
ON THE HODGE STRUCTURES OF GLOBAL SMOOTHINGS OF

NORMAL CROSSING VARIETIES

KUAN-WEN CHEN

Abstract. Let f ∶X →∆ be a one-parameter semistable degeneration ofm-dimensional
compact complex manifolds. Assume that each component of the central fiber X0 is
Kähler. Then, we provide a criterion for a general fiber to satisfy the ∂∂-lemma and
a formula to compute the Hodge index on the middle cohomology of the general fiber
in terms of the topological conditions/invariants on the central fiber.

We apply our theorem to several examples, including the global smoothing of m-
fold ODPs, Hashimoto-Sano’s non-Kähler Calabi-Yau threefolds [23], and Sano’s non-
Kähler Calabi-Yau m-folds [39].

To deal with the last example, we also prove a Lefschetz-type theorem for the
cohomology of the fiber product of two Lefschetz fibrations over P1 with disjoint
critical locus.

1 Introduction

The classical ∂∂-lemma for compact Kähler manifolds states that if we are given a
smooth differential form α on a compact Kähler manifold which is ∂-closed, ∂-closed
and d-exact, then α is ∂∂-exact. It is natural to ask when the ∂∂-lemma holds beyond
the category of compact Kähler manifolds. It is well-known that if M is a compact
complex manifold such that the Hodge to de Rham spectral sequence degenerates at
the E1 page, then the following three conditions are equivalent (cf. [13, (4.3.1)], [14,
(5.21)], [4, Lemma 13.6]):

(1) M satisfies the ∂∂-lemma,

(2) the Hodge filtration F ●Hd(X) is d-opposed to its complex conjugate F
●
Hd(M)

for all d,
(3) For all d, there is a Hodge decomposition

Hd
(M) =⊕

p
Hp,d−p

(M),

where Hp,d−p(M) = F pHd(M) ∩ F
d−p
Hd(M).

Here, we recall that if V is a complex vector space and ′F ● and ′′F ● are two decreasing
filtrations on V , then ′F ● and ′′F ● are said to be d-opposed if, for every p,

′F p
⊕
′′ F d−p+1

≅ V.

In particular since the degeneration of Hodge to de Rham spectral sequence and the d-
opposedness of the Hodge filtration with its complex conjugate are both open conditions,
the ∂∂-lemma is an open condition.

It is also well-known that if a compact complex manifold M is dominated either by a
compact Kähler manifold or by a compact complex manifold of the same dimension as
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M that satisfies the ∂∂-lemma, then M satisfies the ∂∂-lemma (cf. [14, Theorem 5.22]
and the argument used in [47, Lemma 7.28, Remark 7.29]). In particular, any Moishezon
manifold and any compact complex manifold of Fujiki class C (i.e., bimeromorphic to

a compact Kähler manifold) satisfy the ∂∂-lemma. Conversely, if M is a compact

complex manifold that satisfies the ∂∂-lemma and Z is a closed submanifold of M the
satisfies the ∂∂-lemma, then the blowup BlZM ofM along Z also satisfies the ∂∂-lemma
([43],[36],[49],[3]). Thus, the ∂∂-lemma is a bimeromorphic invariant in dimension less
or equal to three, and also, if M is a compact complex analytic space with at worst
isolated singularities, then one resolution of singularities of M satisfies the ∂∂-lemma if
and only if every resolution of singularities ofM satisfies the ∂∂-lemma. But in general,
whether the ∂∂-lemma is a bimeromorphic invariant is still an open conjecture.

There are several examples of compact complex manifolds that satisfy the ∂∂-lemma
but not of Fujiki class C. First, since the ∂∂-lemma is an open condition under deforma-
tion but being of Fujiki class C isn’t ([7],[29]), the small deformation of some Moishezon
twistor spaces produce threefold examples. Second, some examples are found among
solvmanifolds ([1],[2],[24]). Third, [3] constructs a simply connected threefold exam-

ple. Fourth, Friedman [16] proved that the ∂∂-lemma holds for general nearby global
smoothings of Calabi-Yau threefolds with ordinary double points (i.e. general (nearby)
Clemens manifolds) and later Li [31] proved that Friedman’s result holds without the
general assumption and showed that the Hodge structure on the middle cohomology
of any (nearby) Clemens manifold together with the cup product is polarized Hodge
structure. Fifth, [25] constructs some other simply connected threefold examples as
well as some interesting examples of compact complex manifolds that don’t satisfy the
∂∂-lemma.

This paper aims to study the general phenomenon behind the existence of polarized
Hodge structures on the middle cohomology of the (nearby) Clemens manifolds. Recall
that Clemens manifolds are constructed by first contracting several rational curves on
a projective Calabi-Yau threefold to ordinary double points and then taking the global
smoothing of the ordinary double points on such a singular compact complex analytic
space. Thus, we can propose the following general question: if M is a singular compact
complex analytic space that admits a Kähler resolution of singularities as well as a
global smoothing, when does the global smoothing satisfy the ∂∂-lemma? Also, if this
is the case, can we compute the Hodge index on the middle cohomology of the global
smoothing?

Consider a one-parameter degeneration ofm-dimensional compact complex manifolds
f ∶ X → ∆, where X is a connected complex manifold, ∆ is the unit disk, and f is a
proper holomorphic map that is smooth over the punctured disk ∆∗. By the semistable
reduction theorem, we may assume E ∶= f−1(0) is a simple normal crossing divisor, all
of whose components are reduced. Suppose, moreover, that the irreducible components
of E are all Kähler or, more generally, each k-fold intersection of the irreducible com-
ponents of E satisfies the ∂∂-lemma. Then Steenbrink (cf. [33, Chap 11]) constructs
a limiting mixed Hodge structure on Hd(X∞,C) for all d, where X∞ is the canonical
fiber. We will denote it by (Hd

lim,W
St, Flim). Steenbrink shows that in this case, the

monodromy operator T on Hd(Xt,C) induced by counter-clockwise loop is unipotent.
Moreover, if we consider the natural extension of T to Hd

lim, still denoted by T , then by
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Steenbrink’s construction, the nilpotent operator N ∶= log(T ) is a morphism of mixed

Hodge structure of type (−1,−1), i.e. N satisfies NWSt
r ⊂ WSt

r−2 and NF p
lim ⊂ F

p−1
lim .

Furthermore, as a consequence of the theory, the Hodge to de Rham spectral sequence
on the general fiber Xq degenerates at E1 for ∣q∣ sufficiently small.

On the other hand, a well-known theorem of Schmid ([41]) is that the degeneration
of a one-parameter integral polarized variation of Hodge structure of weight d forms a
polarized mixed Hodge structure (H,W ,F ) (see Definition 2.1), where W =W (N,d) is
the monodromy weight filtration of N centered at d

This paper aims to deal with the converse situation of Schmid’s theorem above in the
geometric setup. Consider the following two situations:

(A) For the limiting mixed Hodge structure (Hd
lim,W

St, Flim) on Hd(X∞,C), we

assume that WSt =W (N,d).
(B) Suppose we are in the case d = m and that WSt = W (N,m) on Hm(X∞,C),

i.e. (A) holds. Let Q(●, ●) denote the natural cup product on Hm(X∞,C) ≅
Hm(Xq,C). (If there is no ambiguity, we will denote the natural cup product on
any compact complex manifold by Q(●, ●).) Write S(●, ●) = ϵ(m)Q(●, ●), where

ϵ(a) ∶=
a(a−1)

2 . Let C denote the Weil operator, which is defined as (
√
−1)p−r on

the (p, r)-component of a Hodge structure of weight p + r. Since (A) holds, for
all l ≥ 0, the Hermitian form

(u, v) ↦ S(Cu, (−N)l v)

is nongenerate on GrW
St

m+l H
m
lim (cf. Remark 3.2 for why we use −N instead of

N). Let (sp,m+l−p+ , sp,m+l−p− ) be the signature of this Hermitian form on the
(p,m+ l−p)-component of the Hodge structure (of weight d+ l) on the primitive
part

Pm+l = ker(N
l+1
∶ GrW

St

m+l H
m
lim → GrW

St

m−l−2H
m
lim).

Given an integer n, set n+ = max{n,0}. Since (A) holds, for all l with
−m ≤ l ≤m, there is an N -Lefschetz decomposition:

GrW
St

m+l H
m
lim = ⊕

r≥(−l)+

N rPm+l+r.

Thus for 0 ≤ p ≤m + l, define the invariants

Sp,m+l−p
+ = ∑

r≥(−l)+

sp+r,m+l−p+r+

and
Sp,m+l−p
− = ∑

r≥(−l)+

sp+r,m+l−p+r− ,

which corresponds to (the N -Lefschetz decomposition of) the (p,m + l − p)-

component of the Hodge structure on GrW
St

m+l H
m
lim. Note that Sp,m+l−p

+ +Sp,m+l−p
−

is equal to the dimension of the (p,m+ l−p)-component of the Hodge structure

on GrW
St

m+l H
m
lim, but when l ≥ 0, (Sp,m+l−p

+ ,Sp,m+l−p
− ) is not the signature of the

Hermitian form S(C●, (−N)l●) on the (p,m + l − p)-component of the Hodge

structure on GrW
St

m+l H
m
lim since S(Nu, v) + S(u,Nv) = 0 for all u and v.

Then, the main theorem of the article is:
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Theorem 1.1. Let f ∶ X → ∆ be a one-parameter semi-stable degeneration of m-
dimensional compact complex manifolds such that all irreducible components of the cen-
tral fiber X0 are Kähler or, more generally, each k-fold intersection of the irreducible
components of X0 satisfies the ∂∂-lemma. Let (Hd

lim,W
St, Flim) be the limiting mixed

Hodge structure on Hd(X∞,C) Then
(1) In the situation (A), the Hodge filtration F ●q of Hd(Xq,C) on the nearby fiber

Xq ∶= f
−1(q) is d-opposed to its complex conjugate for ∣q∣ sufficiently small.

(2) In the situation (B), the signature of S(C●, ●) on the (p,m − p)-component of
the Hodge structure on Hm(Xq,C) is

(
m

∑
k=0

Sp,k
+ ,

m

∑
k=0

Sp,k
− )

for ∣q∣ sufficiently small. In particular, if (Hm
lim,W

St, Flim) is a polarized mixed
Hodge structure with respect to the cup product S(●, ●) (i.e., sp,r− = 0 for all p
and r), then the middle cohomology Hm(Xq,C) together with the cup product
S(●, ●) is a polarized Hodge structure for ∣q∣ sufficiently small.

Remark 1.2. (1) The theorem above describes the general phenomenon behind
Li’s computation for Clemen’s manifolds in [31]. We will see later that the lead-
ing term in his computation corresponds to the nilpotent orbit, and the nearby
Hodge filtration approximates the nilpotent orbit in a certain way (sufficiently
fast) so that it still underlines a polarized Hodge structure.

(2) By Steenbrink’s theory, the assumption WSt =W (N,d) in Situation (A) is only
a topological condition on the central fiberX0. Indeed, this topological condition
only involves the Gysin morphisms and the restriction morphisms of the strata of
X0. Also, the computation of the Hodge index (sp,q+ , sp,q− ) in Situation (B) can be
reduced to the computation of the Hodge index on the middle cohomology of the
strata of X0 by Fujisawa’s theory ([19], or see Proposition 3.5 and Proposition
3.6). This will be elaborated in Section 3. Hence, our theorem provides a

criterion of the ∂∂-lemma on the general fiber and a formula to compute the
Hodge index on the middle cohomology of the general fiber in terms of the
topology of the singular fiber.

The first consequence of Theorem 1.1 is based on a theorem of Guillén-Navarro Az-
nar. Suppose that X0 satisfies a strong Kähler type condition: there exists a class in
H2(X0,R) that restricts to a Kähler class on each irreducible component. Then Guillén-
Navarro Aznar ([22], or cf. [33, §11.3]) shows that there is a polarized Hodge-Lefschetz
module structure on WStE1, and thus Steenbrink’s weight filtration WSt and the mon-
odromy weight filtration W (N,d) coincides on Hd(X∞,C) for all d. (The coincidence
of WSt and W (N,d) for a projective degeneration is first proved by Saito [38, 4.2.5
Remarque] and Usui [46, (A.1)] independently.) Therefore, combined with Theorem 1.1
and Fujisawa’s theory ([19], or see Proposition 3.5 and Proposition 3.6), we can prove
the following theorem:

Theorem 1.3 (Corollary 3.9). Let f ∶ X → ∆ be a semistable degeneration of m-
dimensional compact complex manifolds. Suppose that there exists a class L ∈H2(X0,R)
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which restricts to a Kähler class on each component of the normal crossing complex
analytic space X0. Then

(1) The general fiber Xq satisfies the ∂∂-lemma for ∣q∣ sufficiently small.

(2) If we let ha,bq = dimCH
b(Xq,Ω

a
Xq
), then the signature of S(C●, ●) on the (p,m −

p)-component of the Hodge structure on Hm(Xq,C) is

(∑
r≥0

(hp−2r,m−p−2rq − hp−2r−1,m−p−2r−1q ),∑
r≥0

(hp−2r−1,m−p−2r−1q − hp−2r−2,m−p−2r−2q ))

for ∣q∣ small.
(3) In particular, when m is even, then the general fiber Xq satisfies the Hodge

index theorem for compact Kähler manifolds for ∣q∣ small: the signature of the

cup product Q(●, ●) on Hm(Xq,R) is ∑a,b≥0(−1)
aha,bq for ∣q∣ small.

Remark 1.4. Roughly speaking, the theorem above says that under such a strong
Kähler type condition on the central fiber, the general fiber behaves like a Kähler
manifold. Indeed, if M is a m-dimensional compact Kähler manifold, then from the
Lefschetz decomposition on the middle cohomology, we have

Hp,m−p
(M) =⊕

r≥0

LrHp−r,m−p−r
prim (M),

where Ha,b
prim(M) denotes the (a, b)-component of the primitive cohomology of M and

L is the Lefschetz operator. Denote the dimension of Ha,b(M) and Ha,b
prim(M) by h

a,b

and ha,bprim. Then the signature of S(C●, ●) on Hp,m−p(M) is

(∑
r≥0

hp−2r,m−p−2rprim ,∑
r≥0

hp−2r−1,m−p−2r−1prim )

= (∑
r≥0

(hp−2r,m−p−2r − hp−2r−1,m−p−2r−1),∑
r≥0

(hp−2r−1,m−p−2r−1 − hp−2r−2,m−p−2r−2)) ,

which is the same as the formula in (2) above. It is interesting to ask whether the general
fibers are Kähler manifolds if there are Kähler forms on all irreducible components of
X0 that agree on all intersections.

Now, we consider a m-dimensional compact complex analytic space X0 with at most
ordinary double points, which admits a resolution of singularities that satisfies the ∂∂-
lemma. Let {xi∣1 ≤ i ≤ l} be the set of ordinary double points on X0 and X̃0 be

the blowup of X0 at all ordinary double points. The exceptional divisors Qi in X̃0

over ordinary points xi are m−1-dimensional quadrics. If m is odd, each Qi is an even-
dimensional quadric with standard m−1

2 -dimensional planes whose homology classes will
be denoted by Ai and Bi. Define the number

R = dimCker(
l

⊕
i=1

Hm−1
prim(Qi)

−γ
Ð→Hm+1

(X̃0)) ,
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where γ is the Gysin morphism. The number R represents the number of linear relations
of Ai −Bi in Hm−1(X̃0). If m is even, consider the kernel of the restriction map

V m
∶= ker(Hm

(X̃0) →
l

⊕
i=1

Hm
(Qi)) ,

which has dimension hm(X̃0) − l if X0 admits a global smoothing. Then, by applying
Theorem 1.1 to this situation, we get the following theorem, which generalizes the
theorem of Friedman [16] and Li [31] for Clemens manifolds:

Theorem 1.5 (Theorem 4.1). Let f ∶ X → ∆ be a one-parameter degeneration of
m-dimensional compact complex manifolds such that the central fiber X0 has at worst
ordinary double points. Suppose that X0 admits a resolution of singularities that satisfies
the ∂∂-lemma. Then the nearby fiber Xq satisfies the ∂∂-lemma for ∣q∣ small.

Let (hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) be the signature of S(C●, ●) on H

k,m−k(X̃0). When m

is even, let (ĥ
m/2,m/2
+ (X̃0), ĥ

m/2,m/2
− (X̃0)) be the signature of S(C●, ●) on the (m/2,m/2)

part of V m.

(1) If m is odd, then the signature of S(C●, ●) on Hk,m−k(Xq) is

⎧⎪⎪
⎨
⎪⎪⎩

(hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) , k ≠ m+1

2 , m−12

(hk,m−k+ (X̃0) +R, h
k,m−k
− (X̃0)) , k = m+1

2 or m−1
2

for ∣q∣ sufficiently small.
(2) If m is even, then the signature of S(C●, ●) on Hk,m−k(Xq) is

⎧⎪⎪
⎨
⎪⎪⎩

(hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) , k ≠ m

2

(ĥ
m/2,m/2
+ (X̃0) + l, ĥ

m/2,m/2
− (X̃0)) , k = m

2

for ∣q∣ sufficiently small.

In particular, if Hm(X̃0,C) together with the cup product S(●, ●) is a polarized Hodge
structure, then Hm(Xq,C) together with the cup product S(●, ●) is a polarized Hodge
structure as well for ∣q∣ sufficiently small.

Recently, there have been several new classes of non-Kähler Calabi-Yau manifolds
(which are not even of Fujiki class C) constructed by the global smoothing of d-semistable
SNC Calabi-Yau varieties. The critical ingredient is to apply the log deformation the-
ory of the d-semistable SNC Calabi-Yau variety developed by Namikawa-Kawamata
[27, Theorem 4.2] (or see [10, Corollary 7.4] for some recent developments). Then,
by choosing suitable d-semistable SNC Calabi-Yau varieties and applying the theory
of Namikawa-Kawamata, Hashimoto-Sano [23] construct non-Kähler Calabi-Yau three-
folds X3(a), whose b2 tends to infinity as a tends to infinity. Later, by using the same
method, Lee [30] constructs an example of non-Kähler Calabi-Yau fourfold, Sano [39]
constructs non-Kähler Calabi-Yau m-folds Xm(a) for all m ≥ 4, whose b2 tends to in-
finity as a tends to infinity, and also Sano [40] gives another example of non-Kähler
Calabi-Yau threefolds with arbitrarily large b2.

