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ON THE HODGE STRUCTURES OF GLOBAL SMOOTHINGS OF
NORMAL CROSSING VARIETIES

KUAN-WEN CHEN

ABSTRACT. Let f: X — A be a one-parameter semistable degeneration of m-dimensional
compact complex manifolds. Assume that each component of the central fiber Xy is
Kéhler. Then, we provide a criterion for a general fiber to satisfy the 99-lemma and
a formula to compute the Hodge index on the middle cohomology of the general fiber
in terms of the topological conditions/invariants on the central fiber.

We apply our theorem to several examples, including the global smoothing of m-
fold ODPs, Hashimoto-Sano’s non-Kéhler Calabi-Yau threefolds [23], and Sano’s non-
Kahler Calabi-Yau m-folds [39].

To deal with the last example, we also prove a Lefschetz-type theorem for the
cohomology of the fiber product of two Lefschetz fibrations over P* with disjoint
critical locus.

1 Introduction

The classical 09-lemma for compact Kéhler manifolds states that if we are given a
smooth differential form « on a compact Kéhler manifold which is d-closed, 0-closed
and d-exact, then a is d0-exact. It is natural to ask when the d9-lemma holds beyond
the category of compact Kéhler manifolds. It is well-known that if M is a compact
complex manifold such that the Hodge to de Rham spectral sequence degenerates at
the E) page, then the following three conditions are equivalent (cf. [13 (4.3.1)], [14]
(5.21)], [, Lemma 13.6]):

(1) M satisfies the 90-lemma,

(2) the Hodge filtration F*H%(X) is d-opposed to its complex conjugate F H®*(M)
for all d,

(3) For all d, there is a Hodge decomposition

HY(M) = @ HP"P(M),

where HP4P(M) = FPHY(M) n F* P HA(M).
Here, we recall that if V' is a complex vector space and 'F'® and " F* are two decreasing
filtrations on V, then 'F'* and " F'* are said to be d-opposed if, for every p,

IFp 69" Fd—p+1 ~ Y

In particular since the degeneration of Hodge to de Rham spectral sequence and the d-
opposedness of the Hodge filtration with its complex conjugate are both open conditions,
the d9-lemma is an open condition.

It is also well-known that if a compact complex manifold M is dominated either by a

compact Kéahler manifold or by a compact complex manifold of the same dimension as
1
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M that satisfies the 00-lemma, then M satisfies the 9d-lemma (cf. [14, Theorem 5.22]
and the argument used in [47, Lemma 7.28, Remark 7.29]). In particular, any Moishezon
manifold and any compact complex manifold of Fujiki class C (i.e., bimeromorphic to
a compact Kédhler manifold) satisfy the 00-lemma. Conversely, if M is a compact
complex manifold that satisfies the d9-lemma and Z is a closed submanifold of M the
satisfies the 99-lemma, then the blowup Blz M of M along Z also satisfies the 99-lemma
(J43],[36],[49],[3]). Thus, the d0-lemma is a bimeromorphic invariant in dimension less
or equal to three, and also, if M is a compact complex analytic space with at worst
isolated singularities, then one resolution of singularities of M satisfies the 09-lemma if
and only if every resolution of singularities of M satisfies the d9-lemma. But in general,
whether the 99-lemma is a bimeromorphic invariant is still an open conjecture.

There are several examples of compact complex manifolds that satisfy the 99-lemma
but not of Fujiki class C. First, since the d9-lemma is an open condition under deforma-
tion but being of Fujiki class C isn’t ([7],[29]), the small deformation of some Moishezon
twistor spaces produce threefold examples. Second, some examples are found among
solvmanifolds ([1],[2],[24]). Third, [3] constructs a simply connected threefold exam-
ple. Fourth, Friedman [16] proved that the 00-lemma holds for general nearby global
smoothings of Calabi-Yau threefolds with ordinary double points (i.e. general (nearby)
Clemens manifolds) and later Li [3I] proved that Friedman’s result holds without the
general assumption and showed that the Hodge structure on the middle cohomology
of any (nearby) Clemens manifold together with the cup product is polarized Hodge
structure. Fifth, [25] constructs some other simply connected threefold examples as
well as some interesting examples of compact complex manifolds that don’t satisfy the
d0-lemma.

This paper aims to study the general phenomenon behind the existence of polarized
Hodge structures on the middle cohomology of the (nearby) Clemens manifolds. Recall
that Clemens manifolds are constructed by first contracting several rational curves on
a projective Calabi-Yau threefold to ordinary double points and then taking the global
smoothing of the ordinary double points on such a singular compact complex analytic
space. Thus, we can propose the following general question: if M is a singular compact
complex analytic space that admits a Kéhler resolution of singularities as well as a
global smoothing, when does the global smoothing satisfy the 09-lemma? Also, if this
is the case, can we compute the Hodge index on the middle cohomology of the global
smoothing?

Consider a one-parameter degeneration of m-dimensional compact complex manifolds
f:X - A, where X is a connected complex manifold, A is the unit disk, and f is a
proper holomorphic map that is smooth over the punctured disk A*. By the semistable
reduction theorem, we may assume E := f~1(0) is a simple normal crossing divisor, all
of whose components are reduced. Suppose, moreover, that the irreducible components
of E are all Kahler or, more generally, each k-fold intersection of the irreducible com-
ponents of F satisfies the d0-lemma. Then Steenbrink (cf. [33, Chap 11]) constructs
a limiting mixed Hodge structure on H%(X.,C) for all d, where X, is the canonical
fiber. We will denote it by (Hfiim, W5, Fim). Steenbrink shows that in this case, the
monodromy operator 7' on H%(X;,C) induced by counter-clockwise loop is unipotent.
Moreover, if we consider the natural extension of 1" to Hl‘ijm, still denoted by 7', then by
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Steenbrink’s construction, the nilpotent operator N :=log(7) is a morphism of mixed
Hodge structure of type (-1,-1), i.e. N satisfies NW* ¢ W2, and NF} «c Ffml.
Furthermore, as a consequence of the theory, the Hodge to de Rham spectral sequence
on the general fiber X, degenerates at E; for |¢| sufficiently small.

On the other hand, a well-known theorem of Schmid ([41]) is that the degeneration
of a one-parameter integral polarized variation of Hodge structure of weight d forms a
polarized mixed Hodge structure (H,W,F) (see Definition [2.1)), where W = W (N, d) is
the monodromy weight filtration of N centered at d

This paper aims to deal with the converse situation of Schmid’s theorem above in the
geometric setup. Consider the following two situatiOHS'

(A) For the limiting mixed Hodge structure (HZ ,W* Fin) on HY (X, C), we

assume that W5 = W (N, d).

(B) Suppose we are in the case d = m and that W5t = W(N,m) on H™(Xe,C),
i.e. (A) holds. Let Q(e,e) denote the natural cup product on H™ (X, C) =
H™(X,4,C). (If there is no ambiguity, we will denote the natural cup product on
any compact complex manifold by Q(e,e).) Write S(e,e) =¢e(m)Q(e,e), where
e(a) = @ Let C denote the Weil operator, which is defined as (v/~1)P~" on
the (p,r)-component of a Hodge structure of weight p +r. Since (A) holds, for
all [ >0, the Hermitian form

(u v) = S(Cu, (-N)' 7)
‘H™ (cf. Remark for why we use —N instead of

is nongenerate on Grm a1 Hi

N). Let (s0™*P gP™"P) he the signature of this Hermitian form on the
(p, m+1-p)-component of the Hodge structure (of weight d+1) on the primitive
part

hm’

m+l ker(Nl+1 GI" +1 Hhm - GI“ 2H11m)
Given an integer n, set n, = max{n,0}. Slnce (A) holds, for all [ with
—m <1 <m, there is an N-Lefschetz decomposition:

St
CrWW HT = @ N Poiiir

T+l

TZ(—Z)+
Thus for 0 < p <m +1, define the invariants
Sﬁ,m+l—p _ Z S€+7‘,m+l—p+r
r>(-1)+

and l l
Sg,er -p — Z s}_7+7",m+ —p+r
TZ(—Z)+
which corresponds to (the N-Lefschetz decomposition of) the (p,m +1 - p)-
component of the Hodge structure on Grm o Hﬁ’r‘n Note that SP™+P 4 gpm+i-p

is equal to the dimension of the (p, m+[—p)-component of the Hodge structure
on Grm+l H" | but when [ >0, (S{Z’m”_p, SI_”m”_p) is not the signature of the
Hermitian form S(Co (- N)ZO) on the (p,m + 1 — p)-component of the Hodge
structure on Grm+l H since S(Nu,v) +S(u, Nv) =0 for all u and v.

Then, the main theorem of the article is:

)
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Theorem 1.1. Let f : X - A be a one-parameter semi-stable degeneration of m-
dimensional compact complex manifolds such that all irreducible components of the cen-
tral fiber Xo are Kdhler or, more generally, each k-fold intersection of the irreducible
components of Xq satisfies the d90-lemma. Let (Hfilm,WSt,ﬂim) be the limiting mized
Hodge structure on H*(Xo,C) Then

(1) In the situation (A), the Hodge filtration Fy of HY(X,,C) on the nearby fiber
X, = f71(q) is d-opposed to its complex conjugate for |q| sufficiently small.

(2) In the situation (B), the signature of S(Ce,®) on the (p,m — p)-component of
the Hodge structure on H™(X,,C) is

(Z Sy S’Z’k)

k=0 k=0

for |q| sufficiently small. In particular, if (H{, WS, Fim) is a polarized mized
Hodge structure with respect to the cup product S(e,e) (i.e., s*" =0 for all p
and 1), then the middle cohomology H™ (X4, C) together with the cup product

S(e,e) is a polarized Hodge structure for |q| sufficiently small.

Remark 1.2. (1) The theorem above describes the general phenomenon behind
Li’s computation for Clemen’s manifolds in [31]. We will see later that the lead-
ing term in his computation corresponds to the nilpotent orbit, and the nearby
Hodge filtration approximates the nilpotent orbit in a certain way (sufficiently
fast) so that it still underlines a polarized Hodge structure.

(2) By Steenbrink’s theory, the assumption W5t = W (N, d) in Situation (A) is only
a topological condition on the central fiber Xy. Indeed, this topological condition
only involves the Gysin morphisms and the restriction morphisms of the strata of
Xo. Also, the computation of the Hodge index (s77,s”'?) in Situation (B) can be
reduced to the computation of the Hodge index on the middle cohomology of the
strata of X by Fujisawa’s theory ([19], or see Proposition and Proposition
3.6). This will be elaborated in Section 3. Hence, our theorem provides a
criterion of the d9-lemma on the general fiber and a formula to compute the
Hodge index on the middle cohomology of the general fiber in terms of the
topology of the singular fiber.

The first consequence of Theorem [1.1]is based on a theorem of Guillén-Navarro Az-
nar. Suppose that X satisfies a strong Kéhler type condition: there exists a class in
H?(Xo,R) that restricts to a Kihler class on each irreducible component. Then Guillén-
Navarro Aznar ([22], or cf. [33], §11.3]) shows that there is a polarized Hodge-Lefschetz
module structure on yys¢ By, and thus Steenbrink’s weight filtration W5 and the mon-
odromy weight filtration W (N, d) coincides on H%(X,,C) for all d. (The coincidence
of W5 and W (N,d) for a projective degeneration is first proved by Saito [38, 4.2.5
Remarque] and Usui [46, (A.1)] independently.) Therefore, combined with Theorem [L.1]
and Fujisawa’s theory ([19], or see Proposition and Proposition , we can prove
the following theorem:

Theorem 1.3 (Corollary . Let f : X - A be a semistable degeneration of m-
dimensional compact complex manifolds. Suppose that there exists a class L € H*(Xg,R)
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which restricts to a Kdhler class on each component of the mormal crossing complex
analytic space Xo. Then

1 e general fiber satisfies the 00-lemma for |q| sufficiently small.
(1) The general fiber X, satisfies the 99-lemma for |q| sufficiently small
we let hy = dimge , , then the signature o e o) on the (p,m—
2) If we let hy” = dimc HY(X,, Q% ), then the si fS(C h
p)-component of the Hodge structure on H™(X,4,C) is

q q
r>0 r>0

( Z (h{1)72r,m—p72r _ hp72r—1,mfp72r71 )7 Z (h§72r71,m7p72r71 _ hp72r72,m7p72r72 ))

for |q| small.
(8) In particular, when m is even, then the general fiber X, satisfies the Hodge
index theorem for compact Kdhler manifolds for |q| small: the signature of the

cup product Q(e,) on H™(X,,R) is Za,bzo(—l)ahg’b for |q| small.

Remark 1.4. Roughly speaking, the theorem above says that under such a strong
Kahler type condition on the central fiber, the general fiber behaves like a Ké&hler
manifold. Indeed, if M is a m-dimensional compact Kahler manifold, then from the
Lefschetz decomposition on the middle cohomology, we have

HP™ (M) = @ L7 HI"™ (M),

rim
r>0 P

where H*? (M) denotes the (a,b)-component of the primitive cohomology of M and

prim
L is the Lefschetz operator. Denote the dimension of H*?(M) and Hgfm(M ) by hab
and hg’rli’m. Then the signature of S(Ce,®) on HP"™P(M) is

p—2r,m—-p-2r p—2r-1,m-p-2r-1
(Z hprim ’ Z hprim

r>0 r>0

= (Z(hP—QT,m—p—QT _ hp—?r—lfm—p—??“—l)’ E(hp—Qr—Lm—p—ZT—l _ hp—2r—2,m—p—2r—2)) ’

r>0 r>0

which is the same as the formula in (2) above. It is interesting to ask whether the general
fibers are Kéhler manifolds if there are Kahler forms on all irreducible components of
X that agree on all intersections.

Now, we consider a m-dimensional compact complex analytic space Xy with at most
ordinary double points, which admits a resolution of singularities that satisfies the 90-
lemma. Let {z;]1 < i < I} be the set of ordinary double points on Xy and Xy be
the blowup of Xy at all ordinary double points. The exceptional divisors @); in X
over ordinary points x; are m — 1-dimensional quadrics. If m is odd, each @Q); is an even-
dimensional quadric with standard ™--dimensional planes whose homology classes will

2
be denoted by A; and B;. Define the number

l _ -
R = dimcker (@ H{;;ﬁ(@z) -, Hm+1(X0)) ,
i=1
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where 7 is the Gysin morphism. The number R represents the number of linear relations
of A; - B; in Hy,—1(Xp). If m is even, consider the kernel of the restriction map

V™ = ker (Hm(XO) - éHm(QZ)) )

i=1

which has dimension hm(Xo) -1 if Xy admits a global smoothing. Then, by applying
Theorem to this situation, we get the following theorem, which generalizes the
theorem of Friedman [16] and Li [31] for Clemens manifolds:

Theorem 1.5 (Theorem . Let f : X - A be a one-parameter degeneration of
m-dimensional compact complex manifolds such that the central fiber Xy has at worst
ordinary double points. Suppose that Xo admits a resolution of singularities that satisfies
the 90-lemma. Then the nearby fiber X, satisfies the d0-lemma, for |q| small.

Let (hli’mfk()zo), h’f’mfk()go)) be the signature of S(C'e, ) on H*™*(Xy). Whenm
is even, let (ET/Q’m/2(X0), izln/g’mﬂ()fo)) be the signature of S(C'e,®) on the (m/2,m/2)
part of V.

(1) If m is odd, then the signature of S(Ce,®) on H*™F(X,) is

(P (Ko, ETH(X)), ket
(i (Xo) + R, hE™H(Xo)), k= L or m

for |q| sufficiently small.
(2) If m is even, then the signature of S(C'e,®) on H*™*(X,) is

{ (nhm*(Xo), nEm (X)),
(

+

A~

k+D
2
BT (o) 1, BIPT(X)) L k=

for |q| sufficiently small.

In particular, if H™(X,,C) together with the cup product S(e,e) is a polarized Hodge
structure, then H™(X,,C) together with the cup product S(e,e) is a polarized Hodge
structure as well for |q| sufficiently small.

Recently, there have been several new classes of non-Kéhler Calabi-Yau manifolds
(which are not even of Fujiki class C) constructed by the global smoothing of d-semistable
SNC Calabi-Yau varieties. The critical ingredient is to apply the log deformation the-
ory of the d-semistable SNC Calabi-Yau variety developed by Namikawa-Kawamata
[27, Theorem 4.2] (or see [10, Corollary 7.4] for some recent developments). Then,
by choosing suitable d-semistable SNC Calabi-Yau varieties and applying the theory
of Namikawa-Kawamata, Hashimoto-Sano [23] construct non-Kéhler Calabi-Yau three-
folds X3(a), whose by tends to infinity as a tends to infinity. Later, by using the same
method, Lee [30] constructs an example of non-Kéhler Calabi-Yau fourfold, Sano [39]
constructs non-Kéahler Calabi-Yau m-folds X,,(a) for all m > 4, whose by tends to in-
finity as a tends to infinity, and also Sano [40] gives another example of non-Kéahler
Calabi-Yau threefolds with arbitrarily large bs.

If we apply our Theorem to their examples, then we have:
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Theorem 1.6 (Theorem[d.5). The non-Kdihler Calabi- Yau threefolds X3(a) constructed
by Hashimoto-Sano [23, Theorem 1.1] satisfy the 0-lemma. Moreover, H3(X3(a),C)
together with the cup product S(e,e) is a polarized Hodge structure.

Theorem 1.7 (Theorem [4.7)). The non-Kdahler Calabi-Yau m-folds X,,(a) for m > 4
constructed by Sano [39, Theorem 1.1] satisfy the d0-lemma. Moreover, the Hodge index
on the middle cohomology H™ (X, (a)) is as follows:
(1) If m =3 (mod 4), then H™(X,,(a)) together with the cup product S(e,e) is a
polarized Hodge structure.
(2) If m=1 (mod 4), then the signature of S(C's,®) on H*™*(X,.(a)) is

(HEm (Xn(a). 0). ke met,
(PP * (X (a)) -9(27a® - 2a+5) —a -6, 9(27a*-2a+5)+a+6), k="54 or L

(3) If m = 4, then the signature of S(Ce,s) on H*™*(X,,(a)) is

{ (RFm* (X (a)), 0), i
(R *(Xp(a))-a-1, a+1), k=2

(4) If m is even and m > 6, then the signature of S(Ce,®) on H*"*(X,,(a)) is

{ (hkm-k(Xm(a)), 0), k+m
(R *(Xp(a))-a-2, a+2), k=2

Since the construction of Sano’s non-Kéahler Calabi-Yau m-folds relies on the pro-
jective Calabi-Yau manifolds of Schoen’s type (fibered product type), the difficulty
in applying Theorem to this case is to understand the cohomology of projective
Calabi-Yau manifolds constructed by the fibered product of two anti-canonical Lef-
schetz fibrations. Throughout the paper, when we refer to a Lefschetz fibration, we
mean a Lefschetz fibration that arises from the blowup of the base locus of a Lefschetz
pencil, which is contained in an ample linear system. We prove the following Lefschetz-
type theorem for the fibered product of two Lefschetz fibrations over P! with disjoint
critical locus:

Theorem 1.8 (Theorem . Let X; N P! (i =1,2) be two Lefschetz fibrations and
A(f;) ¢ P! be the critical locus of f;. Write m; = dimeX;. Assume that A(f1) and
A(f2) are disjoint. Then the canonical morphism of graded rings

H.(Xl)(@) ®H'(]P’17Q) H.(Xla Q) - H.(Xl Xp1 X27 Q)
s an tsomorphism in degree < m1 + mo — 2 and s injective in degree mi +mo — 1.

