§}, (4.20)

where the function minl{ry,--- ,r,} means the number with the minimum imaginary part
among the set {r;}. From Eq.([4.I8]), we see that these boundary strings contribute nothing
to the energy. As shown in Figlfl it should be noted that these boundary strings keep
unchanged at both the ground state and the first excited state, and are independent of the
parities of the site number N.

However, the boundary strings induced by parameters 53% depend on the states and the

parities of N. At the ground state, the boundary strings read

1 . (7N T 1 - T
wsg:§+m1nl{§+5ga§}a ng:§_m1nI{§+ﬁ;—7§}7 (4‘21)
for even N, and
1 n _ 1 . Ui T
w5g:§+maxl{§—53,0}, wﬁgzﬁ_mlnl{i_‘_ﬁ;ai}? (422)
for odd N. Here the function maxI{ry,---,r,} means the number with the maximum

imaginary part among the set {r;}.

Substituting these discrete roots into Eq.(41I4]), we obtain the ground state energy
EY = e;N + E/ + B} + B + B (w)) + EP (ws) + EP (wsy) + B (wey). (4.23)

The surface energy of the system with open boundary condition is defined as Ef = Ef — E¥|
where E?” is the ground state energy of the periodic XYZ spin chain with the imaginary n
and E” = Ne; + (1 — (—1)Y)E’(3). Then we obtain the surface energy of the system as

E: = E +Ef + E + E"(w)) + E¥(wy) + E¥ (ws,)

FEE () — 50— (1)), (424

Now, we consider the first excited state. From Fig[fl we observe that the discrete roots in

the ground state (represented by asterisks) are consistent with those in the first excited state
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(represented by circles), except that the boundary strings located on the vertical line Re(z) =

% showing a different pattern. Therefore, the first excitation is due to the redistribution of

the boundary strings located on the line Re(z) = % Furthermore, we note that the boundary
strings at the first excited state are dependent on the parity of V.

In the case of even N, as illustrated in subgraph (a) of Figll, it can be observed that in
the transformation from the ground state to the first excited state, the discrete zero roots

wsy and we, ([A21]), which form the boundary strings located on the vertical line Re(z) = 3
1

at the ground state, jump to their symmetrical positions with respect to the lines Im(z) = 7

and Im(z) = —2, respectively, thereby forming new boundary strings ws. and ws. at the

first excited state. The discrete roots ws., and wg. are located within the two red lines

Im(z) = £, and they can contribute the non-zero excitation energy. Additionally, as the

boundary parameters |35 | and |35| increase, the two discrete roots ws. and wg, will move
towards the real number axis, and eventually form the boundary strings ws. = % +n—3
and wge = 5 — (n — %) which obey Eq.([@3) with n; = 1,1; = —1. At the same time, the
distance between the discrete roots is the minimum value |27 — 7|. Therefore, at the first

excited state, the boundary string located on the vertical line Re(z) = 1 are
1 1 Ui i
wie =3+t we =5 —maxt {T— 87,2 -7 —1,0}, (4.25)

where 1y = maxI {g — By, n — g}

In the case of odd N, as illustrated in subgraph (b) of Fig[7, it can be observed that in the
transformation from the ground state to the first excited state, the discrete zero roots ws,
and wey (£22)) jump to their symmetrical positions with respect to the lines Im(z) = & and
Im(z) = —4, respectively, thereby forming new discrete roots ws. and wg.. Furthermore, as
the boundary parameters |3; | and |35 | increase, the discrete root ws. moves away from the
real axis, while wg, moves towards the real axis. From above analysis, we conclude that at
the first excited state, the boundary strings are

Lo, T 1 1 all ;
w5e:§+m1n1{§+ﬁ37§}, wﬁe:§—max1{§—ﬁj,7—7—ﬁ3,0}- (4.26)

Substituting the discrete roots into Eq.(@I4]), we obtain the eigen-energy at the first

excited state
Ef = e;N + Ef + EF + E- + E¥(w)) + E®(ws) + E¥(ws.) + E¥ (we.). (4.27)
The excitation energy AE; = Ef — EY is
AE; = E(wse) + E}’ (wee) — B (wsg) — B} (wey). (4.28)

7
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We remark that both the surface energy E7 and the excitation energy AFE; depend on
the parities of N. In order to check our calculation, we also compute the surface energy and
the excitation energy by using the DMRG method and the results are shown in Figl8. From

it, we see that the analytic results coincide with the numerical ones very well.