If we apply our Theorem 1.1 to their examples, then we have:
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Theorem 1.6 (Theorem 4.5). The non-Kähler Calabi-Yau threefolds X3(a) constructed

by Hashimoto-Sano [23, Theorem 1.1] satisfy the ∂∂-lemma. Moreover, H3(X3(a),C)
together with the cup product S(●, ●) is a polarized Hodge structure.

Theorem 1.7 (Theorem 4.7). The non-Kähler Calabi-Yau m-folds Xm(a) for m ≥ 4

constructed by Sano [39, Theorem 1.1] satisfy the ∂∂-lemma. Moreover, the Hodge index
on the middle cohomology Hm(Xm(a)) is as follows:

(1) If m ≡ 3 (mod 4), then Hm(Xm(a)) together with the cup product S(●, ●) is a
polarized Hodge structure.

(2) If m ≡ 1 (mod 4), then the signature of S(C●, ●) on Hk,m−k(Xm(a)) is

{
(hk,m−k(Xm(a)), 0) , k ≠ m+1

2 , m−12
(hk,m−k(Xm(a)) − 9(27a

2 − 2a + 5) − a − 6, 9(27a2 − 2a + 5) + a + 6) , k = m+1
2 or m−1

2

.

(3) If m = 4, then the signature of S(C●, ●) on Hk,m−k(Xm(a)) is

{
(hk,m−k(Xm(a)), 0) , k ≠ m

2
(hk,m−k(Xm(a)) − a − 1, a + 1) , k = m

2

.

(4) If m is even and m ≥ 6, then the signature of S(C●, ●) on Hk,m−k(Xm(a)) is

{
(hk,m−k(Xm(a)), 0) , k ≠ m

2
(hk,m−k(Xm(a)) − a − 2, a + 2) , k = m

2

.

Since the construction of Sano’s non-Kähler Calabi-Yau m-folds relies on the pro-
jective Calabi-Yau manifolds of Schoen’s type (fibered product type), the difficulty
in applying Theorem 1.1 to this case is to understand the cohomology of projective
Calabi-Yau manifolds constructed by the fibered product of two anti-canonical Lef-
schetz fibrations. Throughout the paper, when we refer to a Lefschetz fibration, we
mean a Lefschetz fibration that arises from the blowup of the base locus of a Lefschetz
pencil, which is contained in an ample linear system. We prove the following Lefschetz-
type theorem for the fibered product of two Lefschetz fibrations over P1 with disjoint
critical locus:

Theorem 1.8 (Theorem 5.1). Let X̃i
fi
Ð→ P1 (i = 1,2) be two Lefschetz fibrations and

∆(fi) ⊂ P1 be the critical locus of fi. Write mi = dimCX̃i. Assume that ∆(f1) and
∆(f2) are disjoint. Then the canonical morphism of graded rings

H●(X̃1,Q) ⊗H●(P1,Q)H
●
(X̃1,Q) →H●(X̃1 ×P1 X̃2,Q)

is an isomorphism in degree ≤m1 +m2 − 2 and is injective in degree m1 +m2 − 1.

A brief description of the contents is as follows: in Section 2, we first recall some
basic results of the degeneration of abstract variation of Hodge structure and prove
an abstract version of Theorem 1.1 by assuming two technical estimates on nilpotent
orbits. In Section 3, we review Steenbrink’s theory and Fujisawa’s theory on limiting
mixed Hodge structures and show that Theorem 1.1 follows from the abstract version we
prove in Section 2. In Section 4, we apply Theorem 1.1 to several examples, including
the global smoothings of ODPs, the global smoothings of Calabi-Yau threefolds with an
O16 singularity, Hashimoto-Sano’s non-Kähler Calabi-Yau threefolds [23], Sano’s non-
Kähler Calabi-Yau m-folds [39]. In Section 5, we prove the Lefschetz-type theorem
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for the fibered product of two Lefschetz fibrations over P1 with disjoint critical locus.
Finally, in Section 6, we derive the unpolarized and generalized version of the converse
of nilpotent orbits theorem that we use in the proof of Theorem 1.1.

Remark 1.9. Theorem 1.6 and some special cases of Theorem 1.1 and Theorem 1.3
for the threefold degenerations with N2 = 0 have also been obtained by Tsung-Ju Lee
[45] independently, where the finite distance degenerations of non-Kähler Calabi-Yau

threefolds that satisfy the ∂∂-lemma are studied.

Acknowledgments. The author would like to thank Hung Jiang, Po-Sheng Wu,
Alex Xu, and Professor Taro Fujisawa for inspiring discussions. In the communica-
tion with Professor Chin-Lung Wang, the author was informed that Tsung-Ju Lee also
obtained similar results in this direction independently. After communicating with
Tsung-Ju Lee, the author wants to thank him for his suggestions on the earlier version
of the article. Lastly, the author wants to thank Professor Robert Friedman for his
numerous suggestions, explanations, clarifications, and the time he spent editing this
paper.

Notation: For every a ∈ Z, let ϵ(a) ∶= a(a−1)
2 . We have

ϵ(a + 1) = (−1)aϵ(a) = ϵ(−a), ϵ(a + 2) = −ϵ(a),

ϵ(a + b) = (−1)abϵ(a)ϵ(b).

2 Abstract Variation of Hodge Filtration

Let H be a holomorphic vector bundle on the punctured disc ∆∗ with an integrable
connection ∇. Consider the canonical extension H̃ of (H,∇) of H to the unit disc ∆
so that ∇ extends to a regular-singular connection on ∆. Let T be the monodromy
automorphism of the local system of horizontal sections H∇ determined by a counter-
clockwise loop around 0, i.e. at each stalk of H∇ over ∆∗, T is obtained by the inverse
of the pullback along the counter-clockwise loop by parallel translation. The convention
for T here is compatible with the convention for the Picard-Lefschetz monodromy T in
the next section. Assume that T is unipotent and let N = −log(T ). Then by [12], we

can write H̃ =H⊗O∆, where H is the C-vector space of multivalued horizontal sections
of H, and the fiber H̃0 of H̃ over 0 is identified with H up to the action of the unipotent
group {exp(λN) ∶ λ ∈ C}. The fiber of H at any point is identified with H modulo the
action of {exp(kN) ∶ k ∈ Z}. The connection ∇ is associated to the connection 1-form

N
2π
√
−1

dq
q , where q is the coordinate of ∆∗.

Write

q = e2π
√
−1z, z =

logq

2π
√
−1
,

where z is the uniformizer of ∆∗ and φ ∶ H → ∆∗ the corresponding uniformization.
A holomorphic section v of H, viewed as a holomorphic section of the trivial bundle
φ∗H =H ⊗OH with the invariance property v(z −1) = Tv(z), extends to a holomorphic

section of H̃ if and only if the section exp(−zN)φ∗v, viewed as a holomorphic section

of H̃, extends to a (single-valued) holomorphic function from ∆ to H.
We first recall some definitions in the context of the degeneration of Hodge structures.



HODGE STRUCTURES OF GLOBAL SMOOTHINGS 9

Definition 2.1. Let H be a finite-dimensional complex vector space, and N a nilpotent
endomorphism of H defined over R,

(1) The monodromy weight filtration of N centered at d is the unique increasing
filtration W =W (N,d) of H such that N(Wi) ⊂Wi−2 for i ≥ 2 and the map

N l
∶ GrWd+lH → GrWd−lH

is an isomorphism for all l.
(2) ([9, Definition 2.26]) Suppose we are given a non-degenerate bilinear form S on

H defined over R which is (−1)d-symmetric: S(v, u) = (−1)dS(u, v), and such
that N is an infinitesimal isometry: S(u,Nv) + S(Nu, v) = 0. Then a mixed
Hodge structure (H,W,F ) on H is polarized by N centered at d if
(a) Nd+1 = 0;
(b) W =W (N,d);
(c) S(F p, F d−p+1) = 0;
(d) NF p ⊂ F p−1;
(e) the Hodge structure (of weight d + l) on the primitive part

Pd+l = ker(N
l+1
∶ GrWd+lH → GrWd−l−2H)

is polarized by the form S(●,N l●).

A well-known consequence of Schmid’s nilpotent orbit theorem and SL2 orbit theorem
(cf. [41]) is that if H underlies an integral polarized variation of Hodge structure of

weight d, then Hodge bundles Fp extends to holomorphic subbundles F̃p of H̃ so that
the triple (H̃0,W (N,d), F̃0) is a polarized mixed Hodge structure, where W (N,d) is
the monodromy weight filtration of N centered at d.

This section aims to deal with the converse situation of Schmid’s theorem. We are
interested in the following two situations:

(A′) We are given a mixed Hodge structure (H,W,F ) defined over R and a nilpotent
endomorphism N on H such that
(a) N is a morphism of mixed Hodge structure of type (−1,−1)
(b) W =W (N,d) is the weight filtration of N centered at d.

(B′) Besides the assumption in (A′), we are given a non-degenerate bilinear form S
on H defined over R which satisfies
(a) S(v, u) = (−1)dS(u, v),
(b) S(u,Nv) + S(Nu, v) = 0,
(c) S(F p, F d−p+1) = 0 for all p.

In the situation (A′), since W =W (N,d), we have

dimCGrpFH = dimCGrd−pF H,

and hence

dimF p
+ dimF

d+1−p
= dimH

for all p. Also, in the situation (B′), we have S(WaH,WbH) = 0 for a+ b ≤ 2d−1. Thus,

S(●,N l●) defines a non-degenerate pairing on GrWd+lH. Moreover, by the first Hodge-

Riemann condition on F , S(●,N l●) is non-degenerate on the (p, d+ l− p)-component of
the Hodge structure on GrWd+lH (of weight d + l) for all p and l. Note that S(●,N l●) is
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also non-degenerate on the (p, d + l − p)-component of the Hodge structure (of weight
d + l) on the primitive part

Pd+l ∶= ker(N
l+1
∶ GrWd+lH → GrWd−l−2H)

for all p and l. Let (sp,d+l−p+ , sp,d+l−p− ) denote the signature of S(C●,N l●) on the (p, d +

l − p)-component of Pd+l, where C is the Weil operator defined by (
√
−1)p−q on the

(p, q)-component of a Hodge structure of weight p + q. Since S(u,Nv) + S(Nu, v) = 0,
the signature of S(C●,N l●) on the (p, d + l − p)-component of the Hodge structure on
GrWd+lH is

(∑
r≥0

sp+2r,d+l−p+2r+ + ∑
r≥0

sp+2r+1,d+l−p+2r+1− , ∑
r≥0

sp+2r,d+l−p+2r− + ∑
r≥0

sp+2r+1,d+l−p+2r+1+ ) .

Given an integer n, set n+ =max{n,0}. In the situation (B′), for 0 ≤ p ≤ d + l, define
the invariants

Sp,m+l−p
+ = ∑

r≥(−l)+

sp+r,d+l−p+r+

and

Sp,d+l−p
− = ∑

r≥(−l)+

sp+r,d+l−p+r− ,

which corresponds to (the N -Lefschetz decomposition of) the (p, d + l − p)-component

of the Hodge structure on GrWd+lH.
Our main theorem is:

Theorem 2.2. Suppose we are given a decreasing filtration F● of holomorphic subbun-
dles of H. Let F̃● be the corresponding holomorphic subbundles of H̃∣∆∗ under canonical

extension. We suppose that F̃● extend to holomorphic subbundles of H̃, still denoted by
F̃●. Consider the fiber F̃●0 of F̃● over 0.

(1) If the triple (H̃0,W (N,d), F̃0) satisfies the situation (A′), then the fiber F●q
of F● is d-opposed to its complex conjugate for ∣q∣ small. In other words, F●q
induces a pure Hodge structure on Hq of weight d for ∣q∣ small.

(2) Suppose moreover that we are given a non-degenerate bilinear form S on H

defined over R which makes (H̃0,W (N,d), F̃0) satisfy the situation (B′). We
also replace the assumption (c) of the situation (B′) by a stronger first Hodege-
Riemann bilinear relation: S(Fp,Fd−p+1) = 0 for all p.

Then the signature of S(C●, ●) on the (p, d−p)-component of the Hodge struc-
ture Hq becomes

(
d

∑
k=0

Sp,k
+ ,

d

∑
k=0

Sp,k
− ) =

⎛
⎜
⎜
⎜
⎝

∑
l≥p−d,
r≥(−l)+

sp+r,d+l−p+r+ , ∑
l≥p−d,
r≥(−l)+

sp+r,d+l−p+r−

⎞
⎟
⎟
⎟
⎠

for ∣q∣ sufficiently small.

In particular, if (H̃0,W (N,d), F̃0) is a polarized mixed Hodge structure cen-

tered at d, (i.e. sp,d+l−p− = 0 for all p and l), then Fq induces a polarized Hodge
structure of weight d on Hq for ∣q∣ small.
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Remark 2.3.

(1) The condition that S(Fp,Fd−p+1) = 0 for all p implies the assumption (c) in the
situation (B′) since

S(exp(zN)v, exp(zN)v′) = S(v, v′)

for all vectors v and v′ in H.
(2) In the theorem, it is surprising that we do not assume that the filtration F● is

horizontal: ∇qF
p ⊂ Fp−1, while it is a natural condition in the geometric setting.

The idea to prove Theorem 2.2 is to compare our Hodge filtration Fq with the ”nilpo-
tent orbit.” To be precise, the following two theorems are the unpolarized version and
the generalized version of the converse of nilpotent orbit theorem of Cattani-Kaplan-
Schmid ([9], Corollary 3.13), which will serve as the leading terms of the estimates on
Fq in the proof of our main theorem. We will prove the following two theorems in the
last section of the paper.

Theorem 2.4. For each mixed Hodge structure (H,W,F ) in the situation (A′), the
filtration exp(zN)F ● is d-opposed to its complex conjugate for Im(z) sufficiently large.

Theorem 2.5. For each mixed Hodge structure (H,W,F ) and non-degenerate bilinear
form S on H in the situation (B′),

(1) The Hodge filtration F ● can be refined to a filtration F̂ ● such that

(a) dimCGrk
F̂
H = 1 for all k,

(b) The restriction of the Hermitian form (
√
−1)dS(●, ●) on exp(zN)F̂ k is

non-degenerate for Im(z) sufficiently large and for all k.

(2) The signature of the Hermitian form S(C●, ●) on exp(zN)F p
⋂ exp(zN)F d−p

becomes

(
d

∑
k=0

Sp,k
+ ,

d

∑
k=0

Sp,k
− ) =

⎛
⎜
⎜
⎜
⎝

∑
l≥p−d,
r≥(−l)+

sp+r,d+l−p+r+ , ∑
l≥p−d,
r≥(−l)+

sp+r,d+l−p+r−

⎞
⎟
⎟
⎟
⎠

for Im(z) sufficiently large.
In particular, if (H,W,F ) is a polarized mixed Hodge structure centered at d,

(i.e. sp,d+l−p− = 0 for all p and l), then exp(zN)F ● is a nilpotent orbit.

Remark 2.6. Theorem 2.4 and Theorem 2.5 are generalizations of the converse of
nilpotent orbit theorem of Cattani-Kaplan-Schmid [9, Corollary 3.13]. It is possible
to follow their methods to prove the first theorem. More precisely, if we consider the
classifying space D of unpolarized Hodge structures according to the assumption in
Theorem 2.4, then D is still a homogeneous space of the form G(R)/K, where G(R) is
a real Lie group and K is a subgroup of G(R), at the expense that K might be non-
compact. Since D is still a real open subset of its compact dual D∨, we can follow the
line of Cattani-Kaplan [8, Proposition 2.18] to deal with the case of the mixed Hodge
structure split over R and then use the same methods as in [9, Corollary 3.13] to reduce
the general case to the case of the mixed Hodge structure split over R. In the last section
of the paper, we will prove the two theorems above by direct combinatorial calculation.
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Now, we can prove the main theorem of this section:

Proof that Theorem 2.4 + Theorem 2.5 ⇒ Theorem 2.2. First, since F̃● is the corre-
sponding filtration of F● under canonical extension, by Deligne’s construction, this
means exp(−zN)φ∗F● viewed as the filtration on H̃∣∆∗ coincides with F̃●∣∆∗.

To prove Theorem 2.2 (1), it suffices to show that (φ∗Fk)z ⊕ (φ∗Fd−k+1)z = (φ
∗H)z

for all 0 ≤ k ≤ d and Im(z) sufficiently large. We may assume 0 ≤ Re(z) ≤ 1 and write

z = a+it. We choose a basis {vki }i∈Ik of F̃k
0 for every 0 ≤ k ≤ d, and possibly by shrinking

∆, we can extend vki to a holomorphic section vki (q) of F̃
k so that {vki (q)}i∈Ik is a basis

of F̃k
q . Then (φ

∗Fk)z has a basis of the form

uki (z) = e
zNvki (q).

We have ∣q∣ = O(e−2πt) and ∣z∣ = O(t) since 0 ≤ Re(z) ≤ 1. And since Nd+1 = 0, we have

ezNvki (q) = e
zN
(vki +O(e

−2πt
)) = ezNvki +O(t

de−2πt).

Therefore, the top wedge of the basis of (φ∗Fk)z and (φ∗Fd−k+1)z would be

Φk
∶= (⋀

i∈Ik
uki (z)) ∧

⎛

⎝
⋀

j∈Id−k+1
ud−k+1j (z)

⎞

⎠

= (⋀
i∈Ik

ezNvki +O(t
de−2πt)) ∧

⎛

⎝
⋀

j∈Id−k+1
ezNvd−k+1j +O(tde−2πt)

⎞

⎠

= (⋀
i∈Ik

ezNvki ) ∧
⎛

⎝
⋀

j∈Id−k+1
ezNvd−k+1j

⎞

⎠
+O (td(dimCH)e−2πt)

By our assumption, (H̃0,W (N,d), F̃0) is a mixed Hodge structure. So by Theo-

rem 2.4, exp(zN)F̃●0 is d-opposed to its complex conjugate for Im(z) sufficiently large.
Therefore, the leading term

(⋀
i∈Ik

ezNvki ) ∧
⎛

⎝
⋀

j∈Id−k+1
ezNvd−k+1j

⎞

⎠

is a nonvanishing top form for t sufficiently large and we can rewrite it as

Ck(a, t)(⋀
i∈I0

v0i )

where Ck(a, t) is a polynomial in a and t and is nonzero for t sufficiently large. Then
we must have ∣Ck(a, t)∣ ≥ Ckt

Lk for t sufficiently large, for some Ck > 0 and nonnegative
integer Lk. So we can conclude that Φk is nonvanishing for t sufficiently large, and
hence (φ∗Fk)z is d-opposed to its complex conjugate for t large.