A Dbrief description of the contents is as follows: in Section 2, we first recall some
basic results of the degeneration of abstract variation of Hodge structure and prove
an abstract version of Theorem by assuming two technical estimates on nilpotent
orbits. In Section 3, we review Steenbrink’s theory and Fujisawa’s theory on limiting
mixed Hodge structures and show that Theorem [1.1|follows from the abstract version we
prove in Section 2. In Section 4, we apply Theorem to several examples, including
the global smoothings of ODPs, the global smoothings of Calabi-Yau threefolds with an
O16 singularity, Hashimoto-Sano’s non-Kéhler Calabi-Yau threefolds [23], Sano’s non-
Kéhler Calabi-Yau m-folds [39]. In Section 5, we prove the Lefschetz-type theorem



8 KUAN-WEN CHEN

for the fibered product of two Lefschetz fibrations over P' with disjoint critical locus.
Finally, in Section 6, we derive the unpolarized and generalized version of the converse
of nilpotent orbits theorem that we use in the proof of Theorem

Remark 1.9. Theorem and some special cases of Theorem and Theorem
for the threefold degenerations with N2 = 0 have also been obtained by Tsung-Ju Lee
[45] independently, where the finite distance degenerations of non-Kéhler Calabi-Yau
threefolds that satisfy the 09-lemma are studied.

Acknowledgments. The author would like to thank Hung Jiang, Po-Sheng Wu,
Alex Xu, and Professor Taro Fujisawa for inspiring discussions. In the communica-
tion with Professor Chin-Lung Wang, the author was informed that Tsung-Ju Lee also
obtained similar results in this direction independently. After communicating with
Tsung-Ju Lee, the author wants to thank him for his suggestions on the earlier version
of the article. Lastly, the author wants to thank Professor Robert Friedman for his
numerous suggestions, explanations, clarifications, and the time he spent editing this
paper.

Notation: For every a € Z, let €(a) := @ We have

e(a+1)=(-1)%(a) =€(-a), e(a+2)=-€(a),
e(a+b) = (-1)%e(a)e(d).

2 Abstract Variation of Hodge Filtration

Let H be a holomorphic vector bundle on the punctured disc A* with an integrable
connection V. Consider the canonical extension H of (H,V) of H to the unit disc A
so that V extends to a regular-singular connection on A. Let T be the monodromy
automorphism of the local system of horizontal sections HV determined by a counter-
clockwise loop around 0, i.e. at each stalk of HV over A*, T is obtained by the inverse
of the pullback along the counter-clockwise loop by parallel translation. The convention
for T here is compatible with the convention for the Picard-Lefschetz monodromy 7" in
the next section. Assume that 7" is unipotent and let N = —log(7"). Then by [12], we
can write H = H® O, where H is the C-vector space of multivalued horizontal sections
of H, and the fiber H, of H over 0 is identified with H up to the action of the unipotent
group {exp(AN): X e C}. The fiber of H at any point is identified with H modulo the
action of {exp(kN) : k € Z}. The connection V is associated to the connection 1-form

N _d
2my/—1 ?q’

Write

where ¢ is the coordinate of A*.

_ v 1e , _ logg
’ 27r\/—_1 ’

where z is the uniformizer of A* and ¢ : $§ - A* the corresponding uniformization.
A holomorphic section v of H, viewed as a holomorphic section of the trivial bundle
©*H = H ® Og with the invariance property v(z - 1) = Tv(z), extends to a holomorphic
section of H if and only if the section exp(—zN)y*v, viewed as a holomorphic section
of H, extends to a (single-valued) holomorphic function from A to H.

We first recall some definitions in the context of the degeneration of Hodge structures.

q
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Definition 2.1. Let H be a finite-dimensional complex vector space, and N a nilpotent
endomorphism of H defined over R,
(1) The monodromy weight filtration of N centered at d is the unique increasing
filtration W = W (N, d) of H such that N(W;) c W;_o for ¢ > 2 and the map

N': G}, H - Gl H

is an isomorphism for all [.

(2) (J9, Definition 2.26]) Suppose we are given a non-degenerate bilinear form S on
H defined over R which is (-1)%symmetric: S(v,u) = (=1)%S(u,v), and such
that N is an infinitesimal isometry: S(u, Nv)+ S(Nu,v) = 0. Then a mixed
Hodge structure (H,W, F') on H is polarized by N centered at d if

(a) N1 =0;

(b) W=W(N,d);

(c) S(FP,F&P*1) =0;

(d) NFP c FPL;

(e) the Hodge structure (of weight d + () on the primitive part

Py =ker(N* Gl H - GV, ,H)
is polarized by the form S(e, N'e).

A well-known consequence of Schmid’s nilpotent orbit theorem and S Ly orbit theorem
(cf. [41]) is that if H underlies an integral polarized variation of Hodge structure of
weight d, then Hodge bundles FP extends to holomorphic subbundles F? of H so that
the triple (Ho, W(N,d),Fy) is a polarized mixed Hodge structure, where W (N, d) is
the monodromy weight filtration of N centered at d.

This section aims to deal with the converse situation of Schmid’s theorem. We are
interested in the following two situations:

(A’) We are given a mixed Hodge structure (H, W, F') defined over R and a nilpotent

endomorphism N on H such that
(a) N is a morphism of mixed Hodge structure of type (-1,-1)
(b) W =W(N,d) is the weight filtration of N centered at d.
(B’) Besides the assumption in (A’), we are given a non-degenerate bilinear form S
on H defined over R which satisfies
(a‘) S(’U, ’LL) = (_1)ds(u7 U)7
(b) S(u, Nv)+S(Nu,v) =0,
(c) S(FP,F4P+L) =0 for all p.
In the situation (A'), since W = W (N, d), we have
dimcGrliH = dimCGriﬂ_p H,
and hence
dimF? + dimF" " = dimH
for all p. Also, in the situation (B’), we have S(W,H,W,H) =0 for a+b < 2d-1. Thus,
S(e, N'e) defines a non-degenerate pairing on Grg‘ilH . Moreover, by the first Hodge-

Riemann condition on F, S(e, N'8) is non-degenerate on the (p,d+1 - p)-component of
the Hodge structure on Grlf,, H (of weight d +1) for all p and I. Note that S(e, N'3) is
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also non-degenerate on the (p,d + [ — p)-component of the Hodge structure (of weight
d +1) on the primitive part

Py =ker(N™ Gl H - G, L H)

for all p and I. Let (s24P, s»*1"P) denote the signature of S(Ce, N's) on the (p,d +
I — p)-component of Py,;, where C is the Weil operator defined by (v/=1)P~¢ on the
(p, ¢)-component of a Hodge structure of weight p + ¢. Since S(u, Nv) + S(Nu,v) =0,
the signature of S(C's, N's) on the (p,d + [ — p)-component of the Hodge structure on
Gry, H is

(Z 8}i+2r,d+l—p+2r n Z S}z+2r+1,d+lfp+2r+1’ Z S€+2r,d+lfp+2r i Z Sg+2r+1,d+lp+2r+l) .
r>0 r>0 >0 r>0

Given an integer n, set n, = max{n,0}. In the situation (B’), for 0 < p < d+1, define
the invariants
Sz,m+l—p _ Z sﬁ+r,d+l—p+r
7’2(71)+
and
S]_),d+l—p _ Z 81_)—%—7“,d-¢—l—p+r7
r>(-1)4
which corresponds to (the N-Lefschetz decomposition of) the (p,d + [ — p)-component
of the Hodge structure on GrZ‘ilH.
Our main theorem is:

Theorem 2.2. Suppose we are given a decreasing filtration F* of holomorphic subbun-
dles of H. Let F* be the corresponding holomorphic subbundles 0f7:[|A* under canonical
extension. We suppose that F* extend to holomorphic subbundles of H, still denoted by
F*. Consider the fiber .735 of F* over 0.

(1) If the triple (Ho, W(N,d),Fo) satisfies the situation (A'), then the fiber F;
of F* is d-opposed to its complex conjugate for |q| small. In other words, Fq
induces a pure Hodge structure on Hq of weight d for |q| small.

(2) Suppose moreover that we are given a non-degenerate bilinear form S on H
defined over R which makes (Ho, W(N,d),Fo) satisfy the situation (B'). We
also replace the assumption (c) of the situation (B') by a stronger first Hodege-
Riemann bilinear relation: S(FP, FEP+1) =0 for all p.

Then the signature of S(C'e,®) on the (p,d—p)-component of the Hodge struc-
ture Hq becomes

d d
Sp,k k| _ p+r,d+l-p+r p+r,d+l-p+r
r>(=1)+ r>(=1)+
for |q| sufficiently small.
In particular, if (Ho, W(N,d),Fo) is a polarized mized Hodge structure cen-
tered at d, (i.e. PP for all p and 1), then F, induces a polarized Hodge
structure of weight d on Hgq for |q| small.
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Remark 2.3.

(1) The condition that S(F?, F4P*1) = 0 for all p implies the assumption (c) in the
situation (B') since

S(exp(zN)v,exp(zN)v") = S(v,v")

for all vectors v and v’ in H.
(2) In the theorem, it is surprising that we do not assume that the filtration F* is
horizontal: V,F? c FP~1 while it is a natural condition in the geometric setting.

The idea to prove Theorem @ is to compare our Hodge filtration F; with the "nilpo-
tent orbit.” To be precise, the following two theorems are the unpolarized version and
the generalized version of the converse of nilpotent orbit theorem of Cattani-Kaplan-
Schmid ([9], Corollary 3.13), which will serve as the leading terms of the estimates on
Fy in the proof of our main theorem. We will prove the following two theorems in the
last section of the paper.

Theorem 2.4. For each mized Hodge structure (H,W,F) in the situation (A'), the
filtration exp(zN)F* is d-opposed to its complex conjugate for ITm(z) sufficiently large.

Theorem 2.5. For each mized Hodge structure (H, W, F) and non-degenerate bilinear
form S on H in the situation (B'),

(1) The Hodge filtration F* can be refined to a filtration F* such that
(a) dimCGrIIEH =1 for all k,
(b) The restriction of the Hermitian form (v/=1)%S(e,®) on exp(zN)E* is
non-degenerate for Im(z) sufficiently large and for all k.
(2) The signature of the Hermitian form S(Ce,®) on exp(zN)FPNexp(zN)Fd4P
becomes

d d
Z Sji,k:7 Z Sg_),k;) _ Z 8€+7’,d+l—p+7‘7 Z 8]z+7’,d+l—p+’r‘
(k:() k=0 I>p-d, I>p-d,
r>(=1)+ r>(=1)+
for Im(z) sufficiently large.
In particular, if (H,W,F) is a polarized mized Hodge structure centered at d,

(i.e. sPdtr _ for all p and 1), then exp(zN)F* is a nilpotent orbit.

Remark 2.6. Theorem and Theorem are generalizations of the converse of
nilpotent orbit theorem of Cattani-Kaplan-Schmid [9, Corollary 3.13]. It is possible
to follow their methods to prove the first theorem. More precisely, if we consider the
classifying space D of unpolarized Hodge structures according to the assumption in
Theorem then D is still a homogeneous space of the form G(R)/K, where G(R) is
a real Lie group and K is a subgroup of G(R), at the expense that K might be non-
compact. Since D is still a real open subset of its compact dual DY, we can follow the
line of Cattani-Kaplan [8, Proposition 2.18] to deal with the case of the mixed Hodge
structure split over R and then use the same methods as in [9 Corollary 3.13] to reduce
the general case to the case of the mixed Hodge structure split over R. In the last section
of the paper, we will prove the two theorems above by direct combinatorial calculation.
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Now, we can prove the main theorem of this section:

Proof that Theorem [2. + Theorem [2.5 = Theorem [2.3. First, since F* is the corre-
sponding filtration of F* under canonical extension, by Deligne’s construction, this
means exp(—zN)e*F* viewed as the filtration on H|a, coincides with F*|a,.

To prove Theorem (1), it suffices to show that (¢*FF), @ (¢* Fdk+1), = (0*H).
for all 0 < k < d and Im(z) sufficiently large. We may assume 0 < Re(z) < 1 and write
z = a+it. We choose a basis {vF},.;x of F¥ for every 0 < k < d, and possibly by shrinking
A, we can extend v¥ to a holomorphic section vF(q) of F* so that {vF(g)};csx is a basis
of .7}5 Then (p*F*). has a basis of the form

ui (2) = N of (q).
We have |g| = O(e™2™) and |2| = O(t) since 0 < Re(z) < 1. And since N1 = 0, we have
Nl (q) = N (0F + O(e72™)) = e Nof + O(t%e7>™).

Therefore, the top wedge of the basis of (p*F*), and (p*Fd-*+1), would be

o (o) )

ielk jeId—kJrl

_ ( /\ ezNUl{c +O(tde—27rt)) /\( /\ GZNW‘FO(td@_Zﬂt))

selk jgld—k+1

_ (/\ eszch) /\( /\ 6ZN’U§l_k+1) +O(td(dimCH)€—27rt)
ielk jE[d—k+1

By our assumption, (Ho, W(N,d), Fp) is a mixed Hodge structure. So by Theo-
rem exp(zN)F; is d-opposed to its complex conjugate for Im(z) sufficiently large.
Therefore, the leading term

/\ eZNUf A /\ ezN,qul—kH
ielk geld=k+1

is a nonvanishing top form for ¢ sufficiently large and we can rewrite it as

Gulan)( A o?)

iel0

where Ci(a,t) is a polynomial in a and ¢ and is nonzero for ¢ sufficiently large. Then
we must have |Cy(a,t)| > Cyt?* for t sufficiently large, for some Cj, > 0 and nonnegative
integer Lj. So we can conclude that ®F is nonvanishing for ¢ sufficiently large, and
hence (*F*), is d-opposed to its complex conjugate for t large.

To prove Theorem (2), we need to show that S has the corresponding signature

on (¢*F*¥), N (¢*Fa*),. Due to the d-opposedness condition that we have just proved
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and the first Hodge-Riemann bilinear relation, it is equivalent to show that for 0 < k < d,
the signature of the Hermitian form (v/~1)%S(e,®) on (¢*F¥), is

d

(21) Z(_l)d*j Z 81+T,d+l—j+r _ Z Sj_'+'r',d+l—j+7»

j=k I>j-d, 1>j-d,
r2(=1)+ r2(=1)+
for ¢ sufficiently large. Here, by abuse of terminology, given a non-degenerate bilinear
form S (or Hermitian form) with signature (s;,s-), we call the number s, — s_ the
signature of S as well.
Replace the vectors vf with the basis compatible with the refined filtration from
Theorem 2.4 We have

(V-1)S(uf (2),uk (2))
= (\/Tl)dS(ezN k+0(td 27rt) GZNUk—f-O(td 27rt))

_(\/_)dS(EZN k ENUf,)_i_O(tZdefQﬁt)‘

Since the mixed Hodge structure (Ho, W (N,d),Fy) and S(e,e) satisfy all of the
assumptions in Theorem the Hermitian form (vV/-1)4S(e,®) has signature as in
1' on the filtration exp(zN)F; ® Thus the leading term

((\/_)dsr(ezN k 2N k))

of the matrix ((\/ )dS( M(2),uk (z))) , is a nondegenerate Hermitian matrix with
7,1
signature the same as .

We recall the following eagy linear algebra fact:

Lemma 2.7. Suppose that A is a non-degenerate Hermitian matriz such that the leading
principal [ x I submatrices are non-degenerate for all I. Then A is »-congruent to the
diagonal matriz D = diag( Moy, M1/My, Ma/Mj, ...), where M is the leading principal I x1
minor of A. (In other words, there exists an invertible matriz P such that A= P*DP.)

G B

B* C ) with G invertible, we can per-

Proof. Given a Hermitian matrix with A = (

form the block diagonalization

G BY\_ I 0)\(G 0 I G'B

B c) \pcgt 1)\o c-Bc¢'BJ\0O I |
Inductively performing this operation to A with respect to the leading principal sub-
matrices, one gets the diagonal matrix D = diag(My, M1/Mo, Ma/Mj,...). O

If A is the matrix ((\/—l)dS(eZNvf,esz_i’i))A _, then by our choice of basis, the
1,0

leading principal [ x [ submatrices are non-degenerate. In particular, if we let P(a,t)
be the leading principal [ x [ minor of A, then P;(a,t) is a polynomial in @ and ¢ which
must be nonvanishing for ¢ sufficiently large, Therefore, we have |P;(a,t)| > Cit¥ for t
sufficiently large, for some C; > 0 and nonnegative integer Kj.
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Let B = ((\/—1)dS(uf(z), uf,(z))) _. By our computation, we can see that the upper
left [ x [ minor M; of B is of the form
Py(a,t) + O(t"e ™),

where n; is a non-negative integer. Hence, M; is nonzero for ¢ sufficiently large, and the
leading principal [ x [ submatrices of B are also non-degenerate. Now we have

Ml_l 1+ Z( Pl(a t)O(tnl —27rt)) ) 1 +O(tm 27rt)

xS ( P(a.t)
and
M _ Pria(a,t)
Ml Pl(avt)
for some nonnegative integer nf Therefore, M;,1/M; must have the same sign as
P1(a,t)/P(a,t) for t sufficiently large. So we can conclude that the Hermitian matrix
(\/Tl)dS(uf(z),uf,(z))“, also has signature as in for ¢ sufficiently large. The

proof is complete.

+O(tMe )

g

Remark 2.8. In section 6, we will show that Cy(a,t) = Cit’* + Ot 1) with Cj, # 0
and Ly > 0, Piyy(a,t)/P(a,t) = Cfth + O(t4171) with O] # 0 and k —d < L] < d. The
asymptotic orders Ly and L; are explicitly computable (cf. Remark .