104 e 25
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(a) N =100 (b) N =101 (c) N =100 (d) N =101

Figure 8: (a)-(b) The surface energy Ef versus the |35 |. (c)-(d) The excitation energy AE;
versus the boundary parameter |35 |. The solid lines indicate the analytic results and the
asterisks are the ones obtained via DMRG with N = 100 and N = 101. Here the model
parameters are chosen as 7 = 1.61, n = i, 3] = 0.08i, 8; = 0.04i, 87 = 0.1, 3, = 0.04 and
By = 0.044.
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Figure 9: The distributions of z-roots on the complex plane at the ground state (asterisks)
and those at the first excited state (circles) for (a) N = 8 and (b) N = 9. Here 7 = 1.61,
n=0.7i, B = 0.08i, By = 0.044, By = 0.1, 35 = 0.04, B85 = 0.05i and S5 = 0.03i. The two

sold lines characterize the region from —3 to .
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Now, we consider the region Im(n) € (0, 3;). The distribution patterns of the zero roots

at the ground state and the first excited state are shown in Figll From it, we see that the

roots in the bulk form the conjugate pairs {z = z; £ 9|l = 1,---, %} with real z; € [0, %]
Besides, there are also ng = N + 3 — n; discrete roots {wy|t = 1,- - ,ns}, which are real or
complex.

Following the same procedure as in the previous subsection .2 substituting the above
root patterns into Eq.(2.23]) and taking the thermodynamic limit, we find that the density

p(x) of the zero roots should satisfy the constraint

N oan (u—a) + Cy(u— a:)) pla)de+Y (th_,_g (1) + Ciyy_s (u))

t\.’)\»—t
~+
Il
=

= Cy(u) + Cpp1(u) + Cppz (w) + Cppz (u) = C(u) = Cusa (u) — Cuge ()

~Casri () + N / (u+0) + Cylu—0)) o)+ 33 Con(u),  (4.29)

y==% =1

M\H

where o(0) is the density of inhomogeneous parameters. In the thermodynamic limit, the
density o(f) becomes the d§-function, o(6) — (). Solving Eq.([@d.29) by the Fourier trans-

form, we obtain

N = g 1+ e {2Ncn(k;> 305" G (k) + Gy + G (B)
—i—Cn_,_T (/{7) + Cn+1+‘r (1{2) — ég (/{7) — C'n;rl (1{2) — é% (/{7) — én+1+r (1{2)
-y (éwt_,_g(k) + éwt_g(k)) } . (4.30)

According to the root patterns, the energy (2.32)) in the thermodynamic limit can be

expressed as

o)l & (R = . a'(n)  o'(n)
SROEP ) (Py(#) = Dig®) o) = N 55 + o
o(n) o'(2n) | =~ o)l o~ (= )
OGN - a/(O)ikZZ_Oo (Dwt—%’(k) - DWt+§(k)>~ (4.31)

Substituting Eq.(&30) into (E3T]), we find that the energy can still be expressed as ([14]).
The next task is to analyze the discrete roots. From Figld one can see that there exists
a discrete root located on the line Im(z) = 7= which contribute nothing to the eigen-energy

of the system and only appears in the case of even N. The discrete roots Eq.(£19]) also exist
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and contribute nothing to the energy. The remaining discrete roots include the boundary
strings located along the line Re(z) = 0 and the boundary strings located along the line
Re(z) = 1. From the numerical simulation, we find that the maximum length of these
boundary strings is |27)|.