To prove Theorem 2.2 (2), we need to show that S has the corresponding signature

on (φ∗Fk)z⋂(φ∗Fd−k)z. Due to the d-opposedness condition that we have just proved
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and the first Hodge-Riemann bilinear relation, it is equivalent to show that for 0 ≤ k ≤ d,
the signature of the Hermitian form (

√
−1)dS(●, ●) on (φ∗Fk)z is

(2.1)

d

∑
j=k

(−1)d−j
⎛
⎜
⎜
⎜
⎝

∑
l≥j−d,
r≥(−l)+

sj+r,d+l−j+r+ − ∑
l≥j−d,
r≥(−l)+

sj+r,d+l−j+r−

⎞
⎟
⎟
⎟
⎠

for t sufficiently large. Here, by abuse of terminology, given a non-degenerate bilinear
form S (or Hermitian form) with signature (s+, s−), we call the number s+ − s− the
signature of S as well.

Replace the vectors vki with the basis compatible with the refined filtration from
Theorem 2.4. We have

(
√
−1)dS(uki (z), u

k
i′(z))

= (
√
−1)dS(ezNvki +O(t

de−2πt), ezNvki′ +O(t
de−2πt))

= (
√
−1)dS(ezNvki , e

zNvki′) +O(t
2de−2πt).

Since the mixed Hodge structure (H̃0,W (N,d), F̃0) and S(●, ●) satisfy all of the

assumptions in Theorem 2.5, the Hermitian form (
√
−1)dS(●, ●) has signature as in

(2.1) on the filtration exp(zN)F̃k
0 . Thus the leading term

((
√
−1)dS(ezNvki , e

zNvki′))i,i′

of the matrix ((
√
−1)dS(uki (z), u

k
i′(z)))i,i′

is a nondegenerate Hermitian matrix with

signature the same as (2.1).
We recall the following easy linear algebra fact:

Lemma 2.7. Suppose that A is a non-degenerate Hermitian matrix such that the leading
principal l × l submatrices are non-degenerate for all l. Then A is ∗-congruent to the
diagonal matrix D = diag(M0,M1/M0,M2/M1, ...), where Ml is the leading principal l×l
minor of A. (In other words, there exists an invertible matrix P such that A = P ∗DP.)

Proof. Given a Hermitian matrix with A = (
G B
B∗ C

) with G invertible, we can per-

form the block diagonalization

(
G B
B∗ C

) = (
I 0

B∗G−1 I
)(

G 0
0 C −B∗G−1B

)(
I G−1B
0 I

) .

Inductively performing this operation to A with respect to the leading principal sub-
matrices, one gets the diagonal matrix D = diag(M0,M1/M0,M2/M1, ...). □

If A is the matrix ((
√
−1)dS(ezNvki , e

zNvki′))i,i′
, then by our choice of basis, the

leading principal l × l submatrices are non-degenerate. In particular, if we let Pl(a, t)
be the leading principal l × l minor of A, then Pl(a, t) is a polynomial in a and t which
must be nonvanishing for t sufficiently large, Therefore, we have ∣Pl(a, t)∣ ≥ Clt

Kl for t
sufficiently large, for some Cl > 0 and nonnegative integer Kl.
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Let B = ((
√
−1)dS(uki (z), u

k
i′(z)))i,i′

. By our computation, we can see that the upper

left l × l minor Ml of B is of the form

Pl(a, t) +O(t
nle−2πt),

where nl is a non-negative integer. Hence, Ml is nonzero for t sufficiently large, and the
leading principal l × l submatrices of B are also non-degenerate. Now we have

M−1
l =

1

Pl(a, t)

⎛

⎝
1 +∑

j≥0

(−Pl(a, t)O(t
nle−2πt))

j⎞

⎠
=

1

Pl(a, t)
+O(tnle−2πt)

and
Ml+1

Ml
=
Pl+1(a, t)

Pl(a, t)
+O(tn

′

le−2πt)

for some nonnegative integer n′l. Therefore, Ml+1/Ml must have the same sign as
Pl+1(a, t)/Pl(a, t) for t sufficiently large. So we can conclude that the Hermitian matrix

(
√
−1)dS(uki (z), u

k
i′(z))i,i′

also has signature as in (2.1) for t sufficiently large. The

proof is complete.
□

Remark 2.8. In section 6, we will show that Ck(a, t) = Ckt
Lk +O(tLk−1) with Ck ≠ 0

and Lk ≥ 0, Pl+1(a, t)/Pl(a, t) = C
′
l t
L′l + O(tL

′

l−1) with C ′l ≠ 0 and k − d ≤ L′l ≤ d. The
asymptotic orders Lk and L′l are explicitly computable (cf. Remark 6.4).

3 Geometric Variation of Hodge Filtration

Suppose we are given a one-parameter degeneration of m-dimensional compact com-
plex manifolds f ∶ X → ∆, where X is a connected complex manifold, ∆ is the unit
disk and f is a proper holomorphic map that is smooth over the punctured disk ∆∗

and E ∶= f−1(0) = X0 is a simple normal crossing divisor all of whose components are
reduced. Suppose, moreover, that the irreducible components of E are all Kähler or,
more generally, each k-fold intersection of E satisfies the ∂∂-lemma. The total space is
homotopy equivalent to E by a fiber preserving retraction r ∶ X → E. So the compo-
sition of the inclusion map it ∶ Xt ↪ X and the retraction gives a specialization map
rt ∶ Xt → E. The complex ψfZX ∶= (Rrt)∗i

∗
tZX is the complex of the nearby cocycle so

that Hd(E,ψfZX) =H
d(X∞) for all d ≥ 0, where X∞ ∶=X ×∆∗ H is the canonical fiber.

We first recall and summarize Steenbrink’s construction of limiting mixed Hodge
structures. Consider the relative log de Rham complex

Ω●X/∆(logE) ∶= Ω
●
X(logE)/f

∗Ω1
∆(log0) ∧Ω

●−1
X (logE).

Theorem 3.1. ([42], or see [33, §11.2.4-§11.2.7])
(1) The hypercohomology Hd(E,Ω●X/∆(logE) ⊗ OE) is isomorphic to the cohomol-

ogy Hd(X∞;C), where X∞ ∶= X ×∆∗ H is the canonical fiber. The sheaf H̃d =

Rdf∗Ω
●
X/∆(logE) is locally free and satisfies: H̃d∣∆∗ is isomorphic to the holo-

morphic vector bundle Hd ∶= (Rd(f ∣f−1(∆∗))∗C) ⊗C O∆∗, and H̃d is Deligne’s

canonical extension of Hd.
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(2) There exists a marked mixed Hodge complex of sheaves on E

ψHdg
f = (ψfZX , (s(C

●,●
),WSt

), (s(A●,●),WSt, Flim)),

which defines the limiting mixed Hodge structure over Q on Hd(X∞) so that
the nilpotent endomorphism N = log(T ) acts as a morphism of mixed Hodge
structure of type (−1,−1). In particular, the weight spectral sequence

WStE
−r,d+r
1 = ⊕

k≥0,−r

Hd−r−2k
(E(2k + r + 1))(−r − k) ⇒Hd

(X∞,Q)

degenerates at E2

(3) The spectral sequence with E1 page

Ep,q
1 =H

q
(E;Ωp

X/∆
(logE) ⊗OE) ⇒Hp+q

(X∞;C)

degenerates at E1 and the corresponding filtration on Hp+q(X∞;C) is the Hodge
filtration. Moreover, possibly after shrinking ∆, the spectral sequence with E1

page

Ep,q
1 = R

qf∗Ω
p
X/∆
(logE) ⇒ Rp+qf∗Ω

●
X/∆(logE) = H̃

p+q

degenerates at E1. Thus, for t ∈ ∆∗, the Hodge to de Rham spectral sequence
for Xt degenerates at E1 and the coherent sheaves Rqf∗Ω

p
X/∆
(logE) are locally

free.

Remark 3.2. It should be noticed that the nilpotent operator N under Steenbrink’s
setup is different from the nilpotent operator N in the abstract setup (that is, the nilpo-
tent operator N of Schmid [41], Cattani-Kaplan-Schmid [9], and the previous section)
by a negative sign. The reason is that under the abstract setup, we use the inverse of
the monodromy operator to trivialize the local system on the upper half-plane, which
leads to a negative sign on the nilpotent operator. For some more elaboration on this
difference, we can refer to [20, 6.27, 6.28].

For later use, we describe Steenbrink’s weight filtration more precisely here. Let Ei

be irreducible components of E. For each l ≥ 1 and each I = (i1, ..., il), we denote EI the
intersection Ei1 ∩ ...∩Eil and E(l) the disjoint union of EI with ∣I ∣ = l. We have natural

inclusions ρIj ∶ EI → EJ where J = (i1, ..., îj , ..., il) and ρ
k
l ∶ ⊕∣I ∣=l ρ

I
j ∶ E(l) → E(l − 1).

We denote γl the alternating sum of the Gysin morphisms:

γl =
l

⊕
j−1

(−1)j−1(ρrj)! ∶H
k
(E(l)) →Hk+2

(E(l − 1))(1)

and θl the alternating sum of the pullback morphism:

θl =
l

⊕
j−1

(−1)j−1(ρm+1j )
∗
∶Hk
(E(l)) →Hk

(E(l + 1)).

The E1 page of the weight spectral sequence is

WStE
−r,d+r
1 = ⊕

k≥0,−r

Hd−r−2k
(E(2k + r + 1))(−r − k)



16 KUAN-WEN CHEN

and the differential d1 corresponds to the map −⊕k≥0,−r γr+2k+1 + ⊕k≥0,−r θr+2k+1 on

WStE
−r,d+r
1 (which will be denoted by −γ + θ for simplicity):

⊕
k≥0,−r

Hd−r−2k
(E(2k + r + 1))(−r − k) → ⊕

k≥0,−r+1

Hd−r−2k+2
(E(2k + r))(−r − k + 1).

For all r ≥ 0, note that

WStE
r,d−r
1 = ⊕

k≥0,r

Hd+r−2k
(E(2k − r + 1))(r − k)

= ⊕
l≥0,−r

Hd−r−2l
(E(2l + r + 1))(−l) = WStE

−r,d+r
1 (r)

by taking l = k − r. Let I denote the identity map WStE
−r,d+r
1 → WStE

r,d−r
1 (−r)

above. Then the morphism N r from WStE
−r,d+r
2 = GrW

St

d+r H
d(X∞) to WStE

r,d−r
2 =

GrW
St

d−r H
d(X∞) is induced by the map (2π

√
−1)rI. Thus, to check thatWSt =W (−N,d)

on Hd(X∞), it suffices to show that the isomorphism (2π
√
−1)rI from WStE

−r,d+r
1 to

WStE
r,d−r
1 also induces an isomorphism at the E2 page for every r ≥ 0.

Now, we turn to the product structure on the limiting mixed Hodge structure. Since
the nearby cocycle complex is quasi-isomorphic to the relative log de Rham complex,
there is a natural cup product defined on H●(X∞), which will be denoted by Q(●, ●).
More precisely, from the product structure on Ω●X/∆(log(E)), we have a natural product

morphism

Rif∗Ω
●
X/∆(log(E)) ⊗Rjf∗Ω

●
X/∆(log(E)) → Ri+jf∗Ω

●
X/∆(log(E)).

Also, we have a relative trace morphism

R2mf∗Ω
●
X/∆(log(E)) = R

mf∗ωX/∆ → O∆,

where ωX/∆ is the relative dualizing sheaf of f . The cup product

Q ∶H●(X∞,C) ⊗H2m−●
(X∞,C) → C

is identified with the fiber over zero of the (relative) cup product

R●f∗Ω●X/∆(log(E)) ⊗R2m−●f∗Ω
●
X/∆(log(E)) → O∆.

Remark 3.3. On a m-dimensional compact complex manifold Z, the natural trace
map in the duality theory is different from the integration map by a sign of (−1)m. To
be precise, if we let

∫
Z
∶H2m

(Z,C) → C

be the integration map on Z, then the natural trace map in the duality theory is

(−1)m ∫Z or
(−1)m

(2π
√
−1)m ∫Z

depending on whether we fix a choice of
√
−1 or not. We refer

to [6] and [34] for the absolute and relative duality theory on complex spaces and [11]
for the clarification of the signs. In our case, we would normalize the relative trace map
so that the restriction of

Rmf∗ωX/∆ → O∆

to the general fiber Xt is just the integration map

∫
Xt

∶H2m
(Xt,C) → C.
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Since Steenbrink’s limiting mixed Hodge complex s(A●,●) doesn’t carry a natural
product structure, it is not clear from the definition how Steenbrink’s weight filtration
WSt behaves under the cup product. To study the behavior ofWSt under the cup prod-
uct, Fujisawa [19] constructs another mixed Hodge complex of sheaves (KQ,KC,W,F )
which carries a natural product structure and admits a quasi-isomorphism of bigraded
complexes

(s(C●,●), s(A●,●),WSt, F ) → (KQ,KC,W,F ).

Hence, there is a product morphism

Hi
(E,KC) ⊗Hj

(E,KC) → Hi+j
(E,KC).

Fujisawa also constructs a trace morphism

Tr ∶ H2m
(E,KC) → C

and then defines the cup product pairing

QK ∶ H●(E,KC) ⊗H2m−●
(E,KC) → C

in [ibid., Definition 7.11 and Definition 7.13].
It is not stated in [19] that the cup product QK defined in [ibid., Definition 7.13]

coincides with the one we describe above. In [21], Fujisawa-Nakayama checked the
compatibility of the cup product QK defined in [19] and the cup product on the Kato-

Nakayama space Elog
∞ of E. Using similar tricks, we can check the compatibility of the

cup product QK defined in [19] with the cup product Q described above. We sketch
the proof of this compatibility below:

Lemma 3.4. The cup product QK defined in [19] is compatible with the cup product Q
described above.

Proof. It is not hard to see that the product morphisms of QK and Ω●X/∆(log(E))⊗OE

are compatible. More precisely, this is explained in the last paragraph of the proof of
[21, Proposition 4.6].

The nontrivial part is to show that the trace morphism defined in [19, Definition 7.11]
coincides with the one induced by the dualizing sheaf ωE on E. To see this, let Esing

be the subspace consisting of the singular points of E and let U = E −Esing. The trick
is that since Hm(Esing, ωE) = 0, there is a surjective morphism

Hm
c (U,ωE) ↠Hm

(E,ωE)
Tr
Ð→ C,

where Hm
c (U,ωE) is the cohomology with compact support of ωE on U . Thus, the trace

morphism is determined by the composite Hm
c (U,ωE) → C, which is simply the map

induced by integration on U because the trace morphism in the duality theory is defined
by gluing the trace morphisms on a Stein open cover (cf. [6, p.262-263]). Therefore, it
suffices to check that the composite of the trace morphism

Tr ∶ H2m
(E,KC) → C

defined in [19, Definition 7.11] with the morphism

Hm
c (U,ωU) →H2m

c (U,C) →H2m
c (U,W0KC) → H2m

c (U,KC) → H2m
(E,KC)

becomes integration on U . This is shown in [21, Proposition 4.7]. □
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As a result, by Fujisawa [19], the cup product Q satisfies the following properties:

Proposition 3.5. Suppose that x ∈ Hd(X∞,Q) and y ∈ H2m−d(X∞,Q) and let N
denote the nilpotent operator. Then

(1) Q(y, x) = (−1)dQ(x, y).
(2) Q(Nx, y) +Q(x,Ny) = 0
(3) For all p, Q(F pHd(X∞,C), Fm−p+1H2m−d(X∞,C)) = 0
(4) Q(WSt

a Hd(X∞,Q),WSt
b H2m−d(X∞,Q)) = 0 for a + b ≤ 2m − 1.

By Proposition 3.5 (4), the cup product induces the morphism

GrW
St

d+r H
d
(X∞,Q) ⊗Q GrW

St

2m−d−rH
2m−d
(X∞,Q) → Q

for each d and r, still denoted by Q. Consider ⟨●, ●⟩ = ϵ(d − 2m)Q(●, ●). To calculate
⟨●, ●⟩, we introduce another linear pairing ψ as follows: note that ⟨●, ●⟩ is a map

WStE
−r,d+r
2 ⊗C WStE

r,2m−d−r
2 → Q.

At the WStE1 page, we have

WStE
−r,d+r
1 = ⊕

k≥0,−r

Hd−r−2k
(E(2k + r + 1))(−r − k)

and

WStE
r,2m−d−r
1 = ⊕

l≥0,r

H2m−d+r−2l
(E(2l−r+1))(r−l) = ⊕

k≥0,−r

H2m−d−r−2k
(E(2k+r+1))(−k)

by taking k = l − r. Consider the linear mapping

ψ ∶ WStE
−r,d+r
1 ⊗C WStE

r,2m−d−r
1 → Q(−m),

defined by

ψ(η, ξ) =
ϵ(r + d − 2m)

(2π
√
−1)m−2k−r

∫
E(2k+r+1)

η ∧ ξ

for η ∈Hd−r−2k(E(2k + r + 1))(−r − k) and ξ ∈H2m−d−r−2k(E(2k + r + 1))(−k) and

ψ(Hd−r−2k1(E(2k1 + r + 1)(−r − k1)),H
2m−d−r−2k2(E(2k2 + r + 1))(−k2)) = 0

for k1 ≠ k2. Then Fujisawa [19] shows that ⟨●, ●⟩ can be calculated in the following way:

Proposition 3.6. We have

⟨η̃, ξ̃⟩ = (2π
√
−1)mψ(η, ξ),

where η, ξ are any representative of η̃, ξ̃ at the WStE1 page.