3 Geometric Variation of Hodge Filtration

Suppose we are given a one-parameter degeneration of m-dimensional compact com-
plex manifolds f : X — A, where X is a connected complex manifold, A is the unit
disk and f is a proper holomorphic map that is smooth over the punctured disk A*
and E := f71(0) = Xj is a simple normal crossing divisor all of whose components are
reduced. Suppose, moreover, that the irreducible components of E are all Kahler or,
more generally, each k-fold intersection of F satisfies the d9-lemma. The total space is
homotopy equivalent to £ by a fiber preserving retraction r : X - E. So the compo-
sition of the inclusion map i; : Xt — X and the retraction gives a specialization map
r¢+ Xy = E. The complex ¢¢Zy = (Rry)«if Ly is the complex of the nearby cocycle so
that HY(E,v;Zy) = HY(Xo) for all d > 0, where Xoo := X xa+ §) is the canonical fiber.

We first recall and summarize Steenbrink’s construction of limiting mixed Hodge
structures. Consider the relative log de Rham complex

% /a(logE) := Q% (logE)/ f* Q5 (10g0) A Q%' (logE).
Theorem 3.1. ([42], or see [33, §11.2.4-§11.2.7])

(1) The hypercohomology He(E, QS /A(logE) ® Op) is isomorphic to the cohomol-

09y HY (X o; C), where Xoo = X xpx $ is the canonical fiber. The sheaf H =
]Rdf,rQ;(/A(logE) is locally free and satisfies: Hd|A* s isomorphic to the holo-

morphic vector bundle H? := (Rd(f|f_1(A*))*(C) ®c O+, and H? is Deligne’s
canonical extension of HC.
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(2) There exists a marked mized Hodge complex of sheaves on E
S = (T, (5(C), W5, (5(A™), WS, Fi)).,

which defines the limiting mized Hodge structure over Q on Hd(Xoo) so that
the nilpotent endomorphism N = log(T') acts as a morphism of mized Hodge
structure of type (=1,-1). In particular, the weight spectral sequence

wst ByPNT = @ HYTR(E(2K 41+ 1)) (-1 - k) = HY(Xw, Q)
k>0,-r
degenerates at Eo
(3) The spectral sequence with Ei page

EP = HI(E; Qﬁ(/A(logE) ® Op) = HP"(X;C)

degenerates at E1 and the corresponding filtration on HP*9(Xo; C) is the Hodge
filtration. Moreover, possibly after shrinking A, the spectral sequence with F
page

EP = qu*Q?(/A(logE) = RPFIf, Y/a(logE) = HPH

degenerates at E1. Thus, for t € A*, the Hodge to de Rham spectral sequence
for Xy degenerates at E1 and the coherent sheaves qu*Qg(/A(logE) are locally

free.

Remark 3.2. It should be noticed that the nilpotent operator N under Steenbrink’s
setup is different from the nilpotent operator N in the abstract setup (that is, the nilpo-
tent operator N of Schmid [41], Cattani-Kaplan-Schmid [9], and the previous section)
by a negative sign. The reason is that under the abstract setup, we use the inverse of
the monodromy operator to trivialize the local system on the upper half-plane, which
leads to a negative sign on the nilpotent operator. For some more elaboration on this
difference, we can refer to [20} 6.27, 6.28].

For later use, we describe Steenbrink’s weight filtration more precisely here. Let E;
be irreducible components of E. For each [ > 1 and each I = (i1, ...,4;), we denote E} the
intersection E; n...nE;, and E(I) the disjoint union of Et with |I| = . We have natural

inclusions p]I- : Er » Ej where J = (i1, ...,ij,...,i;) and p} : D\1=1 p§ :E(l) > E(l-1).
We denote «; the alternating sum of the Gysin morphisms:

l .
Y = @1(—1)3*1@;)! tHY(E(1)) > H(B(1-1))(1)
b

and 6; the alternating sum of the pullback morphism:

0 = Ej@(—l)j‘l(pT“)* tHY(E(1)) » HF(E(L +1)).

The FE; page of the weight spectral sequence is

wstBPT = @ HETREQE 1+ 1)) (—r - k)
k>0,—r
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and the differential d; corresponds to the map —@rs0 —r Vr+2k+1 + @k20,—r Or+2k+1 OD

wste B matr (which will be denoted by —v + @ for simplicity):
@ H " E@k+r+1)(-r-k)» @ H"*2(EQk+7r))(-r-k+1).
k>0,-r k>0,-r+1

For all r > 0, note that

wst BPYT = @ HY R (B(2k -1+ 1)) (r - k)
k>0,r

= @ HYHEQI+r+1))(-1) = s B ()
1>0,-r
by taking [ = k —r. Let I denote the identity map Ws,sEl_r’d”’ - WStE?d_T(—’I“)
above. Then the morphism N” from s By """ = GrgzitHd(Xoo) to s By =
Gr}ffftﬂd(Xoo) is induced by the map (2mv/~1)"I. Thus, to check that W5 = W (-N, d)
on H%(X,), it suffices to show that the isomorphism (27v/~1)"I from WszEl_T’d” to
WSt EI’d_T also induces an isomorphism at the Es page for every r > 0.

Now, we turn to the product structure on the limiting mixed Hodge structure. Since
the nearby cocycle complex is quasi-isomorphic to the relative log de Rham complex,
there is a natural cup product defined on H*(X ), which will be denoted by Q(e,e).
More precisely, from the product structure on Q% / A(log(E)), we have a natural product
morphism

R’ £. Q%4 (log(E)) @ R £.05 A (l0g(E)) - R™ £,05 A (log(E)).
Also, we have a relative trace morphism
R*™ £, Q% a(10g(E)) = R™ fawx/a > Oa,
where wy is the relative dualizing sheaf of f. The cup product
Q:H*(Xe,C)® H™"*(Xo,C) > C
is identified with the fiber over zero of the (relative) cup product

R* [ 2 (I0g(E)) @ R*"™* £, 5 (10g(E)) - Oa.

Remark 3.3. On a m-dimensional compact complex manifold Z, the natural trace
map in the duality theory is different from the integration map by a sign of (-1)™. To
be precise, if we let

/; : H*"™(Z,C) - C
be the integration map on 7, then the natural trace map in the duality theory is

(-1)™ [, or % [, depending on whether we fix a choice of v/-1 or not. We refer

to [6] and [34] for the absolute and relative duality theory on complex spaces and [11]
for the clarification of the signs. In our case, we would normalize the relative trace map
so that the restriction of

Rmf*wX /A ™ OA

to the general fiber X; is just the integration map

/;Q . H*™(X,,C) - C.
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Since Steenbrink’s limiting mixed Hodge complex s(A®**) doesn’t carry a natural
product structure, it is not clear from the definition how Steenbrink’s weight filtration
W5t behaves under the cup product. To study the behavior of W under the cup prod-
uct, Fujisawa [19] constructs another mixed Hodge complex of sheaves (Kq, K¢, W, F)
which carries a natural product structure and admits a quasi-isomorphism of bigraded
complexes

(s(C**),s(A™*), W5 F) = (Ko, K¢, W, F).
Hence, there is a product morphism
HY(E,K¢) @ B/ (E, K¢) - HY (E, K¢).
Fujisawa also constructs a trace morphism
Tr:H*™(E, K¢) - C
and then defines the cup product pairing
Qx :H*(E, Kc) @ H*"*(E, K¢) - C

in [ibid., Definition 7.11 and Definition 7.13].

It is not stated in [I9] that the cup product Qg defined in [ibid., Definition 7.13]
coincides with the one we describe above. In [21], Fujisawa-Nakayama checked the
compatibility of the cup product Qx defined in [19] and the cup product on the Kato-
Nakayama space EXe of E. Using similar tricks, we can check the compatibility of the
cup product Qg defined in [I9] with the cup product @ described above. We sketch
the proof of this compatibility below:

Lemma 3.4. The cup product Qg defined in [19] is compatible with the cup product Q
described above.

Proof. 1t is not hard to see that the product morphisms of Qx and Q% / A(log(E))eOg
are compatible. More precisely, this is explained in the last paragraph of the proof of
[21, Proposition 4.6].

The nontrivial part is to show that the trace morphism defined in [19, Definition 7.11]
coincides with the one induced by the dualizing sheaf wr on E. To see this, let Eg,g
be the subspace consisting of the singular points of E and let U = E - Egpe. The trick
is that since H™(Esing,wr) = 0, there is a surjective morphism

H™U,wp) » H™(B,wp) - C,

where H"(U,wg) is the cohomology with compact support of wg on U. Thus, the trace
morphism is determined by the composite H*(U,wg) - C, which is simply the map
induced by integration on U because the trace morphism in the duality theory is defined
by gluing the trace morphisms on a Stein open cover (cf. [6, p.262-263]). Therefore, it
suffices to check that the composite of the trace morphism

Tr:H*"(E, K¢) - C
defined in [I9] Definition 7.11] with the morphism
H(U,wy) - H™(U,C) - H™(U,WoK¢) - H™(U, K¢) -~ H*™(E, K¢)

becomes integration on U. This is shown in [2I], Proposition 4.7]. O
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As a result, by Fujisawa [19], the cup product @ satisfies the following properties:

Proposition 3.5. Suppose that v € H (X0, Q) and y € H* 4 Xo,Q) and let N
denote the nilpotent operator. Then

(1) Qy,x) = (-1)?Q(z,y).

(2) Q(Nz,y) +Q(z,Ny) =0

(8) For all p, Q(FPHY(Xo,C), Fm P H?m=d(X  C))=0

(4) QWI'HY( X o0, Q), WL H*™ (X0, Q)) =0 for a+b<2m—1.

By Proposition (4), the cup product induces the morphism
St St _
Grayy HY (X0, Q) 80 Gy H" ™ (Xoe, Q) > Q
for each d and r, still denoted by Q. Consider (e,e) = ¢(d —2m)Q(e,e). To calculate
(e, ), we introduce another linear pairing 1 as follows: note that (e, e) is a map
WStEQ_T’d+T ®c WStE;’,Zm—d—r = Q
At the st E7 page, we have

wst BPT = @ HETR(EQE 4+ 1)) (—r - k)
k>0,-r

and

s PP - @y gA 2 (B 21-r+1))(r-1) = @ HPET R (E(2k+r+1)) (<)
1>0,r k>0,-r

by taking k =1 —r. Consider the linear mapping
77[) . WStEl—'r,dH' ®¢ st E;,Qm—d—r N Q(—m),

defined by (r+d—2m)
e(r+d-2m

v &) = (2m\/=1)m=2k=1 J E(2k+r+1)
for ne H"2K(E(2k + 7 +1))(-r — k) and € e H>™ 42k (E(2k + 1 + 1)) (~k) and
Y(HITT2PU(EQk +r+1)(—r — k1)), H* 282 (B(2ky + 7+ 1)) (=k2)) = 0
for k1 # k2. Then Fujisawa [19] shows that (e, e) can be calculated in the following way:

UESS

Proposition 3.6. We have
<’f]7£> = (27T v _1)m1/’(777§),
where n, € are any representative of 1, §~ at the yys: B page.

Proof of Proposition and Proposition[3.6. The statements (1), (2), (3), (4) in Propo-
sition are proved in [19, §7]. Proposition follows from [19, Lemma 6.13] and the
computation in the proof of [ibid., Theorem 8.11] O

Remark 3.7. The linear pairing ¢ is first defined by Guillén-Navarro Aznar [22, (3.4)]
to construct the polarized Hodge-Lefschetz module structure under some strong Kéhler
type condition on the central fiber (or see [33, §11.3.2]). Fujisawa [19] studies the
behavior of the weight filtration under the cup product structure and shows that such
a linear pairing ¥ comes geometrically from the cup product structure on the limiting
mixed Hodge structure.
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Lemma 3.8. (¢f. [16, Lemma 1.4]) Let X be a compact complex manifold of dimension
m for which the Hodge-de Rham spectral sequence degenerates at Fy. Then, the middle
cohomology H™(X,C) satisfies the first Hodge-Riemann condition with respect to the
cup product.

Now we can prove Theorem

Proof of Theorem[1.1. By Theorem m there are holomorphic subbundles F* of H¢
that correspond to the Hodge subbundles F* of % under Deligne’s canonical extension.
As a result, by taking S(e,e) = e(m)Q(e,e) and using Theorem Proposition
and Lemma [3.8, Theorem follows. O

As a consequence, if we assume some strong Kéhler type condition on the central
fiber, then the general fiber satisfies the d0-lemma, and the Hodge index on the middle
cohomology of general fiber is the same as compact Kéahler manifolds:

Corollary 3.9. Let f: X — A be a semistable degeneration of m-dimensional compact
complex manifolds. Suppose that there exists a class L € H*(Xg,R) which restricts to a
Kahler class on each component of the normal crossing complex analytic space Xo. Then
the general fiber X, satisties the d0-lemma for |q| sufficiently small. Moreover, if we let

hg’b = dim(ch(Xq,Qg(q), then the signature of S(C'e,®) on the (p,m —p)-component of
the Hodge structure on H™(X,,C) is

( Z (hZ—QT,m—p—Qr _ h;{;—2r—1,m—p—2r—1 )’ Z (hg—2r—1,m—p—2r—1 _ hZ—QT—Z,m—p—QT—Z ))

r>0 r>0

for |q| small.
In particular, when m is even, the general fiber X, satisfies the Hodge index theorem
for compact Kdhler manifolds: the signature of the cup product Q(e,e) on H™(X,,R)

is Za,bzo(—l)ahg’b for |q| small.

Proof. By [22] (or cf. [33] §11.3.2]), under the assumption that there exists a class L ¢
H?(X,R) which restricts to a Kéhler class on each component of the normal crossing
complex analytic space Xj, there is a polarized Hodge-Lefschetz module structure on
wst BT @ R. As a consequence, we have W5 = W (N,d) on H(X,Q) for all d >0
(cf. [33, Theorem 11.40]). Hence, by Theorem X, satisfies the 00-lemma for |g|
small.

On the other hand, Propositionasserts that the cup product on H™ (X, ) restricts
to the pairing ¢ on grading pieces, which coincides with the one used in [22] to define
the polarized Hodge-Lefchetz module structure on yys: E] mT @ R. So, we can compute
the Hodge index via the Hodge-Lefchetz decomposition. To be precise, for p+ s > d, let
P be the (p,s)-component of the Hodge structure of the N-primitive space

ker (NP4 Grlll T HY (X oo, €©) > Gy, o H (X6, ©)),

p+s
and for d <m, we define the L-primitive subspace of P}"* by

(PD*)o = PP nker(L™ "),
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Then PY° has a Lefschetz decomposition:
PT];L,S — @LT(PP—T,S—T‘)O'

m-—2r
r>0

We claim that the Hermitian form S(Ce, (-N)?**"™%) on L"(PP">>"")g is positive def-
inite if 7 is even and is negative definite if r is odd. To see this, let z € (P?”5"™")(, and
then we have
(-1)"S(CL "z, (-N)P**™ %)
=(-1)"(-1)"(CL "z, (-N)"*" L")
=(-1)"(-1)"(@2nrv-1)"¢(CL 2, (-N)""*"" L")
= (-1)"(-)"@rv-1)"(-1)P" (L 2, C(-N)""* " L")
= (-1)"(-D)"@rv-1)"(-1)P"*(-1)"¢(z, L"C(-N)P**"" L")

= (2nvV/-1)")(z, CNPH"™ML2E) > 0.
The last inequality follows from the definition of polarized Hodge-Lefschetz module in
[22] (4.3)].

As a result, the signature of S(Ce, (-N)P**7™8) on PL° is

(Z dime (PP, dimC(Pg;i’;‘_gS‘”‘l)o) :
r>0 r>0

Then by Theorem|[L.1] for |g| small, the signature of S(C's,®) on the (p, m—p)-component
of the Hodge structure on H™(X,,C) is

Z Z dim(c(Pp+r—28,m+l—p+r—23)0 Z Z dim(c(Pp+r—23—1,m+l—p+r—2s—1)O
)

m—4s m-4s-2
I>p—-m, >0 I>p-m, 520
r>(=1)+ r>(=1)+

Since for all @ >0 and [ > p —m, we have the decomposition

Gl‘%_aGTWSt Hm_Qa(Xoo, (C) _ @ ]\77"Pp+7"—aml+l—p+r‘—a7

m+l-2a m—-2a
r>(=1)+

we can see that
Z dimC(Pp+r—a,m+l—p+7"—a)O

m—2a
I>p-m,
7‘2(—1)+
. p—a wst m-2a
= Y dimeGrt (Gl H™ 2 (Xes, ©))
I>p—-m 0
= dimeCr? * H™" (X, C) - dimeGrh * 7 H™ 2972 ( X, C)

= pp-am-p-a _ hp—a—l,m—p—a—l
q q

for || small. Hence, by summing, the signature of S(C's,®) on the (p, m—p)-component
of the Hodge structure on H™(X,,C) is

( Z (hZ—ZT,m—p—Zr _ hg—2'r—1,m—p—2'r—1 )7 Z (h5—2r—1,m—p—2r—1 _ hz)—Qr—Q,m—p—2r—2 ))

r>0 r>0

for |g| small. The last statement in the theorem is a standard consequence of the
signature S(C'e,®) on the middle cohomology we just computed. The only thing to
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notice is that, although we don’t have the Hard Lefschetz theorem on the general fiber
Xy, we still have hl)" = hg'™P"™™" for |q| small since

Wb = dimeGrl, P (X o, C) = dimgGrly PH*™ P (X oo, C) = B P "

for |g| small by the existence of L on the central fiber.

4 Examples

4.1 A non-example for degeneration of non-Kahler surfaces

In [28], Kodaira constructs an example of the degeneration of Hopf surfaces into a
rationally ruled surface with an ordinary double curve. To be precise, for all m > 1, there
exists a one-parameter complex analytic family X — A such that X; is a Hopf surface
for 0 # ¢t € A and Xy can be identified with the quotient of a Hirzebruch surface Fj,
by gluing the zero section and the infinity section together in the normal crossing way,
from which the gluing becomes an ordinary double curve in Xg. In this case, H'(X;)
is one dimensional and hence doesn’t have Hodge decomposition. We can check that
Steenbrink weight filtration W and the monodromy weight filtration W (N,1) are
different on H'(X4,C), which gives a non-example to Theorem (1).