The boundary strings located along the line Re(z) = 0 are induced the boundary pa-
rameters 3i°. We denote them as w™ and w*. As the boundary parameters |3;| and |5}
increase, the two discrete roots w~ and w™ will move further away from the real axis, and
eventually form the strings w™ = n and w™ = —n which obey Eq.(@3)) with n; = 1,v; = 1.
At the same time, the distance between the discrete roots is the maximum value |27|. Based

on the above analysis, we present the boundary strings as
_ I ¢ / I T
w —¢27 w” = —minl 5 +B1 72n_w27§ ’ (432)

where 1y = minl {g + 5y, 17}. It should be noted that as shown in Figld, these boundary
strings keep unchanged at both the ground state and the first excited state, and are inde-
pendent of the parities of N. Clearly, this boundary strings contribute nothing to the energy
of the system.

However, the boundary strings induced by the 85 can contribute the non-zero values to
the energy, because they are located at the region between two red lines with fixed imaginary
part =7. Further analysis gives that these boundary strings depend on the states as well as

the parities of N. With the changing of 85, the maximum length of these boundary strings

is |2n)].
At the ground state, the boundary strings are
-ty wr=t '1{”+5+2 " T} (4.33)
w, = — w = = —minl{ = — 3, = .
g 2 35 g 2 9 3547 39 9/

where 13 = minl {g + G5, 77} for the even N, and are

_ 1 7 - 1 : n + 30 -7
wg:§+maxl{§—ﬁ3,0}, wgzg—m1nl{§+ﬁ3a?+ﬁ3’§ ) (4.34)

for the odd N. Substituting solutions (£.33))-(£34) into (4I4), we obtain the ground state
energy
E{ = e,N + E/ + Ef + E; + Ef(w,) + B (w)). (4.35)
The surface energy of the system is
1 1
E; =E! + Ef + E; + E(w,;) + B (w]) — S0 = CDMER). (4.36)
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Now, we consider the first excited state. By comparing the distribution of zero roots
(represented by asterisks) at the ground state and the ones (represented by circles) at the
first excited state in Figl9] it can be observed that the boundary strings located along the
line Re(z) = % show a different pattern. Furthermore, we note that the boundary strings at
the first excited state are dependent on the parity of N.

In the case of even N, as illustrated in subgraph (a) of Figld] it can be seen that at the
first excited state, the discrete roots w; and w;” (A33)) at the ground state jump to their
symmetrical positions with respect to the lines Im(z) = gt and Im(z) = —3g, respectively,
thereby forming new boundary strings w, and w} in the first excited state. The boundary
strings w, and w; are located within the two red lines Im(z) = £, and have the contribu-
tions to the eigen-energy. Additionally, as the boundary parameters |(; | and |357] increase,
two discrete roots w, and w} will move towards the real axis, and eventually located on the

real axis. Based on the above analysis, we obtain the boundary strings at the first excited

state located on the vertical line Re(z) = 3 as

we_:%—i—maxl{g—ﬁg,O}, w %—maxl{g—ﬁgr,O}. (4.37)

In the case of odd N, as illustrated in subgraph (b) of Fig[d] it can be observed that at the
first excited state, the discrete zero roots w, and w;" ([£34) at the ground state jump to their
symmetrical positions with respect to the lines Im(z) = Z: and Im(z) = —3, respectively,
thereby forming new discrete roots w; and w,. Furthermore, as the boundary parameters
|85 ] and |B5| increase, the discrete root w, moves away from the real axis, while the w}
moves towards the real axis. Therefore, at the first excited state, the boundary strings are

we_:%—l—minl{g—l—ﬁg,g}, w::%—maxl{g—ﬁgr,O}. (4.38)

Substituting solutions (4.37))- (.38 into (4.14]), we obtain the energy at first excited state
Ef =e;N+ E/ + Ef + E7 + EX(w]) + EX(w]). (4.39)

The excitation energy is
AE; = Ef(w.)+Ef(w) — Ef(w;) — E(wy). (4.40)

Now we check above analytic results by the numerical calculation. The surface energy
E? and the excitation energy AFE; computed by the DMRG with N = 314 and N = 315 are
shown in Figl[l(] as the asterisks, where the solid lines are the analytic results. We see that

they are coincide with each other very well.
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Figure 10: (a)-(b) The surface energy Ef versus the |35 |. (c)-(d) The excitation energy
AFE; versus the boundary parameter |85]. The solid lines indicate the analytic results and
the asterisks are the ones obtained via DMRG method for N = 314 and N = 315. Here
the model parameters are chosen as 7 = 1.6i, n = 0.5i, 3 = 0.08, 8y = 0.044, 8 = 0.1,
By =0.04 and B = 0.04i.