Proof of Proposition 3.5 and Proposition 3.6. The statements (1), (2), (3), (4) in Propo-
sition 3.5 are proved in [19, §7]. Proposition 3.6 follows from [19, Lemma 6.13] and the
computation in the proof of [ibid., Theorem 8.11] □

Remark 3.7. The linear pairing ψ is first defined by Guillén-Navarro Aznar [22, (3.4)]
to construct the polarized Hodge-Lefschetz module structure under some strong Kähler
type condition on the central fiber (or see [33, §11.3.2]). Fujisawa [19] studies the
behavior of the weight filtration under the cup product structure and shows that such
a linear pairing ψ comes geometrically from the cup product structure on the limiting
mixed Hodge structure.
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Lemma 3.8. (cf. [16, Lemma 1.4]) Let X be a compact complex manifold of dimension
m for which the Hodge-de Rham spectral sequence degenerates at E1. Then, the middle
cohomology Hm(X,C) satisfies the first Hodge-Riemann condition with respect to the
cup product.

Now we can prove Theorem 1.1:

Proof of Theorem 1.1. By Theorem 3.1, there are holomorphic subbundles F̃● of H̃d

that correspond to the Hodge subbundles F● of Hd under Deligne’s canonical extension.
As a result, by taking S(●, ●) = ϵ(m)Q(●, ●) and using Theorem 2.2, Proposition 3.5
and Lemma 3.8, Theorem 1.1 follows. □

As a consequence, if we assume some strong Kähler type condition on the central
fiber, then the general fiber satisfies the ∂∂-lemma, and the Hodge index on the middle
cohomology of general fiber is the same as compact Kähler manifolds:

Corollary 3.9. Let f ∶X →∆ be a semistable degeneration of m-dimensional compact
complex manifolds. Suppose that there exists a class L ∈H2(X0,R) which restricts to a
Kähler class on each component of the normal crossing complex analytic space X0. Then
the general fiber Xq satisties the ∂∂-lemma for ∣q∣ sufficiently small. Moreover, if we let

ha,bq = dimCH
b(Xq,Ω

a
Xq
), then the signature of S(C●, ●) on the (p,m− p)-component of

the Hodge structure on Hm(Xq,C) is

(∑
r≥0

(hp−2r,m−p−2rq − hp−2r−1,m−p−2r−1q ),∑
r≥0

(hp−2r−1,m−p−2r−1q − hp−2r−2,m−p−2r−2q ))

for ∣q∣ small.
In particular, when m is even, the general fiber Xq satisfies the Hodge index theorem

for compact Kähler manifolds: the signature of the cup product Q(●, ●) on Hm(Xq,R)
is ∑a,b≥0(−1)

aha,bq for ∣q∣ small.

Proof. By [22] (or cf. [33, §11.3.2]), under the assumption that there exists a class L ∈
H2(X0,R) which restricts to a Kähler class on each component of the normal crossing
complex analytic space X0, there is a polarized Hodge-Lefschetz module structure on

WStE
−r,q+r
1 ⊗R. As a consequence, we have WSt =W (N,d) on Hd(X∞,Q) for all d ≥ 0

(cf. [33, Theorem 11.40]). Hence, by Theorem 1.1, Xq satisfies the ∂∂-lemma for ∣q∣
small.

On the other hand, Proposition 3.6 asserts that the cup product onHm(X∞) restricts
to the pairing ψ on grading pieces, which coincides with the one used in [22] to define

the polarized Hodge-Lefchetz module structure on WStE
−r,d+r
1 ⊗R. So, we can compute

the Hodge index via the Hodge-Lefchetz decomposition. To be precise, for p+ s ≥ d, let
P p,s
d be the (p, s)-component of the Hodge structure of the N -primitive space

ker (Np+s−d+1
∶ GrW

St

p+s H
d
(X∞,C) → GrW

St

2d−p−s−2H
d
(X∞,C)) ,

and for d ≤m, we define the L-primitive subspace of P p,s
d by

(P p,s
d )0 ∶= P

p,s
d ∩ ker(Lm−d+1

).
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Then P p,s
m has a Lefschetz decomposition:

P p,s
m =⊕

r≥0

Lr
(P p−r,s−r

m−2r )0.

We claim that the Hermitian form S(C●, (−N)p+s−m●) on Lr(P p−r,s−r
m−2r )0 is positive def-

inite if r is even and is negative definite if r is odd. To see this, let x ∈ (P p−r,s−r
m−2r )0, and

then we have
(−1)rS(CLrx, (−N)p+s−mLrx)

= (−1)r(−1)m⟨CLrx, (−N)p+s−mLrx⟩

= (−1)r(−1)m(2π
√
−1)mψ(CLrx, (−N)p+s−mLrx)

= (−1)r(−1)m(2π
√
−1)m(−1)p+sψ(Lrx,C(−N)p+s−mLrx)

= (−1)r(−1)m(2π
√
−1)m(−1)p+s(−1)rψ(x,LrC(−N)p+s−mLrx)

= (2π
√
−1)mψ(x,CNp+s−mL2rx) > 0.

The last inequality follows from the definition of polarized Hodge-Lefschetz module in
[22, (4.3)].

As a result, the signature of S(C●, (−N)p+s−m●) on P p,s
m is

(∑
r≥0

dimC(P
p−2r,s−2r
m−4r )0,∑

r≥0

dimC(P
p−2r−1,s−2r−1
m−4r−2 )0) .

Then by Theorem 1.1, for ∣q∣ small, the signature of S(C●, ●) on the (p,m−p)-component
of the Hodge structure on Hm(Xq,C) is

⎛
⎜
⎜
⎜
⎝

∑
l≥p−m,
r≥(−l)+

∑
s≥0

dimC(P
p+r−2s,m+l−p+r−2s
m−4s )0, ∑

l≥p−m,
r≥(−l)+

∑
s≥0

dimC(P
p+r−2s−1,m+l−p+r−2s−1
m−4s−2 )0

⎞
⎟
⎟
⎟
⎠

.

Since for all a ≥ 0 and l ≥ p −m, we have the decomposition

Grp−aF GrW
St

m+l−2aH
m−2a
(X∞,C) = ⊕

r≥(−l)+

N rP p+r−a,m+l−p+r−a
m−2a ,

we can see that

∑
l≥p−m,
r≥(−l)+

dimC(P
p+r−a,m+l−p+r−a
m−2a )0

= ∑
l≥p−m

dimCGrp−aF (GrW
St

m+l−2aH
m−2a
(X∞,C))

0

= dimCGrp−aF Hm−2a
(X∞,C) − dimCGrp−a−1F Hm−2a−2

(X∞,C)
= hp−a,m−p−aq − hp−a−1,m−p−a−1q

for ∣q∣ small. Hence, by summing, the signature of S(C●, ●) on the (p,m−p)-component
of the Hodge structure on Hm(Xq,C) is

(∑
r≥0

(hp−2r,m−p−2rq − hp−2r−1,m−p−2r−1q ),∑
r≥0

(hp−2r−1,m−p−2r−1q − hp−2r−2,m−p−2r−2q ))

for ∣q∣ small. The last statement in the theorem is a standard consequence of the
signature S(C●, ●) on the middle cohomology we just computed. The only thing to
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notice is that, although we don’t have the Hard Lefschetz theorem on the general fiber
Xq, we still have hp,rq = h

m−p,m−r
q for ∣q∣ small since

hp,rq = dimCGrpFH
p+r
(X∞,C) = dimCGrm−pF H2m−p−r

(X∞,C) = hm−p,m−rq

for ∣q∣ small by the existence of L on the central fiber.
□

4 Examples

4.1 A non-example for degeneration of non-Kähler surfaces

In [28], Kodaira constructs an example of the degeneration of Hopf surfaces into a
rationally ruled surface with an ordinary double curve. To be precise, for allm ≥ 1, there
exists a one-parameter complex analytic family X → ∆ such that Xt is a Hopf surface
for 0 ≠ t ∈ ∆ and X0 can be identified with the quotient of a Hirzebruch surface Fm

by gluing the zero section and the infinity section together in the normal crossing way,
from which the gluing becomes an ordinary double curve in X0. In this case, H1(Xt)

is one dimensional and hence doesn’t have Hodge decomposition. We can check that
Steenbrink weight filtration WSt and the monodromy weight filtration W (N,1) are
different on H1(X∞,C), which gives a non-example to Theorem 1.1 (1).

To see this, we first describe the semistable model of X → ∆. Let Y be the blowup
of X along the ordinary double curve. Consider the double covering of ∆ defined by
q ↦ q2, and let Ỹ →∆ be the pullback family. Then Ỹ0 is normal crossings, all of whose
components are reduced. Ỹ0 can also be described as follows: Consider two copies S1,
S2 of the Hirzebruch surface Fm and let (D0)i and (D∞)i be the zero section and the
infinity section of Si for i = 1,2. Here, we have (D0)

2
i = −m and (D∞)

2
i =m. Then

Ỹ0 ≅ S1 ∐ S2/ ∼,

where the equivalence is by identifying (D0)1 with (D∞)2 and (D0)2 with (D∞)1 via
some automorphism of P1. We will denote D1 = (D0)1 = (D∞)2 and D2 = (D0)2 =

(D∞)1 as curves in Ỹ0
Now we can compute Steenbrink’s limiting mixed Hodge structure associated to the

family Ỹ →∆, Note that WStE
−r,d+r
1 = 0 for ∣r∣ ≥ 2 and any d. Also, we have

GrW
St

0 H1
lim = WStE

1,0
2 = coker(H0

(S1) ⊕H
0
(S2)

θ
Ð→H0

(D1) ⊕H
0
(D2)) ≅ Q,

GrW
St

1 H1
lim = WStE

0,1
2 = ker(H1

(S1) ⊕H
1
(S2)

θ
Ð→H1

(D1) ⊕H
1
(D2)) = 0,

and

GrW
St

2 H1
lim = WStE

−1,2
2 = ker (H0

(D1)(−1) ⊕H
0
(D2)(−1)

−γ
Ð→H2

(S1) ⊕H
2
(S2)) = 0.

Thus WSt is different from the monodromy weight filtration W (N,1) on H1
lim.
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4.2 Ordinary Double Points

In this section, we consider the global smoothing of am-dimensional compact complex
analytic space X0 with at most ordinary double points. In this case, we assume that
X0 admits a resolution of singularities that satisfies the ∂∂-lemma. This condition is
equivalent to that every resolution of singularities of X0 satisfies the ∂∂-lemma since X0

has only isolated singularities. Let {xi∣1 ≤ i ≤ l} be the set of ordinary double points on

X0 and X̃0 be the blowup of X0 at all ordinary double points. The exceptional divisors
Qi in X̃0 over ordinary points xi are m − 1-dimensional quadrics. If m is odd, each Qi

is an even-dimensional quadric with standard m−1
2 -dimensional planes whose homology

classes will be denoted by Ai and Bi. Define the number

R = dimCker(
l

⊕
i=1

Hm−1
prim(Qi)

−γ
Ð→Hm+1

(X̃0)) ,

where γ is the Gysin morphism. The number R represents the number of linear relations
of Ai −Bi in Hm−1(X̃0). If m is even, consider the kernel of the restriction map

V m
∶= ker(Hm

(X̃0) →
l

⊕
i=1

Hm
(Qi)) ,

which has dimension hm(X̃0) − l if X0 admits a global smoothing.
As a generalization of [16] and [31] for the existence of polarized Hodge structure on

the middle cohomology of Clemens threefolds, we have the following theorem:

Theorem 4.1. Let f ∶ X → ∆ be a one-parameter degeneration of m-dimensional
compact complex manifolds such that the central fiber X0 has at worst ordinary double
points. Suppose that X0 admits a resolution of singularities that satisfies the ∂∂-lemma.
Then the nearby fiber Xq satisfies the ∂∂-lemma for ∣q∣ small.

Let (hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) be the signature of S(C●, ●) on H

k,m−k(X̃0). When m

is even, let (ĥ
m/2,m/2
+ (X̃0), ĥ

m/2,m/2
− (X̃0)) be the signature of S(C●, ●) on the (m/2,m/2)

part of V m.

(1) If m is odd, then the signature of S(C●, ●) on Hk,m−k(Xq) is

⎧⎪⎪
⎨
⎪⎪⎩

(hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) , k ≠ m+1

2 , m−12

(hk,m−k+ (X̃0) +R, h
k,m−k
− (X̃0)) , k = m+1

2 or m−1
2

for ∣q∣ sufficiently small.
(2) If m is even, then the signature of S(C●, ●) on Hk,m−k(Xq) is

⎧⎪⎪
⎨
⎪⎪⎩

(hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) , k ≠ m

2

(ĥ
m/2,m/2
+ (X̃0) + l, ĥ

m/2,m/2
− (X̃0)) , k = m

2

for ∣q∣ sufficiently small.

In particular, if Hm(X̃0,C) together with the cup product S(●, ●) is a polarized Hodge
structure, then Hm(Xq,C) together with the cup product S(●, ●) is a polarized Hodge
structure as well for ∣q∣ sufficiently small.
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Proof. The computation below is similar to the proof of Theorem 2.12 in [16] for Calabi-
Yau threefolds with ODPs. We first describe a semistable model of the family. Let
{xi∣1 ≤ i ≤ l} be the set of ordinary double points on X0 and let Y be the blowup of
X along {xi∣1 ≤ i ≤ l}. Consider the double covering of ∆ defined by q ↦ q2, and let

Ỹ → ∆ be the pullback family. Then Ỹ0 is normal crossings, all of whose components
are reduced. Ỹ0 can also be described as follows: Let X̃0 be the blowup of X0 along
the ordinary double points {xi}. Then X̃0 satisfies the ∂∂-lemma by our assumption.

The preimage of each xi in X̃0 is a quadric (m − 1)-fold Qi in Pm. Let Ei be a quadric
m-fold in Pm+1. Then

Ỹ0 ≅ X̃0 ∐∐
i∈I

Ei/ ∼,

where the equivalence is by identifying each Qi with some hyperplane section in Ei.
Consider Steenbrink’s limiting Hodge structure associated to the family Ỹ → ∆. By

Theorem 2.2, to show that Xq satisfies the ∂∂-lemma, we need to prove that WSt

coincides with W (N,d) on the cohomology Hd(X∞) for all d.

Note that WStE
−r,d+r
1 = 0 for ∣r∣ ≥ 2 and any d. Thus, by our discussion in the previous

section, to show that WSt =W (N,d) on Hd(X∞), it suffices to show that

WStE
−1,d+1
2 = ker( ⊕

1≤i≤l

Hd−1
(Qi)(−1)

−γ
Ð→Hd+1

(X̃0) ⊕ ⊕
1≤i≤l

Hd+1
(Ei))

is isomorphic via the map induced by (2π
√
−1)I to

WStE
1,d−1
2 = coker(Hd−1

(X̃0) ⊕ ⊕
1≤i≤l

Hd−1
(Ei)

θ
Ð→ ⊕

1≤i≤l

Hd−1
(Qi)) .

By the Lefschetz hyperplane theorem, the Gysin morphism Hd−1(Qi)(−1) → Hd+1(Ei)

is injective unless d = m and the restriction map Hd+1(Ei) → Hd+1(Qi) is surjective
unless d =m. Therefore, the assertion is obvious for d ≠m.

Now, we consider the case d = m. If m is even, then each Qi is an odd-dimensional
quadric, and hence the middle cohomology Hm−1(Qi) is zero. So, the assertion is trivial.
If m is odd, then Qi is an even-dimensional quadric with standard m−1

2 -dimensional
planes whose homology classes are denoted by Ai and Bi. Note that the restriction map

Hm−1(Ei)
θ
Ð→ Hm−1(Qi) sends the (m−12 )-th intersection of the hyperplane class [Qi]

to Ai + Bi and the kernel of the Gysin map Hm−1(Qi)(−1)
−γ
Ð→ Hm+1(Ei) consists of

multiples of the class Ai −Bi. Thus we may identify WStE
−1,m+1
2 as

{(m1, ...,ml) ∈ Q(−1)l ∣
l

∑
i=1

mi(Ai −Bi) = 0 in Hm+1
(X̃0)}

and WStE
1,m−1
2 as the quotient of Ql by the subspace

{(ξ ⋅ (A1 −B1), ..., ξ ⋅ (Al −Bl)) ∣ ξ ∈H
m−1
(X̃0)} .

The two subspaces are orthogonal under the standard inner product, so the map

WStE
−1,m+1
2 → WStE

1,m−1
2 is injective. Note also that WStE

−1,m+1
2 and WStE

1,m−1
2 are

dual vector spaces since the Gysin map can be identified with the pushforward morphism
of homology, which is dual to the pullback morphism of cohomology. In particular, they
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have the same dimension, and the surjectivity also follows. In conclusion, we have shown
that StW =W (N,m) on the middle cohomology Hm(X∞), and hence by Theorem 1.1,
the middle cohomology of the nearby fiber Hm(Xq) admits Hodge decomposition for
∣q∣ sufficiently small.

To compute the Hodge index on the middle cohomology of the general fiber, by

Theorem 1.1, it suffices to compute the signature of S(C●, (−N)l●) on the grading

pieces GrW
St

m+l H
m
lim of the limiting mixed Hodge structure on the middle cohomology for

each l. This can be computed explicitly using Proposition 3.6. First, suppose that m is
odd. Then

GrW
St

m Hm
lim = WStE

0,m
2 =

ker(Hm(X̃0) ⊕⊕
l
i=1H

m(Ei)
θ
Ð→⊕

l
i=1H

m(Qi))

im (⊕l
i=1H

m−2(Qi)(−1)
−γ
Ð→Hm(X̃0) ⊕⊕

l
i=1H

m(Ei))
,

which is just Hm(X̃0) since m is odd. Proposition 3.6 implies that the Hermitian form

S(C●, ●) on GrW
St

m Hm(X∞) restricts to the Hermitian form S(C●, ●) on Hm(X̃0),

which has signature (hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) on H

k,m−k(X̃0) by our assumption. On

the other hand, let η = ∑l
i=1

mi

2π
√
−1
(Ai−Bi) be an element of WStE

−1,m+1
2 , by Proposition

3.6 again, we have

(
√
−1)

m+1
2
−m+1

2 S(η,−Nη) = ϵ(m)Q(η,−Nη)

= (−1)ϵ(m)ϵ(−m)ϵ(1 −m)
l

∑
i=1

m2
i ⟨Ai −Bi,Ai −Bi⟩Hm−1(Qi)

=
l

∑
i=1

m2
i ϵ(m − 1)⟨Ai −Bi,Ai −Bi⟩Hm−1(Qi)

> 0.