To see this, we first describe the semistable model of X - A. Let Y be the blowup
of X along the ordinary double curve. Consider the double covering of A defined by
g+ ¢%, and let Y > A be the pullback family. Then Yj is normal crossings, all of whose
components are reduced. Yy can also be described as follows: Consider two copies S,
Sy of the Hirzebruch surface F,,, and let (Dy); and (Ds ); be the zero section and the
infinity section of S; for i = 1,2. Here, we have (Dg)? = -m and (De)? = m. Then

Yo = SiuSs/~,
where the equivalence is by identifying (Dg)1 with (Ds )2 and (Dg)2 with (D)1 via
some automorphism of P!, We will denote Dy = (Dp)1 = (Deo)2 and Do = (Dg)s =
(D)1 as curves in Yy

Now we can compute Steenbrink’s limiting mixed Hodge structure associated to the
family Y — A, Note that WStEl_T’d” =0 for |r| > 2 and any d. Also, we have

GT(I;VStHllim _ WSthl’O - coker (HO(Sl) o HU(S2) i HO(Dl) @HO(D2)) = Q,

Gr}/VStHIIim _ WStEg,l - ker (H1(51) @ Hl(SQ) i Hl(Dl) @HI(DZ)) =0,
and
GT;/VStHﬁm = WStEQ_LZ = ker (HO(Dl)(—l) ® H'(Dy)(-1) — H*(S) ®H2(S2)) =0

Thus W5t is different from the monodromy weight filtration W(N,1) on Hllim.
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4.2  Ordinary Double Points

In this section, we consider the global smoothing of a m-dimensional compact complex
analytic space Xy with at most ordinary double points. In this case, we assume that
X admits a resolution of singularities that satisfies the 99-lemma. This condition is
equivalent to that every resolution of singularities of Xy satisfies the 99-lemma since Xg
has only isolated singularities. Let {x;|1 <4 <[} be the set of ordinary double points on
X, and X be the blowup of Xy at all ordinary double points. The exceptional divisors
Q; in X, over ordinary points z; are m — 1-dimensional quadrics. If m is odd, each Q;
is an even-dimensional quadric with standard mTfl—dimensional planes whose homology
classes will be denoted by A; and B;. Define the number

l _ ~
R = dimcker (EB Hg’;ﬁ(@l) -, Hm+1(X0)) :

=1

where 7 is the Gysin morphism. The number R represents the number of linear relations
of A; - B; in H,,,_1(Xp). If m is even, consider the kernel of the restriction map

V™ = ker (Hm(XO) — éHm(Qz)) )

which has dimension 2™ (Xy) - 1 if Xy admits a global smoothing.
As a generalization of [16] and [31] for the existence of polarized Hodge structure on
the middle cohomology of Clemens threefolds, we have the following theorem:

Theorem 4.1. Let f : X - A be a one-parameter degeneration of m-dimensional
compact complex manifolds such that the central fiber Xy has at worst ordinary double
points. Suppose that Xo admits a resolution of singularities that satisfies the 00-lemma.
Then the nearby fiber X, satisfies the d0-lemma for |q| small.

Let (h]i’m_k()zo), h’f’m_k()fo)) be the signature of S(C'e,®) on H*™*(X,). Whenm
is even, let (ﬁT/z’m/Q(Xo), flr_n/Q’m/Z(X'o)) be the signature of S(C'e,®) on the (m/2,m/2)
part of V™.

(1) If m is odd, then the signature of S(C'e,®) on H*™F(X,) is

(i (Xo), BETH(Xg)), ket L
(R M (Xo) + B, BETH(X0)), k=gt or L

for |q| sufficiently small.
(2) If m is even, then the signature of S(Ce,®) on H*™F(X,) is

{ ( (e (o), WETH (X)), ke

k m
2
R 0) 41, ﬁi”/“”m”()éo)), k=

for |q| sufficiently small.

In particular, if H™ (X, C) together with the cup product S(e,e) is a polarized Hodge
structure, then H™(X,,C) together with the cup product S(e,e) is a polarized Hodge
structure as well for |q| sufficiently small.
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Proof. The computation below is similar to the proof of Theorem 2.12 in [16] for Calabi-
Yau threefolds with ODPs. We first describe a semistable model of the family. Let
{z;]1 < i <1} be the set of ordinary double points on Xy and let Y be the blowup of
X along {z;]1 <i <1}. Consider the double covering of A defined by ¢ — ¢, and let
Y — A be the pullback family. Then Y is normal crossings, all of whose components
are reduced. f/o can also be described as follows: Let Xo be the blowup of X along
the ordinary double points {x;}. Then Xy satisfies the d9-lemma by our assumption.
The preimage of each z; in Xj is a quadric (m - 1)-fold Q; in P™. Let E; be a quadric
m-fold in P™*!. Then
Y[) §X0LIUEZ‘/ ~,
i€l

where the equivalence is by identifying each @); with some hyperplane section in F;.

Consider Steenbrink’s limiting Hodge structure associated to the family ¥ - A. By
Theorem to show that X, satisfies the 90-lemma, we need to prove that W5t
coincides with W (N, d) on the cohomology H%(X,,) for all d.

Note that ys: £} T _ 0 for |7| > 2 and any d. Thus, by our discussion in the previous

section, to show that W5 = W (N, d) on H(X4,), it suffices to show that

WStE£17d+1 _ ker( @ Hd_l(Qi)(—].) —_’Y) Hd+1()~(0) ® @ Hd+1(EZ'))

1<i<i 1<i<l

is isomorphic via the map induced by (27v/-1)I to

wse By® = coker (Hd—l(f(o) o @ H"(E)S @ Hd—l(Q,-)).
1<i<l 1<i<l
By the Lefschetz hyperplane theorem, the Gysin morphism H41(Q;)(-1) - H*(E;)
is injective unless d = m and the restriction map H(E;) - H1(Q;) is surjective
unless d = m. Therefore, the assertion is obvious for d # m.

Now, we consider the case d = m. If m is even, then each @); is an odd-dimensional
quadric, and hence the middle cohomology H™ 1(Q;) is zero. So, the assertion is trivial.
If m is odd, then @; is an even-dimensional quadric with standard mT_l—dimensional
planes whose homology classes are denoted by A; and B;. Note that the restriction map

H™Y(E;) LNy m=1(Q;) sends the (mT_l)—th intersection of the hyperplane class [Q;]

to A; + B; and the kernel of the Gysin map H™ 1(Q;)(-1) = H™ 1 (E;) consists of
multiples of the class A; — B;. Thus we may identify y;,s: E, bm+l ag

l
{(ml, ...,ml) € @(—1)l Zml(Al —BZ) =0in Hm+1(X0)}

i-1
and yy st EQl’m_1 as the quotient of Q' by the subspace
{(¢-(A1-B1),....¢- (A-B)) ¢ e H" (X0)} -

The two subspaces are orthogonal under the standard inner product, so the map
wst By o s By s injective. Note also that ypse By V™ and pse Ey™ " are
dual vector spaces since the Gysin map can be identified with the pushforward morphism

of homology, which is dual to the pullback morphism of cohomology. In particular, they
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have the same dimension, and the surjectivity also follows. In conclusion, we have shown
that YW = W (N, m) on the middle cohomology H™ (X ), and hence by Theorem
the middle cohomology of the nearby fiber H™(X,) admits Hodge decomposition for
lg| sufficiently small.

To compute the Hodge index on the middle cohomology of the general fiber, by
Theorem |1 . it suffices to compute the signature of S(Ce,(~N)'e) on the grading

pieces G'rm +l Hﬁl of the limiting mixed Hodge structure on the middle cohomology for
each [. This can be computed explicitly using Proposition First, suppose that m is

odd. Then

ker (Hm(fco) 0@, H™(E) S @l H’”(Qi))

GT,,VKStHﬁl :WStEg’m = — - ;
im (@), H™2(Q:)(-1) = H™(Xo) ® @), H™(E))
which is just H™(X() since m is odd. Proposition implies that the Hermitian form
S(Ce,®) on erLVSth(Xoo) restricts to the Hermitian form S(Ce,s) on H™ (X)),
which has signature (hk’m_k(Xg) hlf’m_k()fg)) on H*™=k( X)) by our assumption. On
the other hand, let n = Zl 1
again, we have

(V=1)" "5 5(5,~Nn) = e(m)Q(n, ~Nn)

. \/_(Ai—Bi) be an element of ;s Eg_l’m+1, by Proposition

l
= (—1)e(m)e(—m)e(1 - m) Z;m%(AZ - Bi, Al - Bi)Hm‘l(Qi)

l
Z E(m 1)A B“A B)Hm 1(Q)>O
i=1

Here, (e, ®)m-1((,) denotes the cup product on H™ Y(Q;) and the last inequality follows
from the fact that A; — B; is a primitive class in H™1(Q;). As a result, the signature
of S(C e (-=N)e) on Gr]}?mGrmehm is (R, 0) for k = m+1 and is (0,0) for the other
k. Then by Theorem the signature of S(C'e,®) on Hm(X ) is

{ (hE™ ™ (Xo), BEE(X)), ke gt

(R F(Xo) + B, BEF(X0)), = 2L or 2L

for |g| sufficiently small.

The positivity of S(n,—Nn) above also follows from the Picard Lefschetz formula. In
fact, regard n as an element of H™ (X o, Q), if we let d; be the vanishing cycle associated
to each ODP z;, then we must have

l
T(T]) =n+ 2 Z e(m + 2)(77, 5i>Hm(Xt)5ia
i=1

where the multiplicity 2 reflects the 2 to 1 base change in the construction of the
semistable family. So combined with the fact that Nn # 0, we have

e(m)Q(n,—=Nn) = —e(m)e(m +2) Z; 2((n,0) m (x,))” > 0.
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Next, we discuss the case of m being even. In this case, we still have

~ 0
. ) ker (Hm(xo) o®l_, H"(E;) - @, Hm(Qi))
GY’rVTIL/ Hﬂ?‘n = WSth’m =

im (@1, H™2(Q)(-1) —> H™(Xo) @ @1, H™(E)))

It suffices to show that every class of st Eg "™ has a representative in V" & H™(E;)prim-
To see this, if we let A; and B; be the homology class of the standard %—dimensional
planes on E;, then the image of the Gysin morphism H™ 2(Q;) - H™(FE;) is generated
by A; + B;, and the primitive part H™(E;)prim is generated by A; — B;. So by modulo
the image of Gysin morphism, each class in WStEg’m has a representative in V"™ &
H™(E;)prim. This finishes the proof.

O

Remark 4.2. We can see that the argument above doesn’t rely on any topological
constraints in deformation theory to ensure the existence of smoothing. For Calabi-Yau
threefolds with ODPs, by the work of Clemens, Friedman [15], Tian [44], Kawamata
[26], Ran [35], a necessary and sufficient condition for the existence of smoothing is that
there must be some linear relation Zézl mi(A; - B;) =0 in HQ(XO) with m; # 0 for all
i. In higher dimension, Rollenske-Thomas [37] shows that a necessary condition for an
odd-dimensional Calabi-Yau with ODPs to have a smoothing is that there must be some
non-linear relation between A;—B; in H™! (Xo). It is possible that for more complicated
singularities than ODPs, the topological constraints in deformation theory should come
in to ensure that the middle limiting cohomology is endowed with a polarized mixed
Hodge structure. (See the next example for some elaboration.)

4.3 Oy Singularities (Cones over Cubic Surfaces)

In this section, we consider Calabi-Yau threefolds with an O14 singularity. Before we
state our result, we review some general deformation theory of Calabi-Yau threefolds
with isolated rational singularities. The general reference is [18, Section 5].

In the following, let X be a canonical Calabi-Yau threefold in the sense of [I8, Defi-
nition 5.1] such that H'(X,Ox) = 0. Let Z be the singular locus of X and 7: X - X
a good equivariant resolution of X so that E = 771(Z) is a divisor with simple normal
crossing. For each z € Z, let E, = 77! (z) and X, be the germ of X around E,. Consider
the following spaces:

S = EB ker(HJ%;z(Xx) - H4(Ea:))7
zeZ

T = ker(S - H*(X)),

K= ker(Hiﬂx(Q% )~ H/%T (Xz))’
xeZ i :

K := ker(H,ZE()’(\,Q%) - HO(R27T*Q§?)) ~K'eS.

Then by [I8, (5.1) and Lemma 5.6], there exists a commutative diagram of exact se-
quences
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'I[‘l — > K'eT ——— 0

! |

HY(X,T%) > K

| !

H*(X,T}) — H*(X,0%) — H°(R*.0%)

o

We define the defect o(X) of X to be dimcim(S - H*(X)) = dimeS - dimeT. By
the above diagram, we can see that if the restriction of global deformations T}( to local
deformations H(X,T%) is surjective, then T = S, or equivalently (X) = 0.

Remark 4.3. The invariant (X ) was introduced by Kawamata [26], p.27] for a normal
projective variety X to measure the failure of Q-factoriality on X. If X is a compact
complex threefold with only isolated rational singularities, then the defect o(X) also
measures the failure of Poincaré duality on X (cf. [32 Section 3| and [17, Remark 2.2]).

Now, if X is a quintic threefold with an O4 singularity, it is easy to see that any
deformation of the O14 singularity can be extended to a global embedded deformation of
X, and hence o(X) =0. As a result, it is natural to expect that a Calabi-Yau threefold
with an Ojg singularity and with ”good deformation theory” has no defect. Then we
have the following theorem:

Theorem 4.4. Let f: X - A be a one-parameter degeneration of 3-dimensional com-
pact complex manifolds such that the central fiber Xg is a generalized Calabi- Yau three-
fold with an Oig singularity. Suppose, moreover, that Xo admits a Kdhler resolution
of singularities and the defect 0(Xo) is zero. Then the nearby fiber X, satisfies the
00-lemma for |q| small.

Moreover, let Xy be the blowup of Xo at the Org singularity. If HS(XO,C) together
with the cup product S(e,e) is a polarized Hodge structure, then H3(X,,C) together
with the cup product S(e,e) is a polarized Hodge structure for |q| sufficiently small.

Proof. We describe a semistable model of the family first. Let Y be the blowup of X
along the O singularity. Consider the 3 to 1 covering of A defined by ¢+ ¢3, and let
Y — A be the pullback family. Then Y is normal crossings, all of whose components
are reduced. We can also describe Y as following: let Xy be the blowup of X along the
O16 singularity. Then Xj is a compact complex manifold of Fujiki class C, and hence

satisfies the 99-lemma. The preimage of the Oy singularity in Xj is a cubic surface Q
in P3. Let E be a cubic 3-fold in P*. Then

f/() = X() I E/ ~,
where the equivalence is by identifying ) with some hyperplane section in E.
Consider Steenbrink’s limiting Hodge structure associated to the family Y - A. As
in the previous example, the mixed Hodge structure on H%(X,,) is pure unless d = 3

by the Lefschetz hyperplane theorem. Thus it suffice to show that W** = W (N, 3) on
middle cohomology H3(Xo,), or equivalently

wse Byt = ker (H2(Q)(_1) = HY(Xo) @ H4(E))



HODGE STRUCTURES OF GLOBAL SMOOTHINGS 27

is isomorphic via the map induced by (27v/-1)I to
wse B = coker (H2(X0) o HX(E) % H2(Q)) .

We can see that WStE£1’4 = ker (HQ(Q)prim(—l) N H4(X'g)) consists of the linear
relations in X between the classes of difference of lines in Q. Thus, unlike the previous
example, since H 2(Q)prim is of 6 dimension, it is not sufficient for us to get the isomor-

phism of st F, b and WStE;’Q without further assumption on Xy. Note that by the
Thom isomorphism theorem, we have

S = ker(Hé(X'O) - HY(Q)) 2 ker(H*(Q) - HYQ)) = H*(Q) prim.

By our assumption, the defect o(Xy) is zero, and hence WStE2_1’4 = H*(Q)prim(-1).
Also, by duality,

WStE;’Q = coker (HQ(E) 5 HQ(Q)) ,

which is isomorphic to H?*(Q)prim via the identity map. Then by Theorem X4
satisfies the 9-lemma for |g| small.

The computation about polarization is also similar to the previous example. First,
since WStEQ_IA = H*(Q)prim(-1), GrXVStHSm is polarized by S(C'e,(-N)e). Also,

St ~
GT’gV Hﬁm = WStE;)’g = HB(X())

is polarized by S(C's,®) by assumption. Hence, Theoremimplies H3(X,,C) together
with the cup product S is a polarized Hodge structure for |g| small.
[l

4.4 Non-Kahler Calabi-Yau Threefolds with Arbitrarily Large b,
As a consequence of Theorem we have the following theorem:

Theorem 4.5. The non-Kdhler Calabi-Yau threefolds X3(a) constructed by Hashimoto-
Sano [23, Theorem 1.1] satisfy the 00-lemma. Moreover, H3(X3(a),C) together with
the cup product S(e,e) is a polarized Hodge structure.

Proof. We sketch the construction of Hashimoto-Sano first. Let

P(3) := P' x P! x P!
and S be a very general (2,2,2) hypersurface of P(3). Then S is a K3 surface, and by
the Noether-Lefschetz theorem, we have Pic(S) = EB?:l Ze;, which is generated by the

three fiber class of the elliptic fibrations S — P! given by projection to each P!. By [23]
§3.1], for all positive integer a, there is an automorphism ¢* € Aut(.S) such that

1 4a®-2a 4a®+2a
(M=l 0 1-2a -2a e Aut(Z?) = Aut(Pic(S)).
0 2a 1+ 2a

The d-semistable SNC Calabi-Yau variety Xy is constructed as follows. Let X be the
blowup of P(3) along f1,..., fo € |Os(1,0,0)| and X; be the blowup of X| along the strict
transform of the general member C, € |O5(16a% - a + 4,4 - 8a,4 + 8a)|. Let X3 = P(3),
S1:=85¢cX; and S9:=5 ¢ X;. Then X is constructed by gluing X; and X5 along S;
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and Sy via the automorphism (* : S; — S3. By the theorem of Namikawa-Kawamata
[27, Theorem 4.2], Xy admits a global smoothing f: X — A where the central fiber is
isomorphic to Xy. Then X3(a) is defined as the general fiber X, for |g| small.

We need to calculate the limiting mixed Hodge structure associated to f : X — A.
As in the previous examples, the mixed Hodge structure on H%(X,,,C) is pure unless
d = 3 by the Lefschetz hyperplane theorem. Also, we have

wet By = ker (H2($1)(-1) = HY(X1) @ H'(X2))

and
wst By = coker (HQ(Xl) ® H2(Xy) > H2(Sl)) .

We need to show that the two spaces above are isomorphic via the map induced by
(2m/-1)I. Note that the image of the restriction map H?(X;) & H?(X>) A H?(S1)
is simply Pic(S) ¢ H2(S). Since the composition map H?(Xs) - H?(S2) - H*(X>)
of the restriction morphism and the Gysin morphism coincides with the cup product
with ¢1(Ng,/x,), the image of Pic(S1) under —v is three-dimensional. By this and the
fact that st By L4 and WStE;’Z have the same dimension, we see that ys:E, b4 and
WSthLQ are isomorphic via the map induced by (27v/-1)I. Hence, W5 = W (N, 3) on
H3(X4,C), and then by Theorem X (a) satisfies the 99-lemma.