4.4 Results in the boundary parameters region (2.44))
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Figure 11: The distributions of z-roots at the ground state (asterisks) and those at the first
excited state (circles) after the parameter changing (a) 8 — 7 — 377, (b) 8 — B; + 1, and
(c) B — B +7. Here N =8, 7 = 1.6i, n = i, 8 = 0.08i, 3y = 0.04i, 8 = 0.1, 35 = 0.04,
Bf = 0.08i and B5 = 0.04i.

To completely quantify the contribution of the boundary fields, it is necessary to further
investigate the impact of parameter changes (2.44]) on the distribution of the zero roots. The
parameter changes (2.44]) do not change the root patterns except for the boundary strings, as
shown in Fig[IT] for the numerical validation. Notably, the integrable equation (4.7)) satisfied
by the density of roots are the same under such changes, which gives that the energies e;, Ezf
and E:* derived from Eqs.(@&I5), (£106) and (&I7) keep unchanged. Therefore, we need only
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consider the effects of changes (2.44]) on the discrete roots {w;} thus the energy E(wy)
@I1).

The distributions of discrete roots are the same as before under the parameter changes
B — 71— B and B — B + 1 at the ground state and the first excited state. This view is
also supported by comparing Figlll (a) and Fig[ITl (a), (b). Therefore, we conclude that the
surface energy 7 and excitation energy AE; keep unchanged under such parameter changes.
We verify above conclusion by using the DMRG and the results are shown in Fig[I2] (a) and
(c). It is clear that the analytic results coincide with the numerical ones very well.

However, the parameter change 3" — ;" + 7 would affect the distribution of boundary
strings at the ground state and the first excited state. We find that the boundary strings
after taking the transition 3,7 — B; + 7 are the same as that with the changing of the
parities of N. Therefore, under the parameter change, the surface energy E? and excitation
energy AF; for the even site number can be obtained by using the boundary strings with
odd site number, and vice versa. We verify this conclusion with DMRG and the results are
shown in FiglI2 (b) and (d). Again, the analytic results and numerical ones coincide with

each other very well.
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Figure 12: The surface energy E? [(a)-(b)] and the excitation energy AFE; [(c)-(d)] versus the
boundary parameter |(35|. The solid lines indicate the analytic results. The asterisks, circles
and triangles are the DMRG results with 87 — 7 — 8/, ;7 — 8 + 1 and g — 8 + 7,
respectively. Here N = 101, 7 = 1.6i, n = i, 8 = 0.084, 8; = 0.04i, B = 0.1, B, = 0.04
and 35 = 0.04:.

Such a parity dependence of the surface energy and the excitation energy is due to the
long-range Neel order in the bulk. For the imaginary crossing parameter 7, the coupling
constant (2.2) gives |J,| < |J,| < |J.|. This leads to the spontaneous magnetization and
the easy-axis is the z-axis. If the couplings are anti-ferromagnetic, two boundary spins

prefer to be anti-parallel along the z-direction for the even N, while two boundary spins
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prefer to be parallel for the odd N. Therefore, the fixed boundary fields must induce the
different surface energies and excitation energy for the different parities of N. This also is
the reason why flipping the boundary field along the z- and y-axis (which occur if we taking
the transformations 87 — 7 — B and 8 — ;" + 1) do not affect on the energies, while
flipping the boundary field along the z-axis (which occurs with the changing 8 — 8; + 7)
has the same effect as that with the changing of parities of V.