Here, ⟨●, ●⟩Hm−1(Qi)
denotes the cup product onHm−1(Qi) and the last inequality follows

from the fact that Ai −Bi is a primitive class in Hm−1(Qi). As a result, the signature

of S(C ● (−N)●) on GrkFlim
GrW

St

m+1H
m
lim is (R, 0) for k = m+1

2 and is (0,0) for the other

k. Then by Theorem 1.1, the signature of S(C●, ●) on Hm(Xq) is

⎧⎪⎪
⎨
⎪⎪⎩

(hk,m−k+ (X̃0), h
k,m−k
− (X̃0)) , k ≠ m+1

2 , m−12 ,

(hk,m−k+ (X̃0) +R, h
k,m−k
− (X̃0)) , k = m+1

2 or m−1
2

for ∣q∣ sufficiently small.
The positivity of S(η,−Nη) above also follows from the Picard Lefschetz formula. In

fact, regard η as an element of Hm(X∞,Q), if we let δi be the vanishing cycle associated
to each ODP xi, then we must have

T (η) = η + 2
l

∑
i=1

ϵ(m + 2)⟨η, δi⟩Hm(Xt)δi,

where the multiplicity 2 reflects the 2 to 1 base change in the construction of the
semistable family. So combined with the fact that Nη ≠ 0, we have

ϵ(m)Q(η,−Nη) = −ϵ(m)ϵ(m + 2)
l

∑
i=1

2(⟨η, δi⟩Hm(Xq))
2
> 0.
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Next, we discuss the case of m being even. In this case, we still have

GrW
St

m Hm
lim = WStE

0,m
2 =

ker(Hm(X̃0) ⊕⊕
l
i=1H

m(Ei)
θ
Ð→⊕

l
i=1H

m(Qi))

im (⊕l
i=1H

m−2(Qi)(−1)
−γ
Ð→Hm(X̃0) ⊕⊕

l
i=1H

m(Ei))
.

It suffices to show that every class of WStE
0,m
2 has a representative in V m⊕Hm(Ei)prim.

To see this, if we let Ai and Bi be the homology class of the standard m
2 -dimensional

planes on Ei, then the image of the Gysin morphism Hm−2(Qi) →Hm(Ei) is generated
by Ai +Bi, and the primitive part Hm(Ei)prim is generated by Ai −Bi. So by modulo

the image of Gysin morphism, each class in WStE
0,m
2 has a representative in V m ⊕

Hm(Ei)prim. This finishes the proof.
□

Remark 4.2. We can see that the argument above doesn’t rely on any topological
constraints in deformation theory to ensure the existence of smoothing. For Calabi-Yau
threefolds with ODPs, by the work of Clemens, Friedman [15], Tian [44], Kawamata
[26], Ran [35], a necessary and sufficient condition for the existence of smoothing is that

there must be some linear relation ∑l
i=1mi(Ai −Bi) = 0 in H2(X̃0) with mi ≠ 0 for all

i. In higher dimension, Rollenske-Thomas [37] shows that a necessary condition for an
odd-dimensional Calabi-Yau with ODPs to have a smoothing is that there must be some
non-linear relation between Ai−Bi inH

m−1(X̃0). It is possible that for more complicated
singularities than ODPs, the topological constraints in deformation theory should come
in to ensure that the middle limiting cohomology is endowed with a polarized mixed
Hodge structure. (See the next example for some elaboration.)

4.3 O16 Singularities (Cones over Cubic Surfaces)

In this section, we consider Calabi-Yau threefolds with an O16 singularity. Before we
state our result, we review some general deformation theory of Calabi-Yau threefolds
with isolated rational singularities. The general reference is [18, Section 5].

In the following, let X be a canonical Calabi-Yau threefold in the sense of [18, Defi-

nition 5.1] such that H1(X,OX) = 0. Let Z be the singular locus of X and π ∶ X̂ → X
a good equivariant resolution of X so that E = π−1(Z) is a divisor with simple normal

crossing. For each x ∈ Z, let Ex = π
−1(x) and X̂x be the germ of X̂ around Ex. Consider

the following spaces:

S ∶= ⊕
x∈Z

ker(H4
Ex
(X̂x) →H4

(Ex)),

T ∶= ker(S →H4
(X̂)),

K ′ ∶= ⊕
x∈Z

ker(H2
Ex
(Ω2

X̂x
) →H4

Ex
(X̂x)),

K ∶= ker(H2
E(X̂,Ω

2
X̂
) →H0

(R2π∗Ω
2
X̂
)) ≅K ′ ⊕ S.

Then by [18, (5.1) and Lemma 5.6], there exists a commutative diagram of exact se-
quences
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T1
X K ′ ⊕ T 0

H0(X,T 1
X) K 0

H2(X,T 0
X) H2(X̂,Ω2

X̂
) H0(R2π∗Ω

2
X̂
)

We define the defect σ(X) of X to be dimCim(S → H4(X̂)) = dimCS − dimCT. By
the above diagram, we can see that if the restriction of global deformations T1

X to local
deformations H0(X,T 1

X) is surjective, then T ≅ S, or equivalently σ(X) = 0.

Remark 4.3. The invariant σ(X) was introduced by Kawamata [26, p.27] for a normal
projective variety X to measure the failure of Q-factoriality on X. If X is a compact
complex threefold with only isolated rational singularities, then the defect σ(X) also
measures the failure of Poincaré duality on X (cf. [32, Section 3] and [17, Remark 2.2]).

Now, if X is a quintic threefold with an O16 singularity, it is easy to see that any
deformation of the O16 singularity can be extended to a global embedded deformation of
X, and hence σ(X) = 0. As a result, it is natural to expect that a Calabi-Yau threefold
with an O16 singularity and with ”good deformation theory” has no defect. Then we
have the following theorem:

Theorem 4.4. Let f ∶ X → ∆ be a one-parameter degeneration of 3-dimensional com-
pact complex manifolds such that the central fiber X0 is a generalized Calabi-Yau three-
fold with an O16 singularity. Suppose, moreover, that X0 admits a Kähler resolution
of singularities and the defect σ(X0) is zero. Then the nearby fiber Xq satisfies the

∂∂-lemma for ∣q∣ small.

Moreover, let X̃0 be the blowup of X0 at the O16 singularity. If H3(X̃0,C) together
with the cup product S(●, ●) is a polarized Hodge structure, then H3(Xq,C) together
with the cup product S(●, ●) is a polarized Hodge structure for ∣q∣ sufficiently small.

Proof. We describe a semistable model of the family first. Let Y be the blowup of X
along the O16 singularity. Consider the 3 to 1 covering of ∆ defined by q ↦ q3, and let
Ỹ → ∆ be the pullback family. Then Ỹ0 is normal crossings, all of whose components
are reduced. We can also describe Ỹ0 as following: let X̃0 be the blowup of X0 along the
O16 singularity. Then X̃0 is a compact complex manifold of Fujiki class C, and hence
satisfies the ∂∂-lemma. The preimage of the O16 singularity in X̃0 is a cubic surface Q
in P3. Let E be a cubic 3-fold in P4. Then

Ỹ0 ≅ X̃0 ∐E/ ∼,

where the equivalence is by identifying Q with some hyperplane section in E.
Consider Steenbrink’s limiting Hodge structure associated to the family Ỹ → ∆. As

in the previous example, the mixed Hodge structure on Hd(X∞) is pure unless d = 3
by the Lefschetz hyperplane theorem. Thus it suffice to show that WSt = W (N,3) on
middle cohomology H3(X∞), or equivalently

WStE
−1,4
2 = ker (H2

(Q)(−1)
−γ
Ð→H4

(X̃0) ⊕H
4
(E))
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is isomorphic via the map induced by (2π
√
−1)I to

WStE
1,2
2 = coker(H2

(X̃0) ⊕H
2
(E)

θ
Ð→H2

(Q)) .

We can see that WStE
−1,4
2 = ker (H2(Q)prim(−1)

−γ
Ð→H4(X̃0)) consists of the linear

relations in X between the classes of difference of lines in Q. Thus, unlike the previous
example, since H2(Q)prim is of 6 dimension, it is not sufficient for us to get the isomor-

phism of WStE
−1,4
2 and WStE

1,2
2 without further assumption on X0. Note that by the

Thom isomorphism theorem, we have

S ∶= ker(H4
Q(X̃0) →H4

(Q)) ≅ ker(H2
(Q) →H4

(Q)) =H2
(Q)prim.

By our assumption, the defect σ(X0) is zero, and hence WStE
−1,4
2 = H2(Q)prim(−1).

Also, by duality,

WStE
1,2
2 = coker(H2

(E)
θ
Ð→H2

(Q)) ,

which is isomorphic to H2(Q)prim via the identity map. Then by Theorem 1.1, Xq

satisfies the ∂∂-lemma for ∣q∣ small.
The computation about polarization is also similar to the previous example. First,

since WStE
−1,4
2 =H2(Q)prim(−1), Gr

WSt

4 H3
lim is polarized by S(C●, (−N)●). Also,

GrW
St

3 H3
lim = WStE

0,3
2 =H3

(X̃0)

is polarized by S(C●, ●) by assumption. Hence, Theorem 1.1 impliesH3(Xq,C) together
with the cup product S is a polarized Hodge structure for ∣q∣ small.

□

4.4 Non-Kähler Calabi-Yau Threefolds with Arbitrarily Large b2

As a consequence of Theorem 1.1, we have the following theorem:

Theorem 4.5. The non-Kähler Calabi-Yau threefolds X3(a) constructed by Hashimoto-

Sano [23, Theorem 1.1] satisfy the ∂∂-lemma. Moreover, H3(X3(a),C) together with
the cup product S(●, ●) is a polarized Hodge structure.

Proof. We sketch the construction of Hashimoto-Sano first. Let

P(3) ∶= P1
× P1

× P1

and S be a very general (2,2,2) hypersurface of P(3). Then S is a K3 surface, and by
the Noether-Lefschetz theorem, we have Pic(S) = ⊕3

i=1Zei, which is generated by the
three fiber class of the elliptic fibrations S → P1 given by projection to each P1. By [23,
§3.1], for all positive integer a, there is an automorphism ιa ∈ Aut(S) such that

(ιa)∗ =
⎛
⎜
⎝

1 4a2 − 2a 4a2 + 2a
0 1 − 2a −2a
0 2a 1 + 2a

⎞
⎟
⎠
∈ Aut(Z3

) ≅ Aut(Pic(S)).

The d-semistable SNC Calabi-Yau variety X0 is constructed as follows. Let X ′1 be the
blowup of P(3) along f1,..., fa ∈ ∣OS(1,0,0)∣ and X1 be the blowup of X ′1 along the strict
transform of the general member Ca ∈ ∣OS(16a

2 − a + 4,4 − 8a,4 + 8a)∣. Let X2 ∶= P(3),
S1 ∶= S ⊆ X1 and S2 ∶= S ⊆ X1. Then X0 is constructed by gluing X1 and X2 along S1



28 KUAN-WEN CHEN

and S2 via the automorphism ιa ∶ S1 → S2. By the theorem of Namikawa-Kawamata
[27, Theorem 4.2], X0 admits a global smoothing f ∶ X → ∆ where the central fiber is
isomorphic to X0. Then X3(a) is defined as the general fiber Xq for ∣q∣ small.

We need to calculate the limiting mixed Hodge structure associated to f ∶ X → ∆.
As in the previous examples, the mixed Hodge structure on Hd(X∞,C) is pure unless
d = 3 by the Lefschetz hyperplane theorem. Also, we have

WStE
−1,4
2 = ker (H2

(S1)(−1)
−γ
Ð→H4

(X1) ⊕H
4
(X2))

and

WStE
1,2
2 = coker(H2

(X1) ⊕H
2
(X2)

θ
Ð→H2

(S1)) .

We need to show that the two spaces above are isomorphic via the map induced by

(2π
√
−1)I. Note that the image of the restriction map H2(X1) ⊕H

2(X2)
θ
Ð→ H2(S1)

is simply Pic(S) ⊆ H2(S). Since the composition map H2(X2) → H2(S2) → H4(X2)

of the restriction morphism and the Gysin morphism coincides with the cup product
with c1(NS2/X2

), the image of Pic(S1) under −γ is three-dimensional. By this and the

fact that WStE
−1,4
2 and WStE

1,2
2 have the same dimension, we see that WStE

−1,4
2 and

WStE
1,2
2 are isomorphic via the map induced by (2π

√
−1)I. Hence, WSt =W (N,3) on

H3(X∞,C), and then by Theorem 1.1, X(a) satisfies the ∂∂-lemma.
Next, we show that the mixed Hodge structure on H3(X∞,C) together with the cup

product S is a polarized Hodge structure. We have

GrW
St

3 H3
(X∞) = WStE0,3

≅H1
(Ca,Q)(−1) ⊕

a

⊕
i=1

H1
(fi,Q)(−1),

which, together with the cup product S, is a polarized Hodge structure. (Note that the
cup product ϵ(3)⟨●, ●⟩X1 restricts to ϵ(1)⟨●, ●⟩Ca on H1(Ca) by the projection formula
and it holds for H1(fi) similarly.) On the other hand, note that

ker (H2
(S1)(−1)

−γ
Ð→H4

(X2))

consists of the primitive class with respect to the ample line bundle (ιa)∗NS2/X2
, i.e.

it consists of those η ∈ H2(S1)(−1) such that η ∧ c1((ι
a)∗NS2/X2

) = 0, where NS2/X2

is the normal bundle of S2 in X2. Therefore, we see that WStE
−1,4
2 ⊆ H2(S1)prim(−1)

and hence WStE
−1,4
2 is polarized by S(C●, (−N)●) by Proposition 3.6. By Theorem 1.1,

we can conclude that H3(X3(a)) together with the cup product S(●, ●) is a polarized
Hodge structure.

□

Remark 4.6. By a similar computation, one can show that another class of the non-
Kähler Calabi-Yau threefolds with arbitrarily large b2 constructed by Sano [40] satisfies

the ∂∂-lemma as well, and the middle cohomology together with the cup product is
a polarized Hodge structure. Thus, it is interesting to ask if there exist non-Kähler
Calabi-Yau threefolds that don’t satisfy the ∂∂-lemma or satisfy the ∂∂-lemma but
whose middle cohomology, together with the cup product S, isn’t a polarized Hodge
structure.
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4.5 Non Kähler Calabi-Yau m-folds with Arbitrarily Large b2

We turn to the non-Kähler Calabi-Yau m-folds with arbitrarily large b2 for m ≥ 4
constructed by Sano [39, Theorem 1.1]. Our main theorem is:

Theorem 4.7. The non-Kähler Calabi-Yau m-folds Xm(a) with arbitrarily large b2
for m ≥ 4 constructed by Sano [39, Theorem 1.1] satisfy the ∂∂-lemma. Moreover, the
Hodge index on the middle cohomology Hm(Xm(a)) is as follows:

(1) If m ≡ 3 (mod 4), the Hodge structure on Hm(Xm(a)) together with the cup
product S(●, ●) is a polarized Hodge structure.

(2) If m ≡ 1 (mod 4), the signature of S(C●, ●) on Hk,m−k(Xm(a)) is

{
(hk,m−k(Xm(a)), 0) , k ≠ m+1

2 , m−12
(hk,m−k(Xm(a)) − 9(27a

2 − 2a + 5) − a − 6, 9(27a2 − 2a + 5) + a + 6) , k = m+1
2 or m−1

2

.

(3) If m = 4, the signature of S(C●, ●) on Hk,m−k(Xm(a)) is

{
(hk,m−k(Xm(a)), 0) , k ≠ m

2
(hk,m−k(Xm(a)) − a − 1, a + 1) , k = m

2

.

(4) If m is even and m ≥ 6, the signature of S(C●, ●) on Hk,m−k(Xm(a)) is

{
(hk,m−k(Xm(a)), 0) , k ≠ m

2
(hk,m−k(Xm(a)) − a − 2, a + 2) , k = m

2

.

Before we prove the theorem, we first sketch the construction of non-Kähler Calabi-
Yaum-folds (not even of Fujiki class C) constructed by Sano [39]. The construction relies
on the projective Calabi-Yau manifolds of Schoen-type. Let S ⊂ P2 × P1 be a general
hypersurface of bidegree (3,1) (i.e. a general rational elliptic surface) and T ⊂ P1×Pm−2

be a general hypersurface of bidegree (1,m − 1). Then the fiber product S ×P1 T is a
projective Calabi-Yau manifold. S can be regarded as the blowup of P2 at 9 points.
Let H be the pullback of OP2(1) on S and h the cohomology class of H. Also let Ei,
i = 1, ...,9, be the exceptional divisors and ei, i = 1, ...,9, the cohomology class of Ei.
Then H2(S) is generated by h, e1, ..., e9. By using the quadratic transformation on P2,
[39, Proposition 2.6] shows that for all positive integer a, there exists an automorphism
ϕa ∶ S → S over P1 such that

ϕ∗aH = (27a
2
+1)H−(9a2−3a)(E1+E2+E3)−9a

2
(E4+E5+E6)−(9a

2
+3a)(E7+E8+E9).

Let Yi = P2 ×T for i = 1,2 and Di ∶= (S ×Pm−2) ∩Yi = S ×P1 T. Write pS ∶ S ×P1 T → S
the projection map. Consider fi ∈ ∣ −KS ∣, i = 1, .., a, and Fi ∶= p

−1
S (fi), i = 1, .., a. Fi is

simply the general smooth fiber of the fibration S ×P1 T
g
Ð→ P1. Also, consider

Ca ∈ ∣3H + 3ϕ
∗
aH + (a − 2)KS ∣,

which is a smooth and irreducible member of an ample and free linear system as shown
by [39, Proposition 2.6 (iii)]. By the proof of [39, Proposition 3.6], Ca is a curve of

genus g(Ca) = 9(27a
2−2a+5)−1 and the map Ca

g′

Ð→ P1 induced by the elliptic fibration

S
g′

Ð→ P1 is of degree 18. Let Γa = p
−1
S (Ca) ≅ Ca ×P1 T . Then we let Ỹ1 be the blowup

of Y1 at F1, ..., Fm and X1 be the blowup of Ỹ1 at the strict transform of Γa. We also
regard D1 as its strict transform; hence, we have D1 ⊂ X1. Let X2 = Y2 = P2 × T . The



30 KUAN-WEN CHEN

d-semistable simple normal crossing Calabi-Yau variety X0 =X1 ∐X2/ ∼ is obtained by
gluing D1 and D2 via

X1 ⊇ S ×P1 T
ϕm×id
ÐÐÐ→ S ×P1 T ⊆X2.