Next, we show that the mixed Hodge structure on H?( X, C) together with the cup
product S is a polarized Hodge structure. We have

GT‘gVStHg(Xoo) = WStEO’3 = HI(CQ,Q)(—l) ® éHl(fin)(_1)7

which, together with the cup product S, is a polarized Hodge structure. (Note that the
cup product €(3)(e, o), restricts to e(1)(e,e)c, on H'(C,) by the projection formula
and it holds for H!(f;) similarly.) On the other hand, note that

ker (HQ(SI)(—l) -, H4(X2))

consists of the primitive class with respect to the ample line bundle (:*)*Ng,/x,, i.e.
it consists of those n € H?(S1)(~1) such that n A c1((¢*)*Ns,/x,) = 0, where Ng,x,
is the normal bundle of S5 in X5. Therefore, we see that WStE_lA c H2(Sl)prim(—1)
and hence st Ey 14 is polarized by S(Ce, (~N)e) by Proposition By Theorem
we can conclude that H3(X3(a)) together with the cup product S(e, e) is a polarized

Hodge structure.
O

Remark 4.6. By a similar computation, one can show that another class of the non-
Kéhler Calabi-Yau threefolds with arbitrarily large be constructed by Sano [40] satisfies
the 00-lemma as well, and the middle cohomology together with the cup product is
a polarized Hodge structure. Thus, it is interesting to ask if there exist non-Ké&hler
Calabi-Yau threefolds that don’t satisfy the dd-lemma or satisfy the 0d-lemma but
whose middle cohomology, together with the cup product S, isn’t a polarized Hodge
structure.
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4.5 Non Kahler Calabi-Yau m-folds with Arbitrarily Large b,

We turn to the non-Kahler Calabi-Yau m-folds with arbitrarily large by for m > 4
constructed by Sano [39, Theorem 1.1]. Our main theorem is:

Theorem 4.7. The non-Kdhler Calabi-Yau m-folds X,,(a) with arbitrarily large bo
for m >4 constructed by Sano [39, Theorem 1.1] satisfy the d0-lemma. Moreover, the
Hodge index on the middle cohomology H™(X,,(a)) is as follows:
(1) If m = 3 (mod 4), the Hodge structure on H™(X,,(a)) together with the cup
product S(e,e) is a polarized Hodge structure.
(2) If m=1 (mod 4), the signature of S(Ce,®) on H*™*(X,.(a)) is

(RP™ k(X pn(a)), 0), kel med
(RFm* (X (a)) -9(27a? - 2a+5) —a -6, 9(27a’-2a+5)+a+6), k="24 or 2t
(3) If m = 4, the signature of S(Ce,®) on H*™*(X,,(a)) is
(PP (X (a)), 0), k+ %
(PP F(Xp(a)) —a-1, a+1), k=2
(4) If m is even and m > 6, the signature of S(Ce,®) on H*"*(X,,(a)) is
(W5 *(Xn(a)), 0), k%
(hk’m_k(Xm(a)) -a-2, a+ 2) , k=%

Before we prove the theorem, we first sketch the construction of non-Kahler Calabi-
Yau m-folds (not even of Fujiki class C) constructed by Sano [39]. The construction relies
on the projective Calabi-Yau manifolds of Schoen-type. Let S c P2 x P! be a general
hypersurface of bidegree (3,1) (i.e. a general rational elliptic surface) and T' c P! xP™2
be a general hypersurface of bidegree (1,m —1). Then the fiber product S xp1 T is a
projective Calabi-Yau manifold. S can be regarded as the blowup of P? at 9 points.
Let H be the pullback of Op2(1) on S and h the cohomology class of H. Also let Ej,
1=1,...,9, be the exceptional divisors and e;, i = 1,...,9, the cohomology class of E;.
Then H?(S) is generated by h, e, ...,e9. By using the quadratic transformation on P2,
[39, Proposition 2.6] shows that for all positive integer a, there exists an automorphism
¢q: S — S over P! such that

GiH = (27a®+1)H (90> -3a) (F) + Ea+ E3) —9a*(E4+ FEs + Eg ) — (9a® +3a) (E7 + Eg + Ey).

Let YV; =P?x T for i =1,2 and D; := (S xP™2)nY; = S xp T. Write pg: S xp1 T — S
the projection map. Consider f; € |- Kg|, i=1,..,a, and F; := pgl(fi), t=1,..,a. F}is
simply the general smooth fiber of the fibration S xp1 T’ 5 pl, Also, consider

Co€|3H +3¢,H + (a-2)Kg],

which is a smooth and irreducible member of an ample and free linear system as shown
by [39, Proposition 2.6 (iii)]. By the proof of [39, Proposition 3.6], C, is a curve of
genus g(Cy) = 9(27a% -2a+5) -1 and the map C, g, P! induced by the elliptic fibration
S g—/> P! is of degree 18. Let I', = pgl(Ca) 2 Cy xp1 T. Then we let Y, be the blowup

of Y1 at Fi,...,F,, and X; be the blowup of Y; at the strict transform of I'y,. We also
regard D; as its strict transform; hence, we have D c X;. Let X5 =Y5 = P2 x T. The
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d-semistable simple normal crossing Calabi-Yau variety X = X; u Xo/ ~ is obtained by
gluing D; and D, via

m Xtd
X125XP1T¢—1>S><P1T§X2.

By the theorem of Namikawa-Kawamata [27, Theorem 4.2], X admits a global smooth-
ing f: X — A where the central fiber is isomorphic to Xy. Then X,,(a) is defined as
the general fiber X, for |g| small.

The main difficulty in applying Theorem [1.1]to X (a) is to understand the cohomology
ring of S xp1 T. We will prove in the next section that the canonical morphism

H*(S) ®po(pry H*(T) » H*(S xp1 T)

induces isomorphism in degree < m —2 and is injective in degree m — 1. More generally,
we will prove that this type of Lefschetz property holds for the fiber product of two
Lefschetz fibrations with disjoint critical locus (Theorem [5.1)).

We recall the following lemma about the Hodge structure on the blowup of a Kéhler
manifold for later use.

Lemma 4.8. ([47, Theorem 7.31])

Let X be a compact complex manifold and Z a compact complex submanifold of codi-
mension r. Let m: X — X be the blowup of X along Z and E the exceptional divisor.
Denote 1: Z - X and /' : E - X the inclusion maps. Then

(1) For each k, there is a pushout diagram of cohomology
HY(X) —— HM(X)
HE(X) —— HM(X),

where the vertical maps are induced by the pullback morphism.
(2) If we identify HY(X) =~ H*?"(Z) and HY(X) 2 H*2(E) via the Thom iso-
morphism, then the pushout diagram above becomes

H*?(7) —— H*(X)
I
H2(B) —— HF(X).

The horizontal maps are the Gysin morphisms and ® can be described as follows:
for a e H*27(2),

O(a) = (7lpa) ve(Q),

where Q is the universal quotient bundle of [z Nzx on E 2 P(Nyx), i.e. Q
comes from the short exact sequence

0 Op(-1) » 7[gNzx > Q 0,

and e(Q) is the Euler class of Q.
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(3) Let h = c1(Og(1)) € HX(E). If X is Kdihler, then the pushout diagram above
induces the isomorphism of Hodge structures:

m*+Y, L{o(uhi)oﬂ*E

H*(X) eBEéH’“%Q(Z) H*(X).

Proof. For clarity, we explain why the map ® can be described as in (2) above. By [5]
Chapter I, §6], the local cohomology HE(X) = Hk(NZ/X,NZ/X — Z) can be identified
with the compact vertical cohomology H, fU(N z/ x ), which is defined by using the complex
of smooth differential forms on Nz ,x with compact support in the vertical direction.

This identification follows from the fact that the local cohomology H é(X ) is isomorphic
to the cohomology of the Thom space of the normal bundle Ny, x and that the Thom
space is simply the one-point compactification of Nz, x. Under this identification, the
Thom isomorphism H*?"(Z) - HE (N z/x) is given by the composition of the cup
product with the Thom class Th(Ny/x) € HZ(N. z/x) and the pullback morphism.
Since 7| Nz /x 2 Op(-1) ® Q as smooth vector bundles, by [5, Chapter I, Proposition
6.19], we have the equality of Thom classes

Th(7T|ENZ/X) =piTh(Op(-1)) upsTh(Q),
where p; are the projection maps 7| Nz x - Op(-1) and 7|, Ny x — Q. We have the
commutative diagram

Th(N
27y Rk ()

l I
H=2() MR pk (0 p(-1)),

where the horizontal maps are the Thom isomorphisms and the vertical map on the
right comes from the pullback along the map g : Op(-1) < 7|z Nz/x - Nyz/x. For all

ae H?1(Z), we have
9 (aUTh(Ngx)) =n"au(Th(r[pNz/x)lop(-1))
= 7| U (P2 Th(Q))|op(-1) Y Th(Op(-1)).

Also, We have the commutative diagram

Op(-1) — 7|EpNzx = Op(-1) @ Q

| |

E > Q,

where the vertical maps are projection maps, the horizontal map on the top is the inclu-
sion map of vector bundles, and the horizontal map on the bottom is the embedding as
the zero section. Thus, (p3Th(Q))|o,(-1) is the same as (the pullback) of the restriction
of Th(Q) to E. It follows from [5, Chapter I, Proposition 6.41] that Th(Q)|r = e(Q).
Hence, ®(a) = 7| v e(Q). This finishes the proof.

O
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In our situation, we need the following lemma, which describes the restriction mor-
phism and Gysin morphism between the blowup and the strict transform.

Lemma 4.9. Let Z = Y =5 X be the inclusion of compact complex manifolds of
dimension m — 2, m — 1, m respectively. Consider X = BlzX , Y 2Y = BlzY and

the inclusion ¥ 5 X. Then for all k the restriction map H*(X) 4, H*(Y) can be
identified with

H*(X)® H"2(Z) ACERCODR H*(Y),

where 1] is the restriction map and (t2)y is the Gysin morphism.
Dually, for all k the Gysin morphism H*(Y) —— (o) H*2(X) can be identified with

((ea)r; —e3)

H*(Y) H*?(X)e H*(2),

where (11)) is the Gysin morphism and 15 is the restriction map.

Proof. Let E denote the exceptional divisor of the blowup morphism X ER X. By
Lemma (1), the cohomology H*(X) is computed by the pushout diagram

HE(X) —— H*(X)

| J~

HE(X) —— HF(X).

Note that the composition map Hk(X) — Hk(X) — Hk(Y) is just the restrlctlon
map Hk(X) H*(Y). Also, the composition map HE(X) — HF(X) =R H*(Y)
factories as HE(X) — HZQY(Y) - H*(Y). The last map H;mY(Y) - H*Y) is
isomorphic to HE(Y) - HF(Y'), which is simply the Gysin morphism H*2(Z) —
H*(Y') by the Thom isomorphism theorem. Hence, the first assertion follows.

The second dual statement follows from taking the Poincaré duality of the first state-

ment. The only thing to notice is the negative sign of the restriction map, which comes
from the isomorphism O ¢ (E)|g = Op(-1). O

Now, we are ready to prove Theorem [£.7]

Proof of Theorem[{.7. As before, in order to prove the 9d-lemma on X,,(a) by Theorem
we need to show that

et By PE = ker (HF71(S xpn T)(<1) =5 B (X)) @ HM (X))
and

wee By ! = coker (H’H(Xl) ® H1(X) 5 H* (S xp T)) .

are isomorphic via the map induced by (27v/-1)I for all k > 0. By duality, it suffices
to verify it for k < m.
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We denote the cohomology class of pullback of Op2(1) on S by h, and the cohomology
class of the pullback of Opi(1) on S by f'. We know that

9
f'=[-Ks]=3h-Yei.
i=1

We also denote the cohomology class of pullback of Opm-2(1) on T by 7, and the
cohomology class of the pullback of Opi(1) on T by f . Then the ring H*(S) ® e (p1)
H*(T) is simply the quotient of H*(S) ®c H*(T) by identifying the class f" with f”.
We will denote this class in the quotient by f.

We first consider the case k < m. In this case, since the canonical morphism

H.(S) ®H'(]P’1) H.(T) - H.(S Xp1 T)

induces isomorphism in degree < m -2 (cf. Theorem , We see that H*1(S xp1 T')
is generated by

N7, HX(S)un's, h2un's, if & is odd, k% m 1
HIL2A(T), n'T, HX(S)un's, htun's, ifkisodd, k=m-1
0, if kiseven, k+m-1

H™2(T), if kis even, k=m -1

Also, if we denote ¢ : S xp1 T — P? x T the inclusion map, then it is not hard to see
that the Gysin morphism

H* (S xp T) = HML(P? x T)
coincides with the map
H*(S) ®@pgepry H*(T) > H*(P* x P') @ o g1y H*(T) = H* (P> x T,
from degree k — 1 part to k + 1 part, induced by the Gysin morphism associated to the
inclusion S — P2 x P!. Since
ker (Hz(S) - H4(]P>2 X }P’l)) =(ej—e;|i#j)=(h, i
one sees that

(u,~uo((¢3')%))

ker (Hk‘l(S xp1 T) HMY(P? xT) @ H1(P? x T))

:{ (h, ¢rh, f)lun%, if k is odd
0

, if k is even

Moreover, since for ¢ = 1,...,a, the cohomology class of the divisor F; is —f, and the
cohomology class of the divisor I'y is 3h + 3¢, h + (a — 2)(—f), one sees that when k is
odd,

— a
(h, dih, f)*un'z Cker(H* (S xp T) > HY(T,) @ @ H* L (F)).
i=1
Thus, we conclude by Lemma [£.9] that
ker (H’H(s xp T) —> H*'(X)) @ H’“l(XQ))
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[ (h, @3k, fYrun'T,  if ks odd
0, if k£ is even
On the other hand, since the restriction morphism

H*"Y(P? x T) 5 H*1(S xp1 T)
coincides with the map
H*(P*xT) = H* (P> x P') @ gopry H*(T) = H*(S) ® o1y H*(T')

from degree k — 1 part to k — 1 part, induced by the restriction morphism associated to
the inclusion S - P? x P!, we can compute that

(=¢%:(3)°(+"))

im (H’H(P2 xT)® H" 1 (P? x T) H (S xp T))

is generated by

5 (h, @R, flun'T, K2un'T, if kis odd, k#m -1

Hg;mf(T) n’“T,( o*h, fyun's, h2un'z, ifkisodd k=m-1
0, if kiseven, k+m-1

H™2(T), if kis even, k=m—1

Also, since T', = Cy xp1 T is a smooth divisor of C, x P2 corresponding to the ample
line bundle

(75,(9) Op1 (1)) ® (M2 Opm-2 (1)),
it follows from the Lefschetz hyperplane theorem that the following diagram

H*(Ca) ®ppe(pry H* (P! x P™72) —= H*(Co xP"7?)

| l

H.(Ca) ®H'(P1) H.(T) e H.(Ca Xpl T)

induces isomorphism in degree < m — 3, and the two vertical arrows are injective in
degree m — 2. Indeed, the horizontal arrow at the bottom is also injective in degree
m — 2. To see this, we can compute the composition of the restriction map and the
Gysim morphism:

H™2(CyxT) - H" 2(Coy xpr T) = H™(Co x T),
which coincides with the cup product with ¢1((¢")*Op1(1)) + f. Then we find that the
kernel of the composition is generated by

{ HY(C, )ufun%, if m is odd
c1((g")” 011»1(1))Ufu77 T , (a((¢")*Opi (1)) - f)Un 5 , if m is even ’

which are simply the generators of the degree m — 2 part of the kernel of the quotient
map

H*(Cy)®c H*(T) - H*(C,) ® e (p1) H*(T).
In particular, it is not hard to see that the Gysin morphism

H"3(Coy xpr T) = H* (S xp1 T)
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coincides with the map
H.(Ca) ®H'([P’1) H.(T) - _H.(S) ®H'(]P’1) H.(T),
from degree k — 3 part to k — 1 part, induced by the Gysin morphism associated to the
inclusion C, - S. As a result, the image of the Gysin morphism is given by
im (H*3(Cy xp1 T) > H* (S xp1 T))

k-5
2

_ | span{Gh+3¢h+ (a-2)(-N))unT h2uy'T ), if ks odd
0, if k£ is even
Also, write F; = Sy x T; for some general t € P! and 4 : Sy x Ty — S xp1 1" the inclusion

map, where S; (resp. T3) is the fiber of the Lefschetz fibration S 2, pt (resp. T 2z, P
at t. Then by the theorem of the fixed part (cf. [33, Theorem 4.23]), for all [ > 0, the
image of the restriction map

im (Hl(s xp1 T) ~ H'(S, x Tt))

coincides with the cohomology classes which are invariant under the monodromy action.
Since the critical locus of the two Lefschetz fibrations ¢g; and go are disjoint (by the

generality of S and T'), the monodromy of S xp1 T 2 P! acts on
H' (S xTy) = @ H'(S:) ® H (T)
i+j=l

by the product action of the monodromy group of g1 and g». Hence, we see that
im (Hl(S xp1 T) ~5 H'(S, x Tt))

= @ im (H'(S) > H'(S:)) ®im (H/(T) - H'(T3))
i+j=l
= @ Héxed(St) ®Héxed(ﬂ)7
i+j=l
where H__,(S;) and H gx q(T%) are the fixed cohomology of the Lefschetz fibrations g;
and g2 (cf. [33, (C-11) and Theorem C.23]). This vector space has dimension

0, if [ is odd

1, ifl=0, 2m -4

2, ifliseven, 0<l<2m -4
Hence, by the Poincaré duality, the image of the Gysin morphism

231

im (H'(8y x T3) <5 H'"2(S xp1 1))
has the same dimension as above. In particular, for all [ > 0,
Lyl

im (H'(Sy x T;) % H'™(S xp1 T))

Lt!