5 Results for the general open XXZ spin chain

5.1 Degeneration

The open boundary XYZ model (2.I]) can degenerate to the anisotropic XXZ spin chain with
integrable boundary fields. Taking the trigonometric limit 7 — ioo, the couplings constants
(2.2) in the Hamiltonian (2.1)) degenerates to

J,=1, J,=1, J,=cosh(imn), (5.1)

and the corresponding boundary magnetic fields (2.3))-(2.5]) read

sinh(im55)
sinh(im377) cosh(in35)’
cosh(im (5 )
sinh(im87") cosh(in55)
cosh(im3y) sinh(im37)
sinh(im357) cosh(im37)

h} = Fisinh(imn)

hy = +Fsinh(imn)

hf = Fsinh(imn)

. (5.2)

Then the Hamiltonian of open boundary XXZ7 spin chain can be achieved, and the thermo-
dynamic limit results of open XXZ model can also be obtained by taking a triangular limit
of the results of XYZ model.

5.2 Surface and excitation energies with |J,| <1

If 7 is real, from Eq.(5.0]) we know that the anisotropic coupling along the z-direction of the
XXZ spin chain is characterized by the cosine function, which is smaller than one. After
taking the trigonometric limit, the energies (3.22)-([3.25) become

5 = _QSinETm)) /_‘X’ tanth (zn) coshs(i:;(;(;)%))

dx — cos(mn), (5.3)

[e.e]
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_ o0 h(
=~ Leinton) [ O (1~ )+ cosh(1 1~ 200

sinh(x
—cosh((1 —n)x) — cosh(n:)s)} dx + cos(mn) — 2sin(wn) cot(27n), (5.4)
Ef = _smf:m) / t:;ll}}ll((g) {cosh((1 — 26;")z) + cosh(265 z) } dx, (5.5)
Eﬂwg:(ﬂ@%+go—ﬂ@m—g@)“%T”/ff%g%%§Lm. (5.6)

We note that the interval of the real part of present zero roots is [—oo, 0o]. From Eq.(5.6)), we
find that the discrete roots {w;} located at the infinite boundary contribute nothing to the
energy. From Eqs.([331) and (3.43), we obtain the surface energy E? of the open boundary
XXZ model as

_ _ _ _ 11—
m:ﬂ+m+m+m(ﬂm (5.7)

with 7 € (3,1) and
ES=El'+EF+E, (5.8)

with 7 € (0, 3). According to Egs.(3.38) and (3.47) with trigonometric limit, the excitation
energy AF, induced by the boundary fields is zero, leading to the result that the excitation
is gapless.

As explained previously, we should consider the parameter transformations 8 — 1 — 3,
and 8] — Bf + 1 to cover all the regions of the model parameters. From the analysis in
subsection B.2.2] it is clear that the change 8 — 1 — 8] does not affect the distribution
of the discrete roots between two auxiliary lines 474, while the change B — B + 1 can
affect the form of boundary strings. However, the boundary strings are fixed at the infinity
boundary thus it does not have the contribution to the energy. Then we conclude that the
results after taking the transformations 87 — 1 — B and 8 — B; + 1 are the same as

before.

5.3 Surface and excitation energies with |J,| > 1

If n is imaginary, the coupling along the z-direction is quantified by the hyperbolic cosine

function and the values are larger than one. After taking the trigonometric limit 7 — ooi,

Egs.([@15)- (4I8) read

é; = —4sinh(imn) Z tanh(ikmn)e™™* — cosh(imn), (5.9)
k=1
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E! = 4sinh(imn) Z tanh(i2kmn) (—e"*™ 4 e