By the theorem of Namikawa-Kawamata [27, Theorem 4.2], X0 admits a global smooth-
ing f ∶ X → ∆ where the central fiber is isomorphic to X0. Then Xm(a) is defined as
the general fiber Xq for ∣q∣ small.

The main difficulty in applying Theorem 1.1 toX(a) is to understand the cohomology
ring of S ×P1 T . We will prove in the next section that the canonical morphism

H●(S) ⊗H●(P1)H
●
(T ) →H●(S ×P1 T )

induces isomorphism in degree ≤m− 2 and is injective in degree m− 1. More generally,
we will prove that this type of Lefschetz property holds for the fiber product of two
Lefschetz fibrations with disjoint critical locus (Theorem 5.1).

We recall the following lemma about the Hodge structure on the blowup of a Kähler
manifold for later use.

Lemma 4.8. ([47, Theorem 7.31])
Let X be a compact complex manifold and Z a compact complex submanifold of codi-

mension r. Let π ∶ X̃ → X be the blowup of X along Z and E the exceptional divisor.
Denote ι ∶ Z →X and ι′ ∶ E → X̃ the inclusion maps. Then

(1) For each k, there is a pushout diagram of cohomology

Hk
Z(X) Hk(X)

Hk
E(X̃) Hk(X̃),

π∗

where the vertical maps are induced by the pullback morphism.
(2) If we identify Hk

Z(X) ≅ H
k−2r(Z) and Hk

E(X̃) ≅ H
k−2(E) via the Thom iso-

morphism, then the pushout diagram above becomes

Hk−2r(Z) Hk(X)

Hk−2(E) Hk(X̃).

ι!

Φ π∗

ι′!

The horizontal maps are the Gysin morphisms and Φ can be described as follows:
for α ∈Hk−2r(Z),

Φ(α) = (π∣∗Eα) ∪ e(Q),

where Q is the universal quotient bundle of π∣∗ENZ/X on E ≅ P(NZ/X), i.e. Q
comes from the short exact sequence

0→ OE(−1) → π∣∗ENZ/X → Q→ 0,

and e(Q) is the Euler class of Q.
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(3) Let h = c1(OE(1)) ∈ H
2(E). If X is Kähler, then the pushout diagram above

induces the isomorphism of Hodge structures:

Hk
(X) ⊕

r−2

⊕
i=0

Hk−2i−2
(Z)

π∗+∑i ι
′

!○(∪h
i)○π∣∗E

ÐÐÐÐÐÐÐÐÐÐ→Hk
(X̃).

Proof. For clarity, we explain why the map Φ can be described as in (2) above. By [5,
Chapter I, §6], the local cohomology Hk

Z(X) = H
k(NZ/X ,NZ/X − Z) can be identified

with the compact vertical cohomologyHk
cv(NZ/X), which is defined by using the complex

of smooth differential forms on NZ/X with compact support in the vertical direction.

This identification follows from the fact that the local cohomology Hk
Z(X) is isomorphic

to the cohomology of the Thom space of the normal bundle NZ/X and that the Thom
space is simply the one-point compactification of NZ/X . Under this identification, the

Thom isomorphism Hk−2r(Z) → Hk
cv(NZ/X) is given by the composition of the cup

product with the Thom class Th(NZ/X) ∈ H
2r
cv (NZ/X) and the pullback morphism.

Since π∣∗ENZ/X ≅ OE(−1) ⊕Q as smooth vector bundles, by [5, Chapter I, Proposition
6.19], we have the equality of Thom classes

Th(π∣∗ENZ/X) = p
∗
1Th(OE(−1)) ∪ p

∗
2Th(Q),

where pi are the projection maps π∣∗ENZ/X → OE(−1) and π∣
∗
ENZ/X → Q. We have the

commutative diagram

Hk−2r(Z) Hk
cv(NZ/X)

Hk−2(E) Hk
cv(OE(−1)),

∪Th(NZ/X)

Φ g∗

∪Th(OE(−1))

where the horizontal maps are the Thom isomorphisms and the vertical map on the
right comes from the pullback along the map g ∶ OE(−1) ↪ π∣∗ENZ/X → NZ/X . For all

α ∈Hk−2r(Z), we have

g∗(α ∪ Th(NZ/X)) = π
∗α ∪ (Th(π∣∗ENZ/X)∣OE(−1))

= π∣∗Eα ∪ (p
∗
2Th(Q))∣OE(−1) ∪ Th(OE(−1)).

Also, We have the commutative diagram

OE(−1) π∣∗ENZ/X = OE(−1) ⊕Q

E Q,

where the vertical maps are projection maps, the horizontal map on the top is the inclu-
sion map of vector bundles, and the horizontal map on the bottom is the embedding as
the zero section. Thus, (p∗2Th(Q))∣OE(−1) is the same as (the pullback) of the restriction
of Th(Q) to E. It follows from [5, Chapter I, Proposition 6.41] that Th(Q)∣E = e(Q).
Hence, Φ(α) = π∣∗Eα ∪ e(Q). This finishes the proof.

□
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In our situation, we need the following lemma, which describes the restriction mor-
phism and Gysin morphism between the blowup and the strict transform.

Lemma 4.9. Let Z
ι2
Ð→ Y

ι1
Ð→ X be the inclusion of compact complex manifolds of

dimension m − 2, m − 1, m respectively. Consider X̃ = BlZX , Y ≅ Ỹ = BlZY and

the inclusion Ỹ
ι̃1
Ð→ X̃. Then for all k the restriction map Hk(X̃)

ι̃∗1
Ð→ Hk(Ỹ ) can be

identified with

Hk
(X) ⊕Hk−2

(Z)
(ι∗1 , (ι2)!)
ÐÐÐÐÐ→Hk

(Y ),

where ι∗1 is the restriction map and (ι2)! is the Gysin morphism.

Dually, for all k the Gysin morphism Hk(Ỹ )
(ι̃1)!
ÐÐ→Hk+2(X̃) can be identified with

Hk
(Y )

((ι1)!, −ι
∗

2)
ÐÐÐÐÐÐ→Hk+2

(X) ⊕Hk
(Z),

where (ι1)! is the Gysin morphism and ι∗2 is the restriction map.

Proof. Let E denote the exceptional divisor of the blowup morphism X̃
f
Ð→ X. By

Lemma 4.8 (1), the cohomology Hk(X̃) is computed by the pushout diagram

Hk
Z(X) Hk(X)

Hk
E(X̃) Hk(X̃).

f∗

Note that the composition map Hk(X)
f∗

Ð→ Hk(X̃)
ι̃∗1
Ð→ Hk(Ỹ ) is just the restriction

map Hk(X)
ι∗1
Ð→ Hk(Y ). Also, the composition map Hk

E(X̃) → Hk(X̃)
ι̃∗1
Ð→ Hk(Ỹ )

factories as Hk
E(X̃) → Hk

E∩Ỹ
(Ỹ ) → Hk(Ỹ ). The last map Hk

E∩Ỹ
(Ỹ ) → Hk(Ỹ ) is

isomorphic to Hk
Z(Y ) → Hk(Y ), which is simply the Gysin morphism Hk−2(Z) →

Hk(Y ) by the Thom isomorphism theorem. Hence, the first assertion follows.
The second dual statement follows from taking the Poincaré duality of the first state-

ment. The only thing to notice is the negative sign of the restriction map, which comes
from the isomorphism OX̃(E)∣E = OE(−1). □

Now, we are ready to prove Theorem 4.7.

Proof of Theorem 4.7. As before, in order to prove the ∂∂-lemma onXm(a) by Theorem
1.1, we need to show that

WStE
−1,k+1
2 = ker (Hk−1

(S ×P1 T )(−1)
−γ
Ð→Hk+1

(X1) ⊕H
k+1
(X2))

and

WStE
1,k−1
2 = coker(Hk−1

(X1) ⊕H
k−1
(X2)

θ
Ð→Hk−1

(S ×P1 T )) .

are isomorphic via the map induced by (2π
√
−1)I for all k ≥ 0. By duality, it suffices

to verify it for k ≤m.
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We denote the cohomology class of pullback of OP2(1) on S by h, and the cohomology
class of the pullback of OP1(1) on S by f ′. We know that

f ′ = [−KS] = 3h −
9

∑
i=1

ei.

We also denote the cohomology class of pullback of OPm−2(1) on T by η, and the

cohomology class of the pullback of OP1(1) on T by f
′′

. Then the ring H●(S) ⊗H●(P1)

H●(T ) is simply the quotient of H●(S) ⊗C H
●(T ) by identifying the class f ′ with f ′′.

We will denote this class in the quotient by f .
We first consider the case k <m. In this case, since the canonical morphism

H●(S) ⊗H●(P1)H
●
(T ) →H●(S ×P1 T )

induces isomorphism in degree ≤ m − 2 (cf. Theorem 5.1), We see that Hk−1(S ×P1 T )
is generated by

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

η
k−1
2 , H2(S) ∪ η

k−3
2 , h2 ∪ η

k−5
2 , if k is odd, k ≠m − 1

Hm−2
prim(T ), η

k−1
2 , H2(S) ∪ η

k−3
2 , h2 ∪ η

k−5
2 , if k is odd, k =m − 1

0, if k is even, k ≠m − 1
Hm−2(T ), if k is even, k =m − 1

.

Also, if we denote ι ∶ S ×P1 T → P2 × T the inclusion map, then it is not hard to see
that the Gysin morphism

Hk−1
(S ×P1 T )

ι!
Ð→Hk+1

(P2
× T )

coincides with the map

H●(S) ⊗H●(P1)H
●
(T ) →H●(P2

× P1
) ⊗H●(P1)H

●
(T ) =H●(P2

× T ),

from degree k − 1 part to k + 1 part, induced by the Gysin morphism associated to the
inclusion S → P2 × P1. Since

ker (H2
(S) →H4

(P2
× P1
)) = ⟨ej − ei ∣ i ≠ j⟩ = ⟨h, f

′
⟩
⊥,

one sees that

ker(Hk−1
(S ×P1 T )

(ι!,−ι!○((ϕ
−1
a )

∗))
ÐÐÐÐÐÐÐÐÐ→Hk+1

(P2
× T ) ⊕Hk+1

(P2
× T ))

= {
⟨h, ϕ∗ah, f⟩

⊥ ∪ η
k−3
2 , if k is odd

0, if k is even
.

Moreover, since for i = 1, ..., a, the cohomology class of the divisor Fi is −f , and the
cohomology class of the divisor Γa is 3h + 3ϕ∗ah + (a − 2)(−f), one sees that when k is
odd,

⟨h, ϕ∗ah, f⟩
⊥
∪ η

k−3
2 ⊆ ker(Hk−1

(S ×P1 T ) →Hk−1
(Γa) ⊕

a

⊕
i=1

Hk−1
(Fi)).

Thus, we conclude by Lemma 4.9 that

ker (Hk−1
(S ×P1 T )

−γ
Ð→Hk+1

(X1) ⊕H
k+1
(X2))
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= {
⟨h, ϕ∗ah, f⟩

⊥ ∪ η
k−3
2 , if k is odd

0, if k is even
.

On the other hand, since the restriction morphism

Hk−1
(P2
× T )

ι∗
Ð→Hk−1

(S ×P1 T )

coincides with the map

H●(P2
× T ) =H●(P2

× P1
) ⊗H●(P1)H

●
(T ) →H●(S) ⊗H●(P1)H

●
(T )

from degree k − 1 part to k − 1 part, induced by the restriction morphism associated to
the inclusion S → P2 × P1, we can compute that

im(Hk−1
(P2
× T ) ⊕Hk−1

(P2
× T )

(−ι∗,(ϕ∗a)○(ι
∗))

ÐÐÐÐÐÐÐÐ→Hk−1
(S ×P1 T ))

is generated by

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

η
k−1
2 , ⟨h, ϕ∗ah, f⟩ ∪ η

k−3
2 , h2 ∪ η

k−5
2 , if k is odd, k ≠m − 1

Hm−2
prim(T ), η

k−1
2 , ⟨h, ϕ∗ah, f⟩ ∪ η

k−3
2 , h2 ∪ η

k−5
2 , if k is odd, k =m − 1

0, if k is even, k ≠m − 1
Hm−2(T ), if k is even, k =m − 1

.

Also, since Γa = Ca×P1 T is a smooth divisor of Ca×Pm−2 corresponding to the ample
line bundle

(π∗Ca
(g′)∗OP1(1)) ⊗ (π∗Pm−2OPm−2(1)) ,

it follows from the Lefschetz hyperplane theorem that the following diagram

H●(Ca) ⊗H●(P1)H
●(P1 × Pm−2) H●(Ca × Pm−2)

H●(Ca) ⊗H●(P1)H
●(T ) H●(Ca ×P1 T )

induces isomorphism in degree ≤ m − 3, and the two vertical arrows are injective in
degree m − 2. Indeed, the horizontal arrow at the bottom is also injective in degree
m − 2. To see this, we can compute the composition of the restriction map and the
Gysim morphism:

Hm−2
(Ca × T ) →Hm−2

(Ca ×P1 T ) →Hm
(Ca × T ),

which coincides with the cup product with c1((g
′)∗OP1(1)) + f . Then we find that the

kernel of the composition is generated by

{
H1(Ca) ∪ f ∪ η

m−5
2 , if m is odd

c1((g
′)∗OP1(1)) ∪ f ∪ η

m−6
2 , (c1((g

′)∗OP1(1)) − f) ∪ η
m−4
2 , if m is even

,

which are simply the generators of the degree m − 2 part of the kernel of the quotient
map

H●(Ca) ⊗CH
●
(T ) →H●(Ca) ⊗H●(P1)H

●
(T ).

In particular, it is not hard to see that the Gysin morphism

Hk−3
(Ca ×P1 T ) →Hk−1

(S ×P1 T )
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coincides with the map

H●(Ca) ⊗H●(P1)H
●
(T ) →H●(S) ⊗H●(P1)H

●
(T ),

from degree k − 3 part to k − 1 part, induced by the Gysin morphism associated to the
inclusion Ca → S. As a result, the image of the Gysin morphism is given by

im (Hk−3
(Ca ×P1 T ) →Hk−1

(S ×P1 T ))

=

⎧⎪⎪
⎨
⎪⎪⎩

Span{(3h + 3ϕ∗ah + (a − 2)(−f)) ∪ η
k−3
2 , h2 ∪ η

k−5
2 } , if k is odd

0, if k is even
.

Also, write Fi = St × Tt for some general t ∈ P1 and ιt ∶ St × Tt → S ×P1 T the inclusion

map, where St (resp. Tt) is the fiber of the Lefschetz fibration S
g1
Ð→ P1 (resp. T

g2
Ð→ P1)

at t. Then by the theorem of the fixed part (cf. [33, Theorem 4.23]), for all l ≥ 0, the
image of the restriction map

im(H l
(S ×P1 T )

ι∗t
Ð→H l

(St × Tt))

coincides with the cohomology classes which are invariant under the monodromy action.
Since the critical locus of the two Lefschetz fibrations g1 and g2 are disjoint (by the

generality of S and T ), the monodromy of S ×P1 T
g
Ð→ P1 acts on

H l
(St × Tt) = ⊕

i+j=l

H i
(St) ⊗H

j
(Tt)

by the product action of the monodromy group of g1 and g2. Hence, we see that

im(H l
(S ×P1 T )

ι∗t
Ð→H l

(St × Tt))

= ⊕
i+j=l

im (H i
(S) →H i

(St)) ⊗ im (Hj
(T ) →Hj

(Tt))

= ⊕
i+j=l

H i
fixed(St) ⊗H

j
fixed(Tt),

where H i
fixed(St) and H

j
fixed(Tt) are the fixed cohomology of the Lefschetz fibrations g1

and g2 (cf. [33, (C-11) and Theorem C.23]). This vector space has dimension

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

0, if l is odd
1, if l = 0, 2m − 4
2, if l is even, 0 < l < 2m − 4

.

Hence, by the Poincaré duality, the image of the Gysin morphism

im (H l
(St × Tt)

ιt!
Ð→H l+2

(S ×P1 T ))

has the same dimension as above. In particular, for all l ≥ 0,

im (H l
(St × Tt)

ιt!
Ð→H l+2

(S ×P1 T ))

= im(H l
(S ×P1 T )

ι∗t
Ð→H l

(St × Tt)
ιt!
Ð→H l+2

(S ×P1 T ))

= im(H l
(S ×P1 T )

∪f
Ð→H l+2

(S ×P1 T )) .
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It follows that the image of the Gysin morphism is given by

im (Hk−3
(Fi) →Hk−1

(S ×P1 T ))

=

⎧⎪⎪
⎨
⎪⎪⎩

Span{f ∪ η
k−3
2 , h2 ∪ η

k−5
2 } , if k is odd

0, if k is even
.

Thus, we conclude by Lemma 4.9 that

im(Hk−1
(X1) ⊕H

k−1
(X2)

θ
Ð→Hk−1

(S ×P1 T ))

= im(Hk−1
(P2
× T ) ⊕Hk−1

(P2
× T )

(−ι∗,(ϕ∗a)○(ι
∗))

ÐÐÐÐÐÐÐÐ→Hk−1
(S ×P1 T ))

and there is an orthogonal splitting

Hk−1
(S ×P1 T ) = ker(−γ) ⊕ im(θ).

This proves that WStE
−1,k+1
2 and WStE

1,k−1
2 are isomorphic via the map induced by

(2π
√
−1)I for k <m.