= im(Hl(S xp1 T') R HY(S; x Ty) = H*2(S xp T))

= im (Hl(s xor T) 2L HI2(5 xpn T)) .
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It follows that the image of the Gysin morphism is given by
im (H*(F;) - H* (S xp1 T'))
_ I svan{run= n2un T}, ifkis odd
0, if k is even
Thus, we conclude by Lemma [4.9] that

im (Hk‘l(Xl) ® H*1(X) & HF (S xp T))

= im (H’“’l(]P’Z xT)® H* ' (P? x T) E50a)elT)),

H* (S xp T))
and there is an orthogonal splitting
H" (S xp1 T) = ker(—y) @ im(h).
This proves that s F, LA+ and WStE;’k_l are isomorphic via the map induced by

(2nv-1)I for k <m.
Now we turn to the case k = m. In this case, due to the dimension reason, it suffices
to show that the map

H™ NS xp1 T) —> H™(X1) @ H™ (X>)

is injective on the subspace
0
im (HWl(Xl) e H" (Xy) = H™ (S xpm T)) .
Note that the restriction morphism

H™ (P2 x T) % H™ (S xp1 T),
the Gysin morphism
H™3(F;) » H™ (S xp1 T)
and
H™3(D,) = H™ (S xp1 T)
factor through the degree m — 1 part of
H.(S) ®H’(IF’1) H.(T)

As a consequence, the argument above shows that
im (H771(X0) @ HY 7 (Xa) > HP (S 5 T) )
is generated by
{ 0T, (h, ¢th, flun™T, K2un T, ifmis odd

0, if m is even
On the other hand, the argument above also shows that the restriction of —y on the

degree m — 1 part of
H.(S) ®H‘(IP1) H.(T)
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has kernel
(h, 2k, f)*un™, if mis odd
{ 0, if m is even
The assertion is immediate. In conclusion, we have proved that W5 = W(N) on the
limiting cohomology, and hence by Theorem X (a) satisfies the 99-lemma.
Now, we turn to the Hodge index on the middle cohomology of X(a). We first

consider the case that m is odd. Then the preceding paragraph shows that we have an
orthogonal splitting

H™ (S xpr T) =im(0) @ ((h, é3h, f)*un'T )@ W
and
s By ((h o h, fYrun"T )eaWL

where W+ is the orthogonal complement of the degree m—1 part of H*(S)® ye 1y H*(T')

in H™ (S xp1 T). If we let L be the Lefschetz operator on S xp1 T associated to
the Kahler form h + f + 7, then LH™3(S xp1 T) is contained in the m — 1 part of
H*(S) ®peqpry H*(T'), and hence W+ c HI\ L(S xp1 T). Also, we have

prim
(hy G3h, Y™ = L5 ((h, G5, f)*),
and (h, ¢ih, f)* c S xp1 T). This shows that the index of S(Ce,(~N)e) is

positive on yys: E_1 ™t m =3 (mod 4), and there are 7 dimensional negative classes
in the (74, erl) part of s B, "™ if m=1 (mod 4). Also,

7’7

pr1m (

ker (Hm(Xl) ® H™(Xs) & H™(S xp T))

0,m
[/]/StEQ7 = — .
im (H™2(8 xp T) —> H™(X1) ® H™ (X))

Note that since m is odd, the Gysin map H™ 2(Sxp1 T) - H™(P?xT) can be identified
with the isomorphism HY(S)® H™ 2(T) - H?(P?)® H™ (T given by the cup product
with 3h. Let L denote any Lefschetz operator on F; or I';. Then we have the Lefschetz
decomposition

H™2(T,) = HE2(Ty) e L' > HY(T,),
where
HY(T,) = H'Y(C,) ® H'(P™?).
Write
HE2(T,) = H(Co) @ H™ *(T) @ U,

prim

where U is the orthogonal complement of H(C,)® H™ ?(T). Since F; = S; x Ty, where
S; is an elliptic curve and T} is a hypersurface of P™2 of degree m — 1, we have the
Lefschetz decomposition

H™2(F) = H":2(F) o L™ H'(F)),

prim

where

HY(Fy) =2 H'(S,) @ H(P™?).
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From this, one easily sees that

wstES™ =U' @ U e L™ H'(T,) @ @ H™ *(F)),
i=1
where
U'cH*(P)) e H"*(T)® H°(C,) ® H™ *(T) c H™ *(X;)
is the subspace
{(6hua,a)| ac Hm_Q(T)} :

This shows that the index of S(Ce,9) is positive on WStE "™ if m = 3 (mod 4), and

1 +1 +1 1
there are g(C ) +a dimensional negative classes in the (™5=, *5=) part and (5=, "5=

part of s E2 if m=1 (mod 4). By summing g(C,) +a and 7 and applying Theorem
we get the index formula in Theorem (1) and (2).

If m is even, then

wste By = H™ (S i T) = HT (S xpn T).

prim

So S(Ce,(—N)9) is positive on WSth_l’mH. On the other hand, write

a
H™(X,)® H™(X) = H™(P* x T) @ H"(T,)) © (EB H’”‘?(Fz-)) ® H™(X2)

i=1

and define the vanishing cohomology of H™2(T) as the kernel of the Gysin morphism:

HIA(T) =ker (H™(T) - H™(P' x P"7?))
Then it is elementary to compute the orthogonal decomposition
wstES™ 2 Uy @ Uy @ Us @ Uy @ Us,

where Uj is the orthogonal complement of H°(C,) ® H™2(T) in H™2(T,);

prim

U = @Hm 2(Fy);

Us ¢ HX(P?) ® H™*(T) & H'(C,) © H"™ *(T) c H™ (X))
is the subspace

{(6hua,a)|ae HEA(T)}

van

a
Usc @H"?(F)
i=1
is the subspace

{67 77 (;Skn > , &5 hn > —gbkhn > | 7 # k with ¢; : Fj = S xp1 T the embedding};
Usc H"(P* xT) & (H°(Co) @ H™" *(T)) ® H™(X>)
is the six dimensional subspace
Spanc{(n?, 0n ), (fun™® Ofun =), ((3h- f)uhun =,0,0),

(0,0,(3h - f)uhun™®), (BUfun™), ((3h-(m-2)f)un™® ,n"T,-3huy™s )}
if m > 6 and is the four-dimensional subspace

Spanc{(n%,0,7%), ((3h-f)uhun™ ,0,0), (0,0,(3h— f)uhun™s"),
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((Bh=(m=-2)f)un™> 0T -3hun®)}
if m = 4. Furthermore, S(C'e,®) is positive on Uy ® Us ® Us, has index (m—1,m—1) on
Uy, has index (3,3) on Us if m > 6, and has index (2,2) on Us if m = 4. By summing
all the indexes and applying Theorem we get the index formula in Theorem (3)
and (4).
O

5 Cohomology Ring of Fiber Product of Lefschetz Fibrations

For i = 1,2, let X; be a projective manifold of dimension m; and {Y;;};p1 be a
Lefschetz pencil on X;, where Y;; are sections of some ample linear system |£;|. Let B;
be the base locus of the pencil and denote ¢; : B; = X; the inclusion map. Let

Xi =Bl X; 1 P!
be the associated Lefschetz fibration and A(f;) c P! be the critical locus of f;. We

> b .
also let E; be the exceptional divisor of the birational morphism X; — X; and write
; : B; - X; the inclusion map. Note that

Let Y; :=Y; ; for some general ¢ in P!. Recall that by the Lefschetz hyperplane theorem,
the restriction map H*(X;) - H*(Y;) is an isomorphism for k < m; — 2, is injective for
k =m; -1, and is surjective for k > m; — 1. Consider the fixed cohomology of H™i~1(Y;)
defined by

I
2

i (00 =m0 S i)
and the vanishing cohomology of Y; defined by

i 0 e () S () ).
where ¢} : ¥; - X; is the inclusion and ¢}, is the associated Gysin morphism. Then we
have an orthogonal decomposition

() = HZZ (V) @ H ()

fixed van
Similarly, since B; is a complete intersection of two sections of an ample line bundle,
by the Lefschetz hyperplane theorem, the restriction map H¥(X;) — HF(B;) is an
isomorphism for k& < m; — 3, is injective for k = m; — 2 and is surjective for k > m; — 2.
We can similarly define the fixed cohomology of H™~2(B;) by

ngef(Bi) =im (Hm”(xi) KR HmiQ(Bi))

and the vanishing cohomology of B; by
Hy 7 (By) = ker (H™72(B;) = H™ (X)),

van

where ¢; is the associated Gysin morphism. Then we sill have the orthogonal decom-
position
H™2(B;) = H' 2(B;) @ Hii*(By).

van
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We are only interested in the case that A(f1) and A(f2) are disjoint. In such case,
it is easy to see that the fiber product X xp1 X5 is a smooth projective manifold. The
goal of the section is to prove the following Lefschetz-type theorem:

Theorem 5.1. Assume that A(f1) and A(f2) are disjoint. Then the canonical mor-
phism of graded rings
H*(X1,Q) ®pe(p1 gy H*(X1,Q) - H* (X1 xp1 X2,Q)

s an isomorphism in degree < m1 +mo — 2 and s injective in degree mi +mo — 1.

Proof. We have a natural map X x X» Ix 1 x X induced by the birational morphism
5 B . . S S .
X; — X;. Consider the image of X7 xp1 X5 under F, denoted by W. Note that if the
Lefschetz pencil {Yj¢}p1 is defined by the secitons o;; = 0,0 + t0j 00 (t € PY) of |£;] on
X;, then we have
W =V (01,002,00 = 02,001,00) € X1 x Xo.

Also, W is only singular at

By x By =V(01,0,01.00,02,0, 02,00 ) € X1 x X2,

and locally at any point p on By x Bg, the germ (W, p) is isomorphic to the product of the
germ of a threefold ordinary double point and (Bj x By, p). The fiber product X Xp1 X,
can be regarded as the small resolution of W with exceptional set F, where E is a P!
bundle on Z := By x By isomorphic to P(7]*t] L1 @ w515 L2). Here, 7, : By x By - B is
the natural projection map. Thus, we have the discriminant square

E—ty Xl Xp1 Xg
lF = lF|W
Z ——— W
and the discriminant square has a natural inclusion into the discriminant square formed

by F:

E’I=E1XX2UX1><E2 L))N(le(g

lF | lF
Z':= By x X, U Xy x By — X x Xo.
Note that the two components of E’ intersect at Ey x E5 and E can be regarded as
the diagonal subset of this intersection. Then, by the Mayer-Vietoris sequence for

the discriminant square (cf. [33, Corollary-Definition 5.37]), we have a commutative
diagram of long exact sequences of mixed Hodge structures:

. — HF(X x X3) —— H*(Xy x X3)® HY(Z') —— H*(E') —— ...

| | |

. ——— HYW) ——— H¥(X| xp1 Xp) ® H*(Z) —— H*(E) —— ...

IThe proof of the theorem is inspired by Kloosterman’s answer on Mathoverflow: https://
mathoverflow.net/questions/68625/hodge-diamond-of-a-calabi-yau-fourfold/70052#70052


https://mathoverflow.net/questions/68625/hodge-diamond-of-a-calabi-yau-fourfold/70052##70052
https://mathoverflow.net/questions/68625/hodge-diamond-of-a-calabi-yau-fourfold/70052##70052
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Since E’ is compact and X x X5 is smooth, the connecting homomorphism H*1(E’) -
H k(X 1% X9) is zero for all k, and hence the exact sequence on the top forms a short ex-
act sequence for all k. Also, since W is a section of the ample line bundle 7] £ ®75 L2 on
X1 x Xo, where 7; : X1 x Xo - X; is the natural projection, by the Lefschetz hyperplane
theorem (cf. [33, Theorem C.15]), the restriction map

H*(X1 x X9) » HF(W)

is an isomorphism if k < m7 + mo — 2 and is injective for k = mq + my — 1. In particular,
the mixed Hodge structure on H*(W) is pure for k < mj + mg — 2, and hence the exact
sequence on the bottom is injective on the left for k < m; + mas — 2 and is surjective on
the right for [ < mq +mg — 3.

We can compute the cohomology H¥(E’) and H*(Z') by using the Mayer-Vietoris
sequence associated to the two components of £’ and Z’. By comparing the two Mayer-
Vietoris sequences, it is not hard to see that

H"(E'Y=H"(Z")® H" (B x X3) ® H* (X, x By) ® H*(B; x By).

If we write H*(E) = H*(Z) @ H*2(Z), then the restriction map H*(E') - H*(E) can
be identified as follows: we have the restriction map H*(Z') - H*(Z) and H*(Z') is
mapped to zero in the summand H*2(Z);

H*2(B) x X3) @ H*2(X| x By)

is mapped to zero in the summand H*(Z) and is mapped to H*"%(B; x By) = H*2(Z)
by the restriction map; H*4(B; x By) is mapped to H*(Z) @ H*2(Z) via the map

ar (—auc(miii L) uer(maisLs), —au (cr(miiL1) + e1(m5e5L2)))

by using Grothendieck’s definition of Chern classes. We can then easily see that the
image of H*4(B; x By) is contained in the image of the first three direct summands of
HY(E'") for all k. Hence, ker(H*(E") - H*(E)) has dimension

dimcker(H*(Z") - H*(2)) + dimc H**(B; x Bo)
+dimcker(H*2(By x X») @ H*2(X| x By) » H*"2(By x By))
for all k. Note also that
coker(H*(E") - H*(E)) = coker(H*(Z') -~ H*(2))
for k #+ m1 +mo — 2. Also,
coker(H™*">"Y(E') » H™*">"4(E)) =coker(H™*"™4(Z") - H™*">74(Z))
® Hy (B1) ® Hyz ?(Bo).

Now coming back to cohomology of the fibered product H* (Xl Xp1 Xg), we would
like to prove the following dimension bounds:
Claim: The degree k part of the kernel of the quotient map

H*(X, x Xy) = H* (X)) ®c H*(X3) - H* (X)) ® fe(p1) H*(X5)
has dimension greater than or equal to
dimc H**(B) x By)
+dimcker(H*2(B) x X5) @ H*?(X| x By) - H*?(B; x By))
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for k<mq+my—1.
Assuming the claim, then by the snake lemma, the canonical map
H.(Xl) ®H0(Pl) H.(Xl) - H.(Xl Xp1 Xg)
is injective for k < mq +mo — 1 and is surjective for k <mj +mg - 3.
To prove our claim, we first note the following lemma:
Lemma 5.2. Let f;: Xi - IP’l, F;: )~(i - X;, L; and E; be as above. Then
fi*Opl (1) = E*,Cl ® O(—EZ)

Proof. Indeed, from the birational morphism X; LR X;, we have the canonical bundle

formula K¢ = FKx, ® O(E;), and if we regard X; as the hypersurface of P! x X;

defined by a section of the line bundle f;Op1(1) ® Fj*L; (where by abuse of notation we

denote projection map on P! x X; by f; and F; as well), then by adjunction we have
Ky = [iOp(-2)® F/Kx, ® ff Op1 (1) ® F/'L;.

Thus by the comparisom of the two expressions of Kz , the expression of fO0p1(1)

follows. 0
Then we have the following lemma:

Lemma 5.3. Let f; : X; > P!, Fj: X; > Xi, L;, E; and B; be as above. If we write

H*(X;) = H*(X;) @ H*"%(B;) for all k, then the morphism

uer (f70p1 (1))

s given by
(a,8) = (auci(Li) +af, ;a-Buci(y L))

Proof. Note that by Lemma the Hodge structure on H k(X}) can be computed by
the pushout diagram

H4(B;) —* H*(X;)

HF2(Ey) SN ok (X;),

where the horizontal maps are Gysin morphisms, and V¥; is the cup product with the
Euler class of the universal quotient bundle of Fz|*E1N B,/x, on E; 2 P(Np,/x,). In our
case, if we write H*"%(E;) = H*?(B;) ® (H**(B;) Uh), where h = ¢1(Og,(1)), then
we have
U(a) = (au (2¢1(e; L)), Uh).
By this and the projection formula, we can compute that for a k-form F o + ZigFi|*Ei b€
H*(X;) with o € H*(X;) and 8 € H*2(B;), we have
(Fla+iyE|p B)u[-Ei] =iy (-1 Fa+ F|; 8uUh)
=Ty (Filp, 0o+ W3(B) = 2Fi|, (Bucei(i; £i)))
=F 1B+ Zi!Fi|*Ei (t;a=2Buci(i;Ly)).
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In other words, if we write H*(X;) = H*(X;) @ H*"2(B;) for all k, then the morphism

HH (%) =5 HP%(X)

is given by
(a,B) = (LaBstja =28 v ey Li)).

As a result, by using the isomorphism

in Lemma [5.2], we can see that the morphism

HE () SO W) e
is given by
(a,8) > (aucr (L) +aB, via—Buci(i;Ly)).
[l
If we write

H* (X1 x Xs) = H¥ (X1 x X3) @ H* 2(By x X2) @ H*2(X| x By) ® H* (B x By),
then by applying Lemma we can see that the degree k part of the kernel of the
quotient map ) 3 ) .

H*(X1x X2) » H*(X1) ®pepry H* (X2)
is generated by (Mj, My, M3, My), where
M =(auci(Ly)+ ) uy—au(yuci (L) +t29),
My =(ja-Buci((iLy))uy-Bu(yuer(Ls) +tad),
Ms=(auci (L) +tmB)ud—au(tyy-duci(t5L2)),
My=((la-Buci(tiLy))ud-Bu(sy-0uci(t5L2)),

and a € H(X1), 8 € H2(By), v ¢ H""2(X;). 6 € H*'"4(By) with 0 <[ < k. If we
put =6 =0, then

(Ml, M27M37M4) = (a U Cl(ﬁi) Uy—-auyu Cl(LQ),LIO[ Uuy,—au Lg’)/,O).

Take the projection of it to (Ms, M3) factor, and we can see that the subspace generated
by these elements has dimension greater than or equal to

dimcker(H*2(B; x X) ® H*?(X| x By) » H* 2(B x By)).

Similarly, if we put either 5 =+ =0 or a = = 0 and project them to the My factor,
then these elements generate the subspace

im (H" (X1 x By) @ H**(B1 x Xo) » H**(By x By))

in the Hk’4(Bl x By) factor. So the dimension of the subspace generated by (My, My, M3, My)
with either =+ =0 or a =9 =0 is greater than or equal to

dimc H*4(B; x By)

for k # m1 + ms. This proves the claim.
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The surjectivity in k& = m1 + mo — 2 doesn’t follow from this picture. Instead, we will
use the Leray spectral sequence to compute the dimension of H™1*™272( X xp1 X5) and
show that it is equal to the dimension of degree m + mg — 2 part of

H.(Xl) ®H‘(]P’1) H.(Xl).

We will prove the following lemma, where h¥, h*  means the C-dimension of the

van
cohomology H* HE  respectively:

Lemma 5.4. Let d; be the cardinality of A(f;). Then
(1) W7(Xy) = di + W™ (V) + B2 () = 2R (Yi),
(2) The following formula holds:

R (X xpr Xo) =R T2(Y) x Ya) - Wi (Y1) R TN (Ya)

van

_ hmlfl(}/l)hmgfl(lfg) + hml—l(Yl)hmg—l(YQ)

van van van

+ hm1+m274(Yl X }/‘2) _ hmlfl(Yl)th%S(YQ)

van

— ™3V RT2TH(YS) + di A2 (Ya) + doh™ (YY)

van

=2 (AT (V) R™ 72 (Ya) + KM 2 (Y1) R (Va))

van van
Assuming the lemma, note also that the degree my + mg — 2 part of
H*(X1) ®pep) H*(X1)
has dimension
hm1+m2—2(X1 % X2) _ hm1+m2—6(31 % B2) _ hm1+m2—4(B1 % X2)
—h™MF (X x By) + B2 (By x By) - K (B ) hinz? (Bs).

van van

Thus, by canceling d; of Lemma (2) using Lemma [5.4] (1), it is pretty elementary to
verify that h"™*"272( X xp1 X5) is equal to the formula ((5.1)) by the Lefschetz hyperplane
theorem, the Kiinneth formula and the Poincaré duality. O

Proof of Lemmal5.f We will apply the method discussed in [33} 4.5.4]. We first consider

the Lefschetz fibration X; Pl oand prove the formula (1). In this case, the Leray
spectral sequence for f; degenerates at Eo (cf. [33, Theorem 4.24]). Moreover, the
Lefschetz fibration satisfies the local invariant cycle property ([33), Corollary C.21]): the
adjunction homomorphism

ay: R¥ iy — jisji R* fiu Ly,

is surjective for all k, where j; : U; := P! = A(f;) <= P! is the inclusion map.