k=1
+ cosh(imn) — 2 sinh(i7n) cosh(inn), (5.10)
E* = —2sinh(inn) Ztanh(ikm]) (e%k”ﬁ% + g2k cos(lm)) : (5.11)
k=1
Fw _ n NP =~ cosh(ikm2w;)
Ei (wt) = — (sI(wt + 5) - sI(wt - 5)) Slnh(lﬂ'n) k:Z_OO W (512)
The boundary discrete roots associated with (4.33))-([434) at the ground state are
1 1
wy =3+, w;rzi—minl{ngﬁgr,Qn—(bb}, (5.13)
with ¢, = minl {g + G5, n} for the even N, and are
_ 1 7 _ 1 . ] 3n _
w, = §+maxl{§—ﬁ3 ,O}, w;: 3 —mmI{i—l—ﬁ;,?jLﬁg }, (5.14)
for the odd N. Based on them we obtain the surface energy E as
_ _ _ _ _ _ 1 _ 1
Bl = Bl + Ef + E7 + BY'(wy) + B (w]) — 5 (1= (=DM E!(5). (5.15)
At the first excited state, the boundary discrete roots associated with (£.37)-(438]) are
1 1
we_:§+maxl{g—ﬁ§,0}, wjzi—maxl{g—ﬁgr,O}, (5.16)
for even N, and
L om 1 n
we:§+§+53, wjzi—maxl{i—ﬁ;,O}. (5.17)

for odd N. According to Egs.([&40)-(#36), we obtain the excitation energy AE; of the open
XXZ model
AE; = EX (w]) + EF (w)) — E}”(wg_) — E}”(w;) (5.18)
Next, we consider the transformations 3 — 3" + 1 and ;" — —3;". For the XYZ spin
chain, the change 8; — —#3; is equivalent to two successive steps changes 8; — 7+ 8 —
7 — (7 + B{) deduced by Eq.([245). From the analysis in section 4] it is clear that the
change 7+ 8 — 7 — (7 + ;) do not affect the root patterns. Thus the change 3 — —3;"
is equivalent to the change 87 — 7 + ;. Therefore, the results of the parameter changes
B — B +1and B — —B; for the open boundary XXZ spin chain can be directly obtained
from the analysis in subsection 4.4. The change 87 — ;" + 1 has no effect on the surface
energy E¢ and excitation energy AF;. However, for the change 87 — —3;, the energies E?
and AFE; with even (odd) N should be calculated by using the boundary strings with odd
(even) N, which depend on the parties of the system.
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6 Conclusions

In this paper, we study the thermodynamic limit of the XYZ spin chain with the general
integrable open boundary conditions. Although the U(1)-symmetry is broken, by using the
new parametrization of the eigenvalues of the transfer matrix, we obtain the surface energy
and excitation energy exactly. We find that the surface energy and excitation energy depend
on the parity of the system-size N, due to the long-rang Neel order in the bulk. For the
real 7, the system has the spontaneous magnetization and the easy-axis is the x-direction.
Flipping the boundary field along the x-axis (which occurs in the change 87 — 37 + 1) has
the same boundary and excitation energies as those of changing the parities of N. For the
pure imaginary 7, the easy-axis is the z-direction. Flipping the boundary field along the
z-axis (which occurs in the change 8;" — ;7 +7) has the same energy contributions as those
of changing the parities of V. We discuss the results for all the regions of model parameters.
We also give the corresponding results for the boundary XXZ model by taking the triangular

limit 7 — i00.
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Appendix: Elliptic functions

In this paper, the elliptic functions are defined as

a . o
0 u,T) = emr(m—i—a) T+227r(m+a)(u+b)’ Al
[ ; ] (u,7) = (A1)

m

o(u) =20 [

N D=

0

] (U,T), g(u) = 8—{11'10'(1,6)}, (A2>
u

where a, b are the rational numbers and 7 is the modulus parameter with Im(7) > 0.
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The o-function satisfies the Riemann-identity

olu+z)o(u—x)o(v+y)o(v—y)—oclu+y)o(u—y)o(v+z)o(v—1x)
= ou+v)o(u—v)o(zr+y)o(x—y). (A.3)

Besides, we also use the following identities among the elliptic functions during the derivation

~ 20(u)o(u+ s)o(u+ 3)o(u— )

7B = D)o ) A
o(u+1) :_—U_(u), Ugu +_7') = —e 2t g (v), (A.5)
0 (1) (u,27)0 % (u,27)
U(Tf) 2 2 : (A.6)
a(3) 0 1
0|, |G2no| [ |(G52n)
0 i (2u,27) = 6 i (1,27) x Z(@jzgiji i)’ (A7)
0 ? (2u,27) = 6 ? (0,27) x Z “J_@;’(E“jfg 5) (A.8)
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