Now we turn to the case k =m. In this case, due to the dimension reason, it suffices
to show that the map

Hm−1
(S ×P1 T )

−γ
Ð→Hm+1

(X1) ⊕H
m+1
(X2)

is injective on the subspace

im(Hm−1
(X1) ⊕H

m−1
(X2)

θ
Ð→Hm−1

(S ×P1 T )) .

Note that the restriction morphism

Hm−1
(P2
× T )

ι∗
Ð→Hm−1

(S ×P1 T ),

the Gysin morphism

Hm−3
(Fi) →Hm−1

(S ×P1 T )

and

Hm−3
(Γa) →Hm−1

(S ×P1 T )

factor through the degree m − 1 part of

H●(S) ⊗H●(P1)H
●
(T ).

As a consequence, the argument above shows that

im(Hm−1
(X1) ⊕H

m−1
(X2)

θ
Ð→Hm−1

(S ×P1 T ))

is generated by

{
η

m−1
2 , ⟨h, ϕ∗ah, f⟩ ∪ η

m−3
2 , h2 ∪ η

m−5
2 , if m is odd

0, if m is even
.

On the other hand, the argument above also shows that the restriction of −γ on the
degree m − 1 part of

H●(S) ⊗H●(P1)H
●
(T )
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has kernel

{
⟨h, ϕ∗ah, f⟩

⊥ ∪ η
m−3
2 , if m is odd

0, if m is even
.

The assertion is immediate. In conclusion, we have proved that WSt = W (N) on the

limiting cohomology, and hence by Theorem 1.1, X(a) satisfies the ∂∂-lemma.
Now, we turn to the Hodge index on the middle cohomology of X(a). We first

consider the case that m is odd. Then the preceding paragraph shows that we have an
orthogonal splitting

Hm−1
(S ×P1 T ) = im(θ) ⊕ (⟨h, ϕ∗ah, f⟩

⊥
∪ η

m−3
2 ) ⊕W ⊥

and

WStE
−1,m+1
2 = (⟨h, ϕ∗ah, f⟩

⊥
∪ η

m−3
2 ) ⊕W ⊥,

whereW ⊥ is the orthogonal complement of the degreem−1 part ofH●(S)⊗H●(P1)H
●(T )

in Hm−1(S ×P1 T ). If we let L be the Lefschetz operator on S ×P1 T associated to
the Kähler form h + f + η, then LHm−3(S ×P1 T ) is contained in the m − 1 part of
H●(S) ⊗H●(P1)H

●(T ), and hence W ⊥ ⊆Hm−1
prim(S ×P1 T ). Also, we have

⟨h, ϕ∗ah, f⟩
⊥
∪ η

m−3
2 = L

m−3
2 (⟨h, ϕ∗ah, f⟩

⊥) ,

and ⟨h, ϕ∗ah, f⟩
⊥ ⊆ H2

prim(S ×P1 T ). This shows that the index of S(C●, (−N)●) is

positive on WStE
−1,m+1
2 if m ≡ 3 (mod 4), and there are 7 dimensional negative classes

in the (m+12 , m+12 ) part of WStE
−1,m+1
2 if m ≡ 1 (mod 4). Also,

WStE
0,m
2 =

ker(Hm(X1) ⊕H
m(X2)

θ
Ð→Hm(S ×P1 T ))

im (Hm−2(S ×P1 T )
−γ
Ð→Hm(X1) ⊕Hm(X2))

.

Note that since m is odd, the Gysin map Hm−2(S×P1T ) →Hm(P2×T ) can be identified
with the isomorphism H0(S)⊗Hm−2(T ) →H2(P2)⊗Hm−2(T ) given by the cup product
with 3h. Let L denote any Lefschetz operator on Fi or Γa. Then we have the Lefschetz
decomposition

Hm−2
(Γa) =H

m−2
prim(Γa) ⊕L

m−3
2 H1

(Γa),

where

H1
(Γa) ≅H

1
(Ca) ⊗H

0
(Pm−2

).

Write

Hm−2
prim(Γa) =H

0
(Ca) ⊗H

m−2
(T ) ⊕U,

where U is the orthogonal complement of H0(Ca)⊗H
m−2(T ). Since Fi ≅ St ×Tt, where

St is an elliptic curve and Tt is a hypersurface of Pm−2 of degree m − 1, we have the
Lefschetz decomposition

Hm−2
(Fi) =H

m−2
prim(Fi) ⊕L

m−3
2 H1

(Fi),

where

H1
(Fi) ≅H

1
(St) ⊗H

0
(Pm−2

).



38 KUAN-WEN CHEN

From this, one easily sees that

WStE
0,m
2 = U ′ ⊕U ⊕L

m−3
2 H1

(Γa) ⊕
a

⊕
i=1

Hm−2
(Fi),

where
U ′ ⊂H2

(P2
) ⊗Hm−2

(T ) ⊕H0
(Ca) ⊗H

m−2
(T ) ⊂Hm−2

(X1)

is the subspace
{(6h ∪ a, a) ∣ a ∈Hm−2

(T )} .

This shows that the index of S(C●, ●) is positive on WStE
0,m
2 if m ≡ 3 (mod 4), and

there are g(Ca)+a dimensional negative classes in the (m−12 , m+12 ) part and (
m+1
2 , m−12 )

part of WStE
0,m
2 if m ≡ 1 (mod 4). By summing g(Ca)+a and 7 and applying Theorem

1.1, we get the index formula in Theorem 4.7 (1) and (2).
If m is even, then

WStE
−1,m+1
2 =Hm−1

(S ×P1 T ) =Hm−1
prim(S ×P1 T ).

So S(C●, (−N)●) is positive on WStE
−1,m+1
2 . On the other hand, write

Hm
(X1) ⊕H

m
(X2) =H

m
(P2
× T ) ⊕Hm−2

(Γa) ⊕ (
a

⊕
i=1

Hm−2
(Fi)) ⊕H

m
(X2)

and define the vanishing cohomology of Hm−2(T ) as the kernel of the Gysin morphism:

Hm−2
van (T ) ∶= ker (H

m−2
(T ) →Hm

(P1
× Pm−2

))

Then it is elementary to compute the orthogonal decomposition

WStE
0,m
2 ≅ U1 ⊕U2 ⊕U3 ⊕U4 ⊕U5,

where U1 is the orthogonal complement of H0(Ca) ⊗H
m−2(T ) in Hm−2(Γa);

U2 =
a

⊕
i=1

Hm−2
prim(Fi);

U3 ⊂H
2
(P2
) ⊗Hm−2

(T ) ⊕H0
(Ca) ⊗H

m−2
(T ) ⊂Hm

(X1)

is the subspace
{(6h ∪ α,α) ∣ α ∈Hm−2

van (T )} ;

U4 ⊂
a

⊕
i=1

Hm−2
(Fi)

is the subspace

{ϕ∗j η
m−2
2 − ϕ∗kη

m−2
2 , ϕ∗jhη

m−4
2 − ϕ∗khη

m−4
2 ∣ j ≠ k with ϕj ∶ Fj ↪ S ×P1 T the embedding};

U5 ⊂H
m
(P2
× T ) ⊕ (H0

(Ca) ⊗H
m−2
(T )) ⊕Hm

(X2)

is the six dimensional subspace

SpanC{(η
m
2 ,0, η

m
2 ), (f ∪ η

m−2
2 ,0, f ∪ η

m−2
2 ), ((3h − f) ∪ h ∪ η

m−4
2 ,0,0),

(0,0, (3h− f) ∪h∪ η
m−4
2 ), (h2 ∪ f ∪ η

m−6
2 ), ((3h− (m− 2)f) ∪ η

m−2
2 , η

m−2
2 ,−3h∪ η

m−2
2 )}

if m ≥ 6 and is the four-dimensional subspace

SpanC{(η
m
2 ,0, η

m
2 ), ((3h − f) ∪ h ∪ η

m−4
2 ,0,0), (0,0, (3h − f) ∪ h ∪ η

m−4
2 ),
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((3h − (m − 2)f) ∪ η
m−2
2 , η

m−2
2 ,−3h ∪ η

m−2
2 )}

if m = 4. Furthermore, S(C●, ●) is positive on U1⊕U2⊕U3, has index (m− 1,m− 1) on
U4, has index (3,3) on U5 if m ≥ 6, and has index (2,2) on U5 if m = 4. By summing
all the indexes and applying Theorem 1.1, we get the index formula in Theorem 4.7 (3)
and (4).

□

5 Cohomology Ring of Fiber Product of Lefschetz Fibrations

For i = 1,2, let Xi be a projective manifold of dimension mi and {Yi,t}t∈P1 be a
Lefschetz pencil on Xi, where Yi,t are sections of some ample linear system ∣Li∣. Let Bi

be the base locus of the pencil and denote ιi ∶ Bi ↪Xi the inclusion map. Let

X̃i ∶= BlBiXi
fi
Ð→ P1

be the associated Lefschetz fibration and ∆(fi) ⊂ P1 be the critical locus of fi. We

also let Ei be the exceptional divisor of the birational morphism X̃i
Fi
Ð→ Xi and write

ι̃i ∶ Ei ↪Xi the inclusion map. Note that

Ei ≅ P(NZi/Xi
) = P(ι∗i Li ⊕ ι

∗
i Li).

Let Yi ∶= Yi,t for some general t in P1. Recall that by the Lefschetz hyperplane theorem,

the restriction map Hk(Xi) → Hk(Yi) is an isomorphism for k ≤mi − 2, is injective for
k =mi − 1, and is surjective for k >mi − 1. Consider the fixed cohomology of Hmi−1(Yi)
defined by

Hmi−1
fixed (Yi) = im(H

mi−1(Xi)
ι′i
∗

Ð→Hmi−1(Yi))

and the vanishing cohomology of Yi defined by

Hmi−1
van (Yi) = ker(H

mi−1(Yi)
ι′i!
Ð→Hmi+1(Xi)) ,

where ι′i ∶ Yi ↪ Xi is the inclusion and ι′i! is the associated Gysin morphism. Then we
have an orthogonal decomposition

Hmi−1(Yi) =H
mi−1
fixed (Yi) ⊕H

mi−1
van (Yi).

Similarly, since Bi is a complete intersection of two sections of an ample line bundle,
by the Lefschetz hyperplane theorem, the restriction map Hk(Xi) → Hk(Bi) is an
isomorphism for k ≤ mi − 3, is injective for k = mi − 2 and is surjective for k > mi − 2.
We can similarly define the fixed cohomology of Hmi−2(Bi) by

Hmi−2
fixed (Bi) = im(H

mi−2(Xi)
ι∗i
Ð→Hmi−2(Bi))

and the vanishing cohomology of Bi by

Hmi−2
van (Bi) = ker (H

mi−2(Bi)
ιi!
Ð→Hmi+2(Xi)) ,

where ιi! is the associated Gysin morphism. Then we sill have the orthogonal decom-
position

Hmi−2(Bi) =H
mi−2
fixed (Bi) ⊕H

mi−2
van (Bi).
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We are only interested in the case that ∆(f1) and ∆(f2) are disjoint. In such case,

it is easy to see that the fiber product X̃1 ×P1 X̃2 is a smooth projective manifold. The
goal of the section is to prove the following Lefschetz-type theorem:

Theorem 5.1. Assume that ∆(f1) and ∆(f2) are disjoint. Then the canonical mor-
phism of graded rings

H●(X̃1,Q) ⊗H●(P1,Q)H
●
(X̃1,Q) →H●(X̃1 ×P1 X̃2,Q)

is an isomorphism in degree ≤m1 +m2 − 2 and is injective in degree m1 +m2 − 1.

Proof. 1 We have a natural map X̃1×X̃2
F
Ð→X1×X2 induced by the birational morphism

X̃i
Fi
Ð→ Xi. Consider the image of X̃1 ×P1 X̃2 under F , denoted by W . Note that if the

Lefschetz pencil {Yi,t}t∈P1 is defined by the secitons σi,t = σi,0 + tσi,∞ (t ∈ P1) of ∣Li∣ on
Xi, then we have

W = V (σ1,0σ2,∞ − σ2,0σ1,∞) ⊂X1 ×X2.

Also, W is only singular at

B1 ×B2 = V (σ1,0, σ1.∞, σ2,0, σ2,∞) ⊂X1 ×X2,

and locally at any point p on B1×B2, the germ (W,p) is isomorphic to the product of the

germ of a threefold ordinary double point and (B1×B2, p). The fiber product X̃1×P1 X̃2

can be regarded as the small resolution of W with exceptional set E, where E is a P1

bundle on Z ∶= B1 ×B2 isomorphic to P(π′1∗ι∗1L1 ⊕ π′2∗ι∗2L2). Here, π′i ∶ B1 ×B2 → Bi is
the natural projection map. Thus, we have the discriminant square

E X̃1 ×P1 X̃2

Z W

ι̃

F ∣E F ∣W

ι

and the discriminant square has a natural inclusion into the discriminant square formed
by F :

E′ ∶= E1 × X̃2 ∪ X̃1 ×E2 X̃1 × X̃2

Z ′ ∶= B1 ×X2 ∪X1 ×B2 X1 ×X2.

ι̃′

F ∣E′ F

ι′

Note that the two components of E′ intersect at E1 × E2 and E can be regarded as
the diagonal subset of this intersection. Then, by the Mayer-Vietoris sequence for
the discriminant square (cf. [33, Corollary-Definition 5.37]), we have a commutative
diagram of long exact sequences of mixed Hodge structures:

... Hk(X1 ×X2) Hk(X̃1 × X̃2) ⊕H
k(Z ′) Hk(E′) ...

... Hk(W ) Hk(X̃1 ×P1 X̃2) ⊕H
k(Z) Hk(E) ...

1The proof of the theorem is inspired by Kloosterman’s answer on Mathoverflow: https://

mathoverflow.net/questions/68625/hodge-diamond-of-a-calabi-yau-fourfold/70052#70052

https://mathoverflow.net/questions/68625/hodge-diamond-of-a-calabi-yau-fourfold/70052##70052
https://mathoverflow.net/questions/68625/hodge-diamond-of-a-calabi-yau-fourfold/70052##70052


HODGE STRUCTURES OF GLOBAL SMOOTHINGS 41

Since E′ is compact andX1×X2 is smooth, the connecting homomorphismHk−1(E′) →
Hk(X1×X2) is zero for all k, and hence the exact sequence on the top forms a short ex-
act sequence for all k. Also, sinceW is a section of the ample line bundle π∗1L1⊗π

∗
2L2 on

X1 ×X2, where πi ∶X1 ×X2 →Xi is the natural projection, by the Lefschetz hyperplane
theorem (cf. [33, Theorem C.15]), the restriction map

Hk
(X1 ×X2) →Hk

(W )

is an isomorphism if k ≤m1 +m2 − 2 and is injective for k =m1 +m2 − 1. In particular,
the mixed Hodge structure on Hk(W ) is pure for k ≤m1 +m2 − 2, and hence the exact
sequence on the bottom is injective on the left for k ≤ m1 +m2 − 2 and is surjective on
the right for l ≤m1 +m2 − 3.

We can compute the cohomology Hk(E′) and Hk(Z ′) by using the Mayer-Vietoris
sequence associated to the two components of E′ and Z ′. By comparing the two Mayer-
Vietoris sequences, it is not hard to see that

Hk
(E′) =Hk

(Z ′) ⊕Hk−2
(B1 ×X2) ⊕H

k−2
(X1 ×B2) ⊕H

k−4
(B1 ×B2).

If we write Hk(E) =Hk(Z)⊕Hk−2(Z), then the restriction map Hk(E′) →Hk(E) can
be identified as follows: we have the restriction map Hk(Z ′) → Hk(Z) and Hk(Z ′) is
mapped to zero in the summand Hk−2(Z);

Hk−2
(B1 ×X2) ⊕H

k−2
(X1 ×B2)

is mapped to zero in the summand Hk(Z) and is mapped to Hk−2(B1 ×B2) =H
k−2(Z)

by the restriction map; Hk−4(B1 ×B2) is mapped to Hk(Z) ⊕Hk−2(Z) via the map

α ↦ (−α ∪ c1(π
∗
1 ι
∗
1L1) ∪ c1(π

∗
2 ι
∗
2L2),−α ∪ (c1(π

∗
1 ι
∗
1L1) + c1(π

∗
2 ι
∗
2L2)))

by using Grothendieck’s definition of Chern classes. We can then easily see that the
image of Hk−4(B1 ×B2) is contained in the image of the first three direct summands of
Hk(E′) for all k. Hence, ker(Hk(E′) →Hk(E)) has dimension

dimCker(H
k
(Z ′) →Hk

(Z)) + dimCH
k−4
(B1 ×B2)

+dimCker(H
k−2
(B1 ×X2) ⊕H

k−2
(X1 ×B2) →Hk−2

(B1 ×B2))

for all k. Note also that

coker(Hk
(E′) →Hk

(E)) = coker(Hk
(Z ′) →Hk

(Z))

for k ≠m1 +m2 − 2. Also,

coker(Hm1+m2−4(E′) →Hm1+m2−4(E)) =coker(Hm1+m2−4(Z ′) →Hm1+m2−4(Z))

⊕Hm1−2
van (B1) ⊗H

m2−2
van (B2).

Now coming back to cohomology of the fibered product Hk(X̃1 ×P1 X̃2), we would
like to prove the following dimension bounds:

Claim: The degree k part of the kernel of the quotient map

H●(X̃1 × X̃2) =H
●
(X̃1) ⊗CH

●
(X̃2) →H●(X̃1) ⊗H●(P1)H

●
(X̃2)

has dimension greater than or equal to

dimCH
k−4
(B1 ×B2)

+dimCker(H
k−2
(B1 ×X2) ⊕H

k−2
(X1 ×B2) →Hk−2

(B1 ×B2))



42 KUAN-WEN CHEN

for k ≤m1 +m2 − 1.
Assuming the claim, then by the snake lemma, the canonical map

H●(X̃1) ⊗H●(P1)H
●
(X̃1) →H●(X̃1 ×P1 X̃2)

is injective for k ≤m1 +m2 − 1 and is surjective for k ≤m1 +m2 − 3.
To prove our claim, we first note the following lemma:

Lemma 5.2. Let fi ∶ X̃i → P1, Fi ∶ X̃i →Xi, Li and Ei be as above. Then

f∗i OP1(1) ≅ F ∗i Li ⊗O(−Ei).