We need to divide the computation into two cases.

Case I: The first case (the generic case) is that H™i~(Y;) is non-zero, or equivalently,
all of the vanishing cycles &, for € A(f;) are non-zero in H™~1(Y;) since the vanishing
cycles are conjugate under monodromy. In this case, RF JixZy, is locally free for k #
m;—1 and the adjunction homomorphism a,,,_; is an isomorphism ([33, Lemma C.13]).

Therefore, the Leray spectral sequence for f; reads
Ey™ (fi) = H™ (Y;,C),
Ey™ 7N (fi) = H' (B', jiwji R* fixCy,),

(5.1)
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Ey™ 7 (fi) = H™2(Y;,C).
Let £ be the local system j' R~ fM(CX on U;. We can calculate E1 i (fz) by the
exact sequence
0 jal > jiul—~ @ LI -0,
zeA(f;)
where A’ is a small punctured disk centered at x, £, is the restriction of £ on A}, and

LI is the subspace of invariants in £, under the local monodromy 7. By taking the
long exact sequence of the cohomology, we have

0-H'(U,L) > @D Ly~ H (Ui,L) > H (P',ji.L) > 0.
zeA(fi)
By the theorem of the fixed part ([33], Theorem 4.23)),

H(U;, £) =im(H™ Y(X;) - H™ YY) = im(H™ Y(X;) » H™ (V).

The last equality follows from Lemma [4.9) E since the Gysin morphism H™3(B;) —
H™i71(Y;) can be 1dent1ﬁed via the Lefschetz hyperplane theorem with the composition
H™73(X;) - H™ 1(X;) - H™1(Y;), where the first map is the cup product with the
Lefschetz operator and the second map is the restriction map. Hence, we see that

RO(U, L) = k™7 (Y5) - hgi (Ya).

Also, since L1 is generated by the class in H™i~1(Y;) which is orthogonal to the van-
ishing cycle d,, £ has dimension 2™~ 1(Y;) - 1 for all z € A(f;). On the other hand,
hI(U;, £) = h'(U;, £V) by the Poincaré duality and we have

Hk(UZ, EV) = EXtZ Wl(Ui)](Z’ Ev)

for all k. Since Uj; is homotopic to Vd T+ St Z[r1(U;)] is the group ring of a free group
of d; — 1 generators. There is a natural two—term free resolution of Z as a Z[m1(U;)]
module (cf. [48, Corollary 6.2.7]):

0 - Z[n1 (U)]% ™ > Z[7(U;)] - Z - 0.
Therefore, by the isomorphism H(U;, L") = HY(U;, £), we have
Y (Ui, £Y) = hO(Us, £) = (d;s - 2)rank(L).

As a consequence,

Y (P, jin L) = KN (Ui, £Y) + hO(Uy, £) - dim( fan) ,cf)
zeA(fi)
= 2h0(Ui, L)+ (d; - 2)rank(L) - d;(rankL — 1)

—2h™imL(Y;).

van

By summing the dimension of E®™i( f;), EL™i~1(f;) and E>™i72(f;), we get the formula
in Lemma (1).

Case II: The second case we need to consider is the special case that H™i 1 (Y;)
is zero, i.e., the restriction map H™™1(X;) - H™1(Y;) is an isomorphism. In this
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case, R f;,C x; 1s locally constant for k # m;, and for k = m;, we have the short exact
sequence
0~ @ H™'(F)~ R"™fuCx, — jiji R™ fiuCx, = 0,
zeA(f;)
where H™i71(F,) is the skyscraper sheaf (supported on z) of the cohomology of the
Milnor fiber of f; around x. Also, ji.j; R™ fixCx, is a locally constant sheaf with stalks
isomorphic to H™i(Y;). Therefore, the Leray spectral sequence for f; reads

By (f) = H(B', R™ fiCx,),
B,™ N (f) =0,
By (1) = H™ 2 (Y;,€),
and we have
hY(P', R™ f;.Cx,) = d; + K™ (Y}, C).
The formula in Lemma (1) follows. .

Now we turn to the fibration f : X xp1 Xo — P! and prove the formula in Lemma
(2). Write A(f) = A(f1) UA(f2). We want to carry out the same computation as
in the Lefschetz fibration case for f. Since A(f1) and A(f2) are disjoint and the local
monodromy action on H*(Y; x Ya2) = @;yj-x H' (Y1) ® H(Y2) is induced by product

group action of local monodromy group action on H'(Y1) and H’(Y3), we still have the
local invariant cycle property for f: the adjunction homomorphism

. k - % pk N -
g BEfullg oy %y > Jnd B SLgy oy %,

is surjective for all k, where j: U := P! = A(f) = P! is the inclusion map.

We divide the computation into three cases: neither of Y; has vanishing cohomology,
exactly one of Y; has vanishing cohomology, and both of Y; have vanishing cohomology.

Case I' (the generic case): H[i (Y;) #0 for i =1,2.

For x € A(f1), let A, be a small punctured disc centered at = and B, be a small ball
around the singularity at f{!(z). Let Byn fi (A —{z}) EIR A, —{z} denote the Milnor
fibration around the singularity at f;1(x) and F, the Milnor fiber. By the Kiinneth
formula and the excision theorem, for all t € A, — {z}, we have

HMY T AL (1) = HR (f71 Ay x Yo, Y7 x Ya)

D H(fi'AxnY1) e H(Y2)
i+j=k+1

6}9 ]]d(]3z7f;) 8)}{j(}§)
i+j=k+1

= ™ Y(F,) @ HF 17 (Yy).

1R

112

Therefore, the long exact sequence of the cohomology for the pair (f~1A,, f71(t)) gives
0 H*(f1A,) - HY (Y1 x Y2) » H™ Y(F,) @ HF1™1(Y,) - 0.

The surjectivity on the right (and the injectivity on the left) follows from the assumption
that the vanishing cycles for f; survive globally. A similar short exact sequence holds
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for z € A(f2). In particular, the adjunction homomorphism
Cpk .ok pk
ap: B fuCx %, = 30 B LCx 0 %,

is an isomorphism for all k. For all k, let £F be the local system j*R* f,.C Ky Xp O1
U. We have the short exact sequence
0— jLF>j.cF - P ([,l;.)T -0,
zeA(f)

where A% is a small punctured disk centered at x, £ is the restriction of £¥ on AZ,

and (£5)T is the subspace of invariants in £¥ under the local monodromy T. For each
k,

HOP g L) = BN (Vi x o)) = @ H(n)™ () @ 1 (v3)™ (),
i+j=k

and for ¢ =1, 2,

HYY;), l#m;—1

HZ(Yi)Wl(Ui):{ im(Hl(Xi)_’Hl(Y;))’ l=m;-1.

Also, H?(P', . LK) = H?(P', jiLF) = H2(U;, £) is dual to HY(U,£Y) = H°(P', j.L). So
we have
W2 (P!, 3.LF) = hO(P, j.LF).
On the other hand, we have the exact sequence
0-H'ULY > @ 5T - HN (U, LF) - H (P, 5.L") - 0.
zeA(f)

Note that
RR(Y1 x Ya) = hE 1M (Yy), z e A(f)
WE(Y1 x Ya) = hFm2 (Y1), we A(fy)

and similar to the Lefschetz fibration case, we have

hl(U, £F) - hO(U, £F) = (dy + dg - 2)rankLF.

dim(£)" = {

As a result,

hY (P, 5.7 = Wl (U, £F) + hO(U, £F) - dim( (s (ﬁg’z)T)
zeA(f)
= 200U, £F) + (dy + dg — 2)rank”
— dy (rank ¥ — BFFIM(Yy)) — do (rank £F — RFHIT™2 (7))
= 2h°(U, LF) + diRF™ (Yy) + do b2 (YY) - 207 (Y x Y3)
It follows that
dimg ES™ 272 (f) = hO(PY, j, Lmma2)
= WM (Y] x Vo) = hgd T (V)R (Ya)

- AR (V) + T (VORGE (72).

van van van
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dime B, ™ (f) = BB L)
= d h™272(Yy) + doh™ 72(Y7)
=2 (RN (Y)R™ 2 (Ya) + B™ 2 (Y1) Rz N (Ya))

van van

and
dim(CE§7m1+m2_4(f) — hO(Pl,j*£m1+m274)
— hm1+m274(Y1 x }/’2) _ hmlfl(}/l)hmgf?)(}/g)

van

— ™73 (YR (Ys).

van

We get the formula in Lemma (2) by summing the three dimensions.
Case IT": H™71(Y7) =0 and H™271(Y3) # 0.

van van

In this case, for x € A(f2), the same local computation of ka*gjm | X, @ in the
P

previous case holds. For x € A(f1), since the cohomology class of the vanishing cycle ¢,
is zero, we have instead the short exact sequence

0> H™ Y (F,) @ H"™™(Yy) - H*(f'A,) - H* (Y1 x Y3) - 0.
Thus we have a short exact sequence

0> @ H™ () e Hk—ml(YQ) N ka*QXlxnﬂXz N j*j*ka*QXlxsz -0,
IGA(fl)

where H™ 1(F,) ® H*"™(Y3) is regarded as a skyscraper sheaf supported on z. Also,
with the notation in the previous case, we have instead

) T hk(YiXYQ)a e A(f1)
dim{£2)" - { WY1 x Vo) = B (V), a e A(f)

As a result,

dime By™ () = BO(BY L7 + dim( ® )Hm22(Y2))
xe 1
_ hm1+m272(Yv1 % YQ) _ hmlfl(YI)hmzfl(Yé) + dlhm272(yv2)7

van

dim(CE;.,ml+m2—3(f) — hl(]P)I’j*LmlerQ*?))
= deh™ (Y1) - 20" 2(Y1) Rz N (Ya),

van

and
dimCE22,m1+m274(f) _ hO(Pl,j*£m1+m2_4)
— hm1+m2—4(}/1 % Y2) _ hm1—3(}/1)hm2—1(}/2)‘

van

We still get the formula in Lemma (2) by summing the three dimensions.
Case ITT': H™ 1Y) = H™27Y(Y;) = 0.
In this case, we see that j*j. R* f.C Kixpr Xo is a locally constant sheaf and the kernel

of the adjunction homomorphism ay, is

@ HNE)eH ™ (Ya)e @ HY ™) xH™ (F,).
zeA(f1) zeA(f2)



HODGE STRUCTURES OF GLOBAL SMOOTHINGS 49

Hence,
. 0,m1+ma-2 1 mi+meo—-2 mo—2 mi1—2
dimcEY (f) = h (Y x Ya) + dih™2 2 (Ya) + doh™2(Y7),

dimg By™ ™73 (f) =0,
and
dim(CEg,m1+m2—4(f) _ hO(Pljj*ﬁmlergfll) _ hm1+m2—4(Y1 « YQ)
We still get the formula in Lemma (2) by summing the three dimensions.

Remark 5.5. Apply a similar computation, we can prove that the difference of
B2l (X e X))
and the dimension of degree mq + mo — 1 part of
H*(X1) ® ey H* (X1)
is

(R™(X1) = 2h™72(X1)) B2t (Ya) + Bt (Yh) (B2 (X2) - 207272 (X2))

R 2(B1) (B2 71 (X2) = ™27 (X2)) + (A™7H(X0) = A™72(X1)) B2 (Bo)
+2RmL (Y ) pm2l (),

van van
Therefore, the difference can be nonzero even if both Y7 and Y5 have no vanishing

cohomology.

6 Proof of Theorem and

Recall that in Section 2, we consider the following two situations:

(A’) We are given a mixed Hodge structure (H, W, F') defined over R and a nilpotent
endomorphism N on H such that
(a) N is a morphism of mixed Hodge structure of type (-1,-1),
(b) W =W(N,d) is the weight filtration of N centered at d.
(B’) Besides the assumption in (1), we are given a non-degenerate bilinear form S
on H defined over R, which satisfies
(a) S(v,w) = (~1)25(uv),
(b) S(u, Nv)+S(Nu,v) =0,
(c) S(FP,FP+L) =0 for all p.
In the situation (B’), since W = W(N, d), we must have S(W,, W}) = 0 for a+b < 2d-1.
Therefore, for p + ¢ > d, we can define (529, s7%) to be the signature of S(Ce, NP*1-3)
on the (p,q)-component of the Hodge structure (of weight p + ¢) on the primitive part

Pp+q _ ker(Np+q—d+1 . Grzqu — Gr%7p7q72H),

where C is the Weil operator.
Consider Deligne’s weak splitting of real mixed Hodge structure (cf. [33, Lemma-
Definition 3.4]):

1P = FP AWpig 0 (FI0Wyig + Y, FII 0 Wyagj).
j>2

Then, in the situation (A'), this splitting satisfies the following conditions:
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(1) W, = EBﬂqSl e Fr = @pZT we,

(2) IP9 =197 mod @,cp-1,5¢q-11"°.
(3) NIP4 c p-la-t

In the situation (B’), Deligne’s splitting also satisfies
(4) S(IP9,1"™*) =0 unless r=d-p, s=d—-q.
(5) If we define the primitive part of I to be

D4 ._ TPq p+q-d+1
I = [P nker N ,

prim
then (v/=1)P79S(e, NP*9793) has signature (s7?,s”9) on e
(1), (2), (3), and (5) follow directly from the definition of Deligne’s splitting. Let’s
prove (4) here:

Proof of (4). Since S(W,, W) =0 for a+b < 2d—1, we have S(IP?,I"*) =0 if r+s+p+q <
2d—1. Also, since S(F?, F?) =0 for a+b > d+1 by assumption, we have S(IP4, 1"%) =0
if r+p>d+1. Now, suppose that r+p < d, we claim that S(IP?,I"*) =0 for g+s>d+1
too. Were this proved, the only nonzero possibility is 7 = d—p and s = d—q. To see this
claim, write

1P = FP AWyig 0 (FIN Wyig+ Y. FII T A Wyiq-5)

j>2

and

I = F aWes 0 (F5OWeps + Y F57 W),

1>2
Again, since S(ﬁ,ﬁ) =0fora+b>d+1and S(W,,W;) =0 for a+b<2d-1, we have
S(Fa7+ A Wpeg—j, F5 0 Wiis—i) =0
if either g—j+s—-it>d-1orp+qg+r+s—i—7j<2d-1; or equivalently
S(Fq—j+1 N Wp+q—j7 Fs—i+l Wr+s—i)

is nonzero only if p+r > d+ 2, which is empty under our assumption. Similarly, we can
see that

S(F1n Wpiqs Fs—itln Wiis—i)
and

S(Fq_j+1 n Wp+q-j, FS n WT+S)
are nonzero only if p+r > d+ 1, which is also empty. Finally, we have

S(ﬁﬁ Werq,ﬁ n WT+S) = O

for g +s>d+ 1. The claim is proved. O

The key point of our calculation is the following combinatorial lemma:

Lemma 6.1. Let u € V be a vector and N a nilpotent operator on V. Suppose that
N™ly =0 but N*u+0. Then for all0<k <n+1 we have

(eZNu Ae VN NuA ... A eZNanku) A (eZNu AV NuA A eZNNkflu)

Cn—k+1,k

- m(?— 2) (R DE Y A Nua A N,
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where Cp_pi1 1 15 the number of standard Young tableauz of the shape k x (n -k +1)
squares.

Proof. Let
d = (eZNu/\ ENNuA .. A eZNanku) A (eENu/\ ENNun ... /\eENNkflu).

We first show that ® is a homogeneous polynomial in z and z of degree (n -k + 1)k.
To see this, note that the difference of the degree in z (resp, Z) and the degree in N in

each term of e*¥ N'u (resp. €N N'u) is 1, so the difference of the degree in z, Z and the
(n=k+1)(n-k)  k(k=1)
2 2

degree in N in ® will be . Also, @ is a polynomial in z and z over

uANuAn...AN"u, and the degree of u A Nun...AN™uin N is @ So the degree of
® in z and Z should be

(n+1)n (n-k+1)(n-k) k(k-1)
2 2 2

(n—-k+1)k.

Next we compute the limit limz.,, W%. It suffices to show that this limit is finite

and has a coefficient equal to % In fact, since this limit is in indefinite form, we

may apply the L’hospital rule (with respect to partial derivative in z). Observe that at
each time we take the partial derivative to ® with respect to Z, we replace one eV Nty
by eV N'*1u, so the partial derivative will still be an indefinite form until k(n—k+1)-th
partial derivative. In this case, we have already replaced e*N une?N Nun...ne?N N¥1y by
N Nkl n 2N Nk 20 A A e*N N™u, and the coefficient is just m times the
number of the ways of moving {1,...,k—1} to {n—k+1,...,n} by replacing some element I
with [+1 but without repetition of elements. We can identify this combinatorial number
as the number of standard Young tableaux of the shape k x (n — k + 1) squares. The
lemma is proved.

g

Corollary 6.2. Consider the (n+1) x (n+1) upper triangular matriz A(z) = Ao n+1(x)
which is defined using the Taylor expansion of e* by

n-1 n
L R =) T
1z %
1! -!
fi&n+1($) = . . n;
L
1

For0<k<n+1, let Ap_ji11x(x) be the upper right k x k submatriz of A(x), i.e.

xn—k+1 xn—k+2 Z,n—l "
(n—k+1)! (m—-k+2)! 7 (n-1)! nr
l,nfk+2 wn7k+3 1‘”72 xnfl
(n—k+2)!  (m=k+3)! 7 (m-2)! (n—-1)!
Ap-r1 k() = : :
a:nkarl a;”’b*k}‘f’?

D) (k)]
mn*k‘Fl

(n—k+1)!
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Then the preceding lemma says that

Cr-k+1,k e
det(A, a1 x(z)) = mx( k+1)k7

where Cp_gi1 1 15 the number of standard Young tableauz of the shape k x (n -k + 1)
squares.

Proof of Theorem[2.4 For p+ q > d, We choose a basis {uf’qh’ e JPI % of I”? for each

prim prim
p,q 3 M P,q — q,p b,q — q,p q,p
P, q, where Jprim is an (ordered) indexed set, such that Jprim = Jprim and u; " = ;" +8;

with s € W.p-o. Using the weight filtration of N, we may extend this basis to a basis
{uli e J9} of IP9, where JP9 =[5 Jg:iif’lqﬂ for p+q>dand JP =159, Jg:iiﬁqﬂ
for p+ g < d, such that
L, pq _ ,p=lq-l
N u; =y

for all i e J2? and 0 <1< p+q—-d, and such that

prim
p.q9 _ , 9P q,p 9P
;" =, + S0, S € Wq_,_p_g

for all p,q and i € JP4,
We would like to show that exp(2N)F* @ exp(zN)Fd-*+1 = H for Im(z) sufficiently
large. Without loss of generality, we may assume k <d -k + 1. Also, since

exp((z+ 1)N)F* @ exp((z + 1)N) F4-++1 = exp(N) (exp(,zN)F]’C e exp(zN)Fd‘k+1) ,

we may and do assume z lies in a domain with bounded real parts. It suffices to show
that

N, pa P
(Apsk, iegea € U2 D) A (Npsdoiort, iegra €N ul"?) .

b,q
/\p,qZO, 1€ JPq ui’

0

for Im(z) sufficiently large.
Let uf"? e Iﬁfm with i € Jé’;‘fm and p>k, ¢>d-k+ 1, we first compute

D,q ._ zN, p-l,g-1 zZN, q-l,p-1
PP = ARG A A\ e )
0<i<p-k 0<l<g—d+k-1

_ ( /\ €zNNluzi),q) A ( /\ ezN(Nluzi),q + Sf_l’q_l))

0<i<p-k 0<l<q—-d+k-1
Then by the preceding lemma, we can write

O X = X
Q7 =W+ =0
where

Cpkil,g-dik g —q.d-
D.q _ p—k+l,q-a+ = (p—k+1)(g-d+k), pa p-1,q-1 d-q,d-p
. = Z—Z w., AU N AU;
E ((p—k+1)(q—d+k))!( ) ! ¢ E

)

and

=P,q _ zN, p-l,g-1 ZN .p,q ZN p-3,9-3
2=l A el A > eV sPIn LA sl A
0<l<p-k 0<j<q—-d+k-1
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ezNu;;J—]—l,q—]—l ALA CZNU?_k+1'p_q+d_k+1)
On the other hand, for u}"? € Ipq with i € Jp‘fm and p>k, g<d-k+1. We have
D ._ zN a7l, P,q _ , P.q p-1,g-1 d-gq,d-p
Pt N\ N NuP =l Al Ao AU .
0<l<p+q—-d

If the mixed Hodge structure splits over R, i.e. s =0 for all 4,p, q, then ~l’ =0
too. Then we have

N, p,q p,q
(Apsk, iegra €Ul D) A (Npsdotr1, iegra €N ul?)
’q

/\p q>0, eJP:q up
=C0(z- )Zp>k grd—k1 | TE 1(p=k+1) (q— d+k) C %0,

which is nonzero for Im(z) # 0 and the theorem is proved.
In the general case we need to estimate the remainder term arising from = =, We
can decompose = mto a sum of terms =¢ j"i such that each = qu is a wedge product

of some of the basis uf, of H with polynomial (in Z and z) coefficient. Consider two

numbers associated to = H j . The first number is the degree difference
O—(Hpq = degz, 7(‘—‘ ) _degz, E(\Ilfq)a
and the second number is the weight dlfference
B = ) ()

where the weight wt of a wedge of basis u? i 7 is defined as the sum of all p' +¢'. The
key observation is that

T+ 20 < -1.
Roughly speaking, this is because when the degree in z, Z grows by one, the weight will
decrease by at least two due to the nilpotent operator N, and the —1 comes from the
terms sp A«

Let’s make an explicit computation. First by Lemma we know
wt(P?) =d(p+q-d+1)
and
deg. (U7 = (p-k+1)(g-d+k).

Note that in the expression of "7, we have degy (20" ;) = deg, Z(" ) where deg (2P

i
denotes the degree of N of the term forming by the wedge of some N! f a N f i
that =¥ jr comes from. Also, we have

= Lag-1 ~l,g-1 -
Wt(:ﬁ’;{,) < > wt(u ) + oo wt(ud ™ )—2degN(:f7’;1i -1
0<i<p-k 0<l<q—-d+k-1

=(k+q)(p-k+1)+(p+d-k+1)(g-d+1)-2degy(Z]]) - 1.
Here, -1 appears due to the existence of s” "7 and that st """ has weight at most p/+¢'~1.
Therefore, we have

T(EFD) +20(E) < (k+r)(p-k+ 1)+ (p+d-k+1)(r-d+k)-1
-d(p+r-d+1)-2(p-k+1)(r-d+k)=-1.
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. . ':‘p7q
Finally, note that the terms in the top wedge formed by the wedge of some St and

=b f_ must satisfy
? 1

ZT(_Z ]Z) 0.

some U7 with at least one Z

Using the inequalities
T(Ezi) + 20(32}%) <-1,
it implies that
Z (=P ; jl) < -1.
So these terms have degree in z, Z strictly less than the top wedge of W¥". Therefore,
if we write z = a + \/—1t, we can conclude that

N, P, —37
(Apsk, ieara €Nl ) A (Apsa-is1, ieoa eNul™?)

b,q
Np,g>0, iera Uy’

=C(z- Z)Zp>k gzd—ke1 | Thi | (p=k+1) (q=d+k) +O(lt[ 148 ok, gzd—k+1 [T [ (P=F+1) (a- d+k))

where C' # 0 and z lies in a domain with bounded real parts by our assumption.
This proves the theorem.
O

Proof of Theorem [2.5 We adopt the notation in the proof of Theorem In this case,
since

SNy e(+DNy) = §(e*Nu, e2Nu),

we may and do assume z lies in a domain with bounded real parts.

We choose the basis u?? of I" again so that the Hermitian form S(Ce, NP*7~%%)

prim
Igr?m is diagonalized under this basis. We also make the basis satisfies

D _ 4P, 4P 4P
w, = 80, 8, € Wpiga,

which is possible by the condition (4) of Deligne’s splitting. In this case, we also

separate J into the disjoint union of J?? and J2?  where u}"? is a positive (resp.

prim prim,+ prim,—
negative) eigenvector of S(Ce, NP*993) for i e JI  (resp. JP? ). By assumption,

prim,+ prim,—
P,q Dp,q
|Jpr1m i| =S:

Consider the basis {Nruf’q|0gp,qﬁd, ieJP? 0Sr£p+q—d}. We give a well-

prim’
ordering on this indexed set (p,q,%,7) by (p,q,i,7) > (p',¢',i',r") if
(1) p-r>p' -1,
(2) p-r=p' —r"and g-r>q -1,
(3) p_r:p,_r, and q—’l”:q/_r, and T>7'/,
(4) p-r=p' -r"and g-r=¢ -r"and r =r" and i > i".
Here, the well-ordering on i € Jg;?m is chosen arbitrarily. We will prove that the decreas-

ing filtration F* constructed using the well-ordered basis above satisfies the desired
property in Theorem (1)
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On the other hand, we need to show that the signature of the Hermitian form S(C'e,?)
on exp(zN)F* Nexp(zN)Fa-* becomes

Z k+rd+l k+r Z Slj+r,d+l—lc+r

I>k—d, I>k—d,
r2(=1)+

r>(-1)+

for Im(z) sufficiently large.
Besides the opposedness condition proved in Theorem we notice that exp(zN)F'*
satisfies the first Hodge-Riemann bilinear relation:

S(exp(zN)F¥ exp(zN)F&F) = §(FF, pa=*+1y = 0,
where we use the first Hodge-Riemann bilinear relation for F'* and the fact that
S(eNu,e*Nv) = S(u,v)

for all u,v.
As a result, it suffices to prove that for 0 < k < d, the signature of the Hermitian form

(v/~-1)?S(e,%) on exp(zN)F* is

d

(6.1) Z(—l)d_j Z Sf’“’d”*j” _ Z GHHrdl=jtr
ik I2j-d, 157-d
'I‘Z(—l)+ 7-2(_[)+

for Im(z) sufficiently large.
Let’s start with the simplest case first. For all p,q,k with d —q < k < p and any
e JP1 consider the subspace

prim,+’
Ve @ N(ed)
0<l<p-k
of F¥. Write z = a + /-1t. We have
S(e =N N7 Pa N NPl uP7) = (~1)"S(uh e (Z-2)N pyrs f)

=_ +q—d-r-s —
_ { (—1)7"%5(1@"], Np+q_duf’q) + O(|t|p+q_d_r_s_1), r+s<p+q-d

0, r+s>p+q-—d .
Then the following lemma holds:

Lemma 6.3. For d—-q<k<p, let B)'?(2,Z) be the (p—k+1) x (p—k+1) Hermitian
matrix (bk . $)0<r,s<p—k With

p+q—d-r—s
= | DI GRS s <pea-d
s 0, r+s>p+q-d
Then

(1) We have
Co-dikp-k+1 (2Im(z))(a-d+k)(p=k+1)
((g-d+k)(p-k+1))! ’

det (BP(2,%)) = ((_1)Z§:k(d—j))
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where Cy_qikp-k+1 15 the number of standard Young tableauz of the shape (q —
d+k)x(p-k+1) squares.

(2) ForIm(z) # 0, if we perform the block diagonalization to BY(z,%Z) as in Lemma
the diagonal matriz DY?(z,Z) becomes

. d-1 Ap, —-d-p+2l
diag (..., (1) CP(Im(z))* p+2 "")l=p7p—1,p—2,---,k’

where

Cf’qu _ 2q—d—p+2[ (qu+l,pl+1 ) ( ((q -d+1+ 1)(p — l))!) ‘
: Co-drts1p-1 ] \((g=d+1)(p-1+1))!
In particular, the signature of BZ’q(z,Z) is Zﬁzk(—l)d_j-

Assuming Lemma then the Hermitian matrix
(( /—l)dS(e'ZNNTUI;’q,€ENNSW))

0<r,s<p—k

= (V=D aS (s, NP DT ) BP9z, ) + RYY(2,%),
where each entry of RY¥(z,Z) is either 0 or has degree (in z,%) strictly less than the
corresponding entry of Bi'¥(z,Z). As a result, we see that

(1) The restriction of the filtration F* on V7 satisfies the desired condition in
Theorem (1) for Im(z) sufficiently large.
(2) If we perform the block diagonalization to the Hermitian matrix
—1\d 2N arr, 0,4 ZN n1S, DG
((\/ DS (e N"ul, e*" Nu; ))OST,SSp—k
as in Lemma the diagonal matrix becomes

diag (..., (") P CRAN (Im(2))P T L O, L) s

where

Pq _ - Pyq +q-d_ D,
X = (V=1)PT9S (u?, NPTy ),
In particular, the signature of the Hermitian matrix is + (Z?zk(—l)d‘j ) where +
depends on whether i € J??  or ie J?? . This shows that the formula |D

prim,+ prim,—
holds in this simplest case.

Proof of Lemma[6.3. Note that under suitable symmetry (the reflection about the mid-

dle row), the matrix B}*?(z,%) is related to the matrix Ay g,k p-x+1(Z—2) that we define
in Corollary and then we have

det (B (2.7)) = (V) oked ()

(p=k)(p-k+1) _
(-1) 2 det (Aq—d+k,p—k+1(Z - Z)) .
(p=k)(p=k+1)

The first (-1) 2 corresponds to the (-1)" factor in each entry and the second
(p=k)(p=k+1)
(-1)" 2 corresponds the permutation of rows of BY?(z,%Z) to match those of

Aq—dskp-k+1(Z — 2). Thus, by Corollary we have

_ _ _ Cy-dikp-k+1 _ _ _
det (B(z,%)) = (V1) M((q-dik;(;-h 1))!(2_2)(q e
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(1T Co-dsk p-ke1(2Im(2)) 4=k k1)
((g-d+k)(p-k+1))!

On the other hand, since for k <1< p, B}"/(z,%) is the leading principal (p—1) x (p—1)
submatrix of B}?(z,%), one sees in particular that the leading principal (p—1) x (p—1)
submatrices of B}“(z,%) are non-degenerate for Im(z) # 0. Thus, by Lemma the
second assertion follows. 0

For all p,q,r,p’,q ,r, s, we define the number
Npap.qrs =min{p+q—d—r-s,p' +q¢ -d-r-s}.
Then for all (p,q,r,7) and (p',q’,s,i"), we have

( /_1)dS(ezN]Vru]iD',q'7 eENNsW)

= (VDS @ EINNT

= _ n. a0’ q’r,
( /_1)d(_1)r (an) pap q‘ TSS(uf’q,anvqﬂp'vq"mwﬂuf,,’q/) " O(|t|n1”‘171’"‘1'%5—1),
p?va,7q’7T78‘

when np g ¢/,r,s 2 0

07 When np7q7p’7q,77"78 < 0

We can also notice that S(u", N"Mm’ﬂ’m*”Suf,,’q’) =0 unless (p,q,i) = (p',q',i").
If the mixed Hodge structure is split over R, then all of the terms O(Jt["».a.r".a".rs71)
and R above are zero. Moreover, for (p,q,i) # (p',¢',i"), V" and V2% are mutually

orthogonal with respect to the Hermitian form (v/=1)2S(e*"Ne,eNe). Hence, according
to our computation for the restriction of the Hermitian form (v/~1)%S(e*e,e*Ne) on
V24, we can conclude that for all Im(z) > 0, the filtration F'* satisfies the desired

condition in Theorem 1) and the signature of the Hermitian form (1/-1)?S(e,®)
on exp(zN)F* is as in (6.1, and the theorem is proved.
In general, consider the Hermitian matrix

M = (Mp,qm’,q’,r,s,i,i’)

i’ )

P s i = ((1 /_1)dS(ezNNru;;J,q’ GZNNSU}?"q'

) )
p,q,p",q",r,8,8,4’
where p > k, i € Jg;‘i]m, O0<r<max{p-k,p+q-d} and p' >k, i’ € Jg;i?r;, 0<s<
max{p’ - k,p’' + ¢’ = d}. We will perform the block diagonalization to M as in Lemma
with respect to the well-ordering on (p,q,i,7) (from large to small). We want to
show that the terms O(|t|"».a¢".a’»s71) above don’t contribute to the leading terms in the
block diagonalization process. Theorem (1) is proved if we show that the successive
diagonal entries are nonzero. The signature formula follows if we can show that
after the block diagonalization, the diagonal entry M, 4 p g.r.rii of M becomes

(—l)d—p+ré£’_qr/\qu(Im(z))p+q—d—2r " O(|t|p+q‘d‘27‘—1)

for all (p,q,i,r).
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We recall that the block diagonalization of a Hermitian matrix ( gl* g ) with A

A 0
0 C-B*A'B |"

Let’s call the terms coming from —B* A~! B the supplementary terms to the correspond-
ing entries of C. We will prove by induction that the following situation holds:
Before we perform the (p,q, i, r)-diagonalization step, we have
(1) For (p',q¢',i',r") and (p”,q",i",r") such that at least one of them > (p,q,%,r)
and such that (p',q¢’,i",r") = (p",¢",i",v"),

invertible is given by

Mp’,q’,p”,q”,r’,?‘",i’,i” = O
(2) For (pl7q,7il7’,"l) Z (p7 q7 i? T)?
Mp/7q17p/’q/77,./77n/’7;/77:/ = (—1)d7p *r C'I];,’_q?,‘,A,Lp 4 (Im(Z))p +q'—d=2r + O(|t|p +q'—d=2r 71).
(3) For (p',q',i',r") and (p”,q",i",r""), both < (p,q,i,7) and such that (p',q’,i") #
(p/l qll i”)
My g1 p g o it it = O([t]"s"a v r" 7).
(4) For (p',q',i',r") and (p',¢',',r""), both < (p,q,i,r),
Mplaq,717/4]/77",7“”,Z'/7i’ = O(|t|np’,q’,p’,q’,r’,'r" )'
After we perform the (p, q,1,r)-diagonalization step, we have
(5) For (p',q',i',r") and (p",q",i",r"), both < (p,q,i,7), and such that either
(',q,i") # (p,q,i) or (p”,4",i") + (p,q,1), the supplementary term to the entry
Mp/7ql7pl/,qII7,rJ7,r,/I’iI7Z'II haS OI‘deI'
O(|t|np/’q/7pllyq//’rlyrll—1).

(6) For (p,q,i,7") and (p,q,%,7""), both < (p,q,i,7), the supplementary term to
My q.p.qr i has order

O(‘t’npyq,p,w",r" )

Now, we assume that (1),(2),(3),(4) hold at (p,q,i,r)-diagonalization step and
(5), (6) hold for all (p',q¢’,i’,r")-diagonalization step with (p’,¢’,i",r") > (p,q,i,7). Then
for (p',q',i',r") and (p”,q",i",r""), both < (p,q,i,r), and such that either (p',q’,i") +
(p,q,3) or (p',¢",i") # (p,q,1), the supplementary term to the entry My g prr g o por v i
is

‘Mp’,q’,p,q,r’,m’,iMp_,;,p,q,r,r,i,iMp,q,p”,q”mr”,i,i”v
which has order less than or equal to

' g par'sr = Mpaparr + Mpgp” g =1
< Ny g g = L
The negative one arises since either (p’,q’,i") # (p,q,1) or (p”,q",i") # (p,q,i). Also,
for (p,q,i,7") and (p,q,%,7""), both < (p,q,%,7), the supplementary term to the entry
Mp,q,p,q,r’,r”,i,i is
_Mp,q,pvq,r’mi,iMz:,(lz,p,q,r,r,i,z’Mp,q7p7qn"ﬂ“”7i,iv
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which has order less than or equal to
Np,q,p.qr'r ~ Np,gp,qrr + Npqgpqgrr”
= np7Q7p’q7T/7T”'

Thus if we let (p,§,,7) be the predecessor of (p,q,i,r), then we have seen (5), (6) hold
for (p,q,i,r)-diagonalization step and (1),(3),(4) hold for (p,d,1,7)-diagonalization
step. Finally, to see (2) for (p,q,t,7), we notice that by (5) and (6) for all the steps

before (p,q,t,7), the only contribution of order np ;447 to Mﬁ,ﬁ@@j’ﬁ;ﬁ comes from
those entries M ;. ;5 with r’, " < 7. As a consequence, by Lemma m we see
bl bl B A B} b Al

that

This proves the theorem.
O

Remark 6.4. In the proof, we also see that there are real analytic orthogonal basis
vi(2) of exp(zN)F¥ nexp(zN)Fd-Fk with respect to the Hermitian form (v/~1)%S(e,3)
such that the growth of order of (v=1)%S(v;(2),v;(2)) are Im(z)" with k—d <l; < k.
The asymptotic order [; is the smallest integer among those integers [ such that

lim e *NMui(z) € Wieq.

Im(z)—>o0

This is compatible with Deligne-Schmid’s theorem [41, Theorem 6.6'] in the case of
the degeneration of polarized Hodge structures, which states that a (multi-valued) flat
section v(q) belongs to W; if and only if, along a radical ray,

S(Cv(q),v(g)) = O((-log lg))"™)

as |g| tends to zero.
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