Proof. Indeed, from the birational morphism X̃i
F
Ð→ Xi, we have the canonical bundle

formula KX̃i
≅ F ∗i KXi ⊗ O(Ei), and if we regard X̃i as the hypersurface of P1 × Xi

defined by a section of the line bundle f∗i OP1(1)⊗F ∗i Li (where by abuse of notation we
denote projection map on P1 ×Xi by fi and Fi as well), then by adjunction we have

KX̃i
≅ f∗i OP1(−2) ⊗ F ∗i KXi ⊗ f

∗
i OP1(1) ⊗ F ∗i Li.

Thus by the comparisom of the two expressions of KX̃i
, the expression of f∗i OP1(1)

follows. □

Then we have the following lemma:

Lemma 5.3. Let fi ∶ X̃i → P1, Fi ∶ X̃i → Xi, Li, Ei and Bi be as above. If we write
Hk(X̃i) =H

k(Xi) ⊕H
k−2(Bi) for all k, then the morphism

Hk
(X̃i)

∪c1(f
∗

i OP1(1))
ÐÐÐÐÐÐÐÐ→Hk+2

(X̃i)

is given by
(α,β) ↦ (α ∪ c1(Li) + ιi!β, ι

∗
i α − β ∪ c1(ι

∗
i Li)).

Proof. Note that by Lemma 4.8, the Hodge structure on Hk(X̃i) can be computed by
the pushout diagram

Hk−4(Bi) Hk(Xi)

Hk−2(Ei) Hk(X̃i),

ιi!

Ψi F ∗i

ι̃i!

where the horizontal maps are Gysin morphisms, and Ψi is the cup product with the
Euler class of the universal quotient bundle of Fi∣

∗
Ei
NBi/Xi

on Ei ≅ P(NBi/Xi
). In our

case, if we write Hk−2(Ei) = H
k−2(Bi) ⊕ (H

k−4(Bi) ∪ h), where h = c1(OEi(1)), then
we have

Ψ(α) = (α ∪ (2c1(ι
∗
i Li)), α ∪ h).

By this and the projection formula, we can compute that for a k-form F ∗i α+ ι̃i!Fi∣
∗
Ei
β ∈

Hk(X̃i) with α ∈H
k(Xi) and β ∈H

k−2(Bi), we have

(F ∗i α + ι̃i!Fi∣
∗
Ei
β) ∪ [−Ei] = ι̃i! (−ι̃

∗
i F
∗
i α + Fi∣

∗
Ei
β ∪ h)

= ι̃i! (Fi∣
∗
Ei
ι∗i α +Ψi(β) − 2Fi∣

∗
Ei
(β ∪ c1(ι

∗
i Li)))

= F ∗i ιi!β + ι̃i!Fi∣
∗
Ei
(ι∗i α − 2β ∪ c1(ι

∗
i Li)) .
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In other words, if we write Hk(X̃i) =H
k(Xi) ⊕H

k−2(Bi) for all k, then the morphism

Hk
(X̃i)

∪[−Ei]
ÐÐÐÐ→Hk+2

(X̃i)

is given by

(α,β) ↦ (ιi!β, ι
∗
i α − 2β ∪ c1(ι

∗
i Li)).

As a result, by using the isomorphism

f∗i OP1(1) ≅ F ∗i Li ⊗O(−Ei)

in Lemma 5.2, we can see that the morphism

Hk
(X̃i)

∪c1(f
∗

i OP1(1))
ÐÐÐÐÐÐÐÐ→Hk+2

(X̃i)

is given by

(α,β) ↦ (α ∪ c1(Li) + ιi!β, ι
∗
i α − β ∪ c1(ι

∗
i Li)).

□

If we write

Hk
(X̃1 × X̃2) =H

k
(X1 ×X2) ⊕H

k−2
(B1 ×X2) ⊕H

k−2
(X1 ×B2) ⊕H

k−4
(B1 ×B2),

then by applying Lemma 5.3, we can see that the degree k part of the kernel of the
quotient map

H●(X̃1 × X̃2) →H●(X̃1) ⊗H●(P1)H
●
(X̃2)

is generated by (M1,M2,M3,M4), where

M1 = (α ∪ c1(L1) + ι1!β) ∪ γ − α ∪ (γ ∪ c1(L2) + ι2!δ),

M2 = (ι
∗
1α − β ∪ c1(ι

∗
1L1)) ∪ γ − β ∪ (γ ∪ c1(L2) + ι2!δ),

M3 = (α ∪ c1(L1) + ι1!β) ∪ δ − α ∪ (ι
∗
2γ − δ ∪ c1(ι

∗
2L2)),

M4 = (ι
∗
1α − β ∪ c1(ι

∗
1L1)) ∪ δ − β ∪ (ι

∗
2γ − δ ∪ c1(ι

∗
2L2)),

and α ∈ H l(X1), β ∈ H
l−2(B1), γ ∈ H

k−l−2(X2). δ ∈ H
k−l−4(B2) with 0 ≤ l ≤ k. If we

put β = δ = 0, then

(M1,M2,M3,M4) = (α ∪ c1(Li) ∪ γ − α ∪ γ ∪ c1(L2), ι
∗
1α ∪ γ,−α ∪ ι

∗
2γ,0).

Take the projection of it to (M2,M3) factor, and we can see that the subspace generated
by these elements has dimension greater than or equal to

dimCker(H
k−2
(B1 ×X2) ⊕H

k−2
(X1 ×B2) →Hk−2

(B1 ×B2)).

Similarly, if we put either β = γ = 0 or α = δ = 0 and project them to the M4 factor,
then these elements generate the subspace

im (Hk−4
(X1 ×B2) ⊕H

k−4
(B1 ×X2) →Hk−4

(B1 ×B2))

in theHk−4(B1×B2) factor. So the dimension of the subspace generated by (M1,M2,M3,M4)

with either β = γ = 0 or α = δ = 0 is greater than or equal to

dimCH
k−4
(B1 ×B2)

for k ≠m1 +m2. This proves the claim.
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The surjectivity in k =m1 +m2 − 2 doesn’t follow from this picture. Instead, we will
use the Leray spectral sequence to compute the dimension of Hm1+m2−2(X1×P1X2) and
show that it is equal to the dimension of degree m1 +m2 − 2 part of

H●(X̃1) ⊗H●(P1)H
●
(X̃1).

We will prove the following lemma, where hk, hkvan means the C-dimension of the
cohomology Hk, Hk

van respectively:

Lemma 5.4. Let di be the cardinality of ∆(fi). Then

(1) hmi(X̃i) = di + h
mi(Yi) + h

mi−2(Yi) − 2h
mi−1
van (Yi),

(2) The following formula holds:

hm1+m2−2(X̃1 ×P1 X̃2) =h
m1+m2−2(Y1 × Y2) − h

m1−1
van (Y1)h

m2−1(Y2)

− hm1−1(Y1)h
m2−1
van (Y2) + h

m1−1
van (Y1)h

m2−1
van (Y2)

+ hm1+m2−4(Y1 × Y2) − h
m1−1
van (Y1)h

m2−3(Y2)

− hm1−3(Y1)h
m2−1
van (Y2) + d1h

m2−2(Y2) + d2h
m1−1(Y1)

− 2 (hm1−1
van (Y1)h

m2−2(Y2) + h
m1−2(Y1)h

m2−1
van (Y2))

Assuming the lemma, note also that the degree m1 +m2 − 2 part of

H●(X̃1) ⊗H●(P1)H
●
(X̃1)

has dimension

hm1+m2−2(X̃1 × X̃2) − h
m1+m2−6(B1 ×B2) − h

m1+m2−4(B1 ×X2)

−hm1+m2−4(X1 ×B2) + h
m1+m2−4(B1 ×B2) − h

m1−2
van (B1)h

m2−2
van (B2).

(5.1)

Thus, by canceling di of Lemma 5.4 (2) using Lemma 5.4 (1), it is pretty elementary to

verify that hm1+m2−2(X̃1×P1X̃2) is equal to the formula (5.1) by the Lefschetz hyperplane
theorem, the Künneth formula and the Poincaré duality. □

Proof of Lemma 5.4. We will apply the method discussed in [33, 4.5.4]. We first consider

the Lefschetz fibration X̃i
fi
Ð→ P1 and prove the formula (1). In this case, the Leray

spectral sequence for fi degenerates at E2 (cf. [33, Theorem 4.24]). Moreover, the
Lefschetz fibration satisfies the local invariant cycle property ([33, Corollary C.21]): the
adjunction homomorphism

ak ∶ R
kfi∗ZXi

→ ji∗j
∗
i R

kfi∗ZXi

is surjective for all k, where ji ∶ Ui ∶= P1 −∆(fi) ↪ P1 is the inclusion map.
We need to divide the computation into two cases.
Case I: The first case (the generic case) is thatHmi−1

van (Yi) is non-zero, or equivalently,
all of the vanishing cycles δx for x ∈∆(fi) are non-zero in Hmi−1(Yi) since the vanishing
cycles are conjugate under monodromy. In this case, Rkfi∗ZXi

is locally free for k ≠
mi−1 and the adjunction homomorphism ami−1 is an isomorphism ([33, Lemma C.13]).
Therefore, the Leray spectral sequence for fi reads

E0,mi
2 (fi) =H

mi(Yi,C),

E1,mi−1
2 (fi) =H

1
(P1, ji∗j

∗
i R

kfi∗CXi
),
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E2,mi−2
2 (fi) =H

mi−2(Yi,C).

Let L be the local system j∗i R
mi−1fi∗CXi

on Ui. We can calculate E1,mi−1
2 (fi) by the

exact sequence

0→ ji!L → ji∗L → ⊕
x∈∆(fi)

L
T
x → 0,

where ∆∗x is a small punctured disk centered at x, Lx is the restriction of L on ∆∗x, and
LTx is the subspace of invariants in Lx under the local monodromy T . By taking the
long exact sequence of the cohomology, we have

0→H0
(Ui,L) → ⊕

x∈∆(fi)

L
T
x →H1

c (Ui,L) →H1
(P1, ji∗L) → 0.

By the theorem of the fixed part ([33, Theorem 4.23]),

H0
(Ui,L) = im(H

mi−1(X̃i) →Hmi−1(Yi)) = im(H
mi−1(Xi) →Hmi−1(Yi)).

The last equality follows from Lemma 4.9 since the Gysin morphism Hmi−3(Bi) →

Hmi−1(Yi) can be identified via the Lefschetz hyperplane theorem with the composition
Hmi−3(Xi) →Hmi−1(Xi) →Hmi−1(Yi), where the first map is the cup product with the
Lefschetz operator and the second map is the restriction map. Hence, we see that

h0(U,L) = hmi−1(Yi) − h
mi−1
van (Yi).

Also, since LTx is generated by the class in Hmi−1(Yi) which is orthogonal to the van-
ishing cycle δx, L

T
x has dimension hmi−1(Yi) − 1 for all x ∈ ∆(fi). On the other hand,

h1c(Ui,L) = h
1(Ui,L

∨) by the Poincarë duality and we have

Hk
(Ui,L

∨
) = ExtkZ[π1(Ui)]

(Z,L∨)

for all k. Since Ui is homotopic to ⋁
di−1
i=1 S1, Z[π1(Ui)] is the group ring of a free group

of di − 1 generators. There is a natural two-term free resolution of Z as a Z[π1(Ui)]

module (cf. [48, Corollary 6.2.7]):

0→ Z[π1(Ui)]
di−1 → Z[π1(Ui)] → Z→ 0.

Therefore, by the isomorphism H0(Ui,L
∨) ≅H0(Ui,L), we have

h1(Ui,L
∨
) − h0(Ui,L) = (di − 2)rank(L).

As a consequence,

h1(P1, ji∗L) = h
1
(Ui,L

∨
) + h0(Ui,L) − dim

⎛

⎝
⊕

x∈∆(fi)

L
T
x

⎞

⎠

= 2h0(Ui,L) + (di − 2)rank(L) − di(rankL − 1)

= di − 2h
mi−1
van (Yi).

By summing the dimension of E0,mi(fi), E
1.mi−1(fi) and E

2,mi−2(fi), we get the formula
in Lemma 5.4 (1).

Case II: The second case we need to consider is the special case that Hmi−1
van (Yi)

is zero, i.e., the restriction map Hmi−1(Xi) → Hmi−1(Yi) is an isomorphism. In this
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case, Rkfi∗CXi
is locally constant for k ≠ mi, and for k = mi, we have the short exact

sequence

0→ ⊕
x∈∆(fi)

Hmi−1(Fx) → Rmifi∗CXi
→ ji∗j

∗
i R

mifi∗CXi
→ 0,

where Hmi−1(Fx) is the skyscraper sheaf (supported on x) of the cohomology of the
Milnor fiber of fi around x. Also, ji∗j

∗
i R

mifi∗CXi
is a locally constant sheaf with stalks

isomorphic to Hmi(Yi). Therefore, the Leray spectral sequence for fi reads

E0,mi
2 (fi) =H

0
(P1,Rmifi∗CXi

),

E1,mi−1
2 (fi) = 0,

E2,mi−2
2 (fi) =H

mi−2(Yi,C),
and we have

h0(P1,Rmifi∗CXi
) = di + h

mi(Yi,C).
The formula in Lemma 5.4 (1) follows.

Now we turn to the fibration f ∶ X̃1 ×P1 X̃2 → P1 and prove the formula in Lemma
5.4 (2). Write ∆(f) = ∆(f1) ∪∆(f2). We want to carry out the same computation as
in the Lefschetz fibration case for f . Since ∆(f1) and ∆(f2) are disjoint and the local
monodromy action on Hk(Y1 × Y2) = ⊕i+j=kH

i(Y1) ⊗ H
j(Y2) is induced by product

group action of local monodromy group action on H i(Y1) and H
j(Y2), we still have the

local invariant cycle property for f : the adjunction homomorphism

ak ∶ R
kf∗ZX̃1×P1X̃2

→ j∗j
∗Rkf∗ZX̃1×P1X̃2

is surjective for all k, where j ∶ U ∶= P1 −∆(f) ↪ P1 is the inclusion map.
We divide the computation into three cases: neither of Yi has vanishing cohomology,

exactly one of Yi has vanishing cohomology, and both of Yi have vanishing cohomology.
Case I′ (the generic case): Hmi

van(Yi) ≠ 0 for i = 1,2.
For x ∈∆(f1), let ∆x be a small punctured disc centered at x and Bx be a small ball

around the singularity at f−11 (x). Let Bx∩f
−1
1 (∆x−{x})

f1
Ð→∆x−{x} denote the Milnor

fibration around the singularity at f−11 (x) and Fx the Milnor fiber. By the Künneth
formula and the excision theorem, for all t ∈∆x − {x}, we have

Hk+1
(f−1∆x, f

−1
(t)) =Hk+1

(f−11 ∆x × Y2, Y1 × Y2)

≅ ⊕
i+j=k+1

H i
(f−11 ∆x, Y1) ⊗H

j
(Y2)

≅ ⊕
i+j=k+1

H i
(Bx, Fx) ⊗H

j
(Y2)

≅Hm1−1(Fx) ⊗H
k+1−m1(Y2).

Therefore, the long exact sequence of the cohomology for the pair (f−1∆x, f
−1(t)) gives

0→Hk
(f−1∆x) →Hk

(Y1 × Y2) →Hm1−1(Fx) ⊗H
k+1−m1(Y2) → 0.

The surjectivity on the right (and the injectivity on the left) follows from the assumption
that the vanishing cycles for f1 survive globally. A similar short exact sequence holds
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for x ∈∆(f2). In particular, the adjunction homomorphism

ak ∶ R
kf∗CX̃1×P1X̃2

→ j∗j
∗Rkf∗CX̃1×P1X̃2

is an isomorphism for all k. For all k, let Lk be the local system j∗Rkf∗CX̃1×P1X̃2
on

U . We have the short exact sequence

0→ j!L
k
→ j∗L

k
→ ⊕

x∈∆(f)

(L
k
x)

T
→ 0,

where ∆∗x is a small punctured disk centered at x, Lkx is the restriction of Lk on ∆∗x,
and (Lkx)

T is the subspace of invariants in Lkx under the local monodromy T . For each
k,

H0
(P1, j∗L

k
) =Hk

(Y1 × Y2)
π1(U) = ⊕

i+j=k

H i
(Y1)

π1(U1) ⊗Hj
(Y2)

π1(U2),

and for i = 1,2,

H l
(Yi)

π1(Ui) = {
H l(Yi), l ≠mi − 1

im (H l(Xi) →H l(Yi)) , l =mi − 1.

Also, H2(P1, j∗L
k) = H2(P1, j!L

k) = H2
c (Ui,L) is dual to H

0(U,L∨) = H0(P1, j∗L). So
we have

h2(P1, j∗L
k
) = h0(P1, j∗L

k
).

On the other hand, we have the exact sequence

0→H0
(U,Lk) → ⊕

x∈∆(f)

(L
k
x)

T
→H1

c (U,L
k
) →H1

(P1, j∗L
k
) → 0.

Note that

dim(Lkx)
T
= {

hk(Y1 × Y2) − h
k+1−m1(Y2), x ∈∆(f1)

hk(Y1 × Y2) − h
k+1−m2(Y1), x ∈∆(f2)

,

and similar to the Lefschetz fibration case, we have

h1c(U,L
k
) − h0(U,Lk) = (d1 + d2 − 2)rankL

k.

As a result,

h1(P1, j∗L
k
) = h1c(U,L

k
) + h0(U,Lk) − dim

⎛

⎝
⊕

x∈∆(f)

(L
k
x)

T⎞

⎠

= 2h0(U,Lk) + (d1 + d2 − 2)rankL
k

− d1(rankL
k
− hk+1−m1(Y2)) − d2(rankL

k
− hk+1−m2(Y1))

= 2h0(U,Lk) + d1h
k+1−m1(Y2) + d2h

k+1−m2(Y1) − 2h
k
(Y1 × Y2)

It follows that

dimCE
0,m1+m2−2
2 (f) = h0(P1, j∗L

m1+m2−2)

= hm1+m2−2(Y1 × Y2) − h
m1−1
van (Y1)h

m2−1(Y2)

− hm1−1(Y1)h
m2−1
van (Y2) + h

m1−1
van (Y1)h

m2−1
van (Y2),
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dimCE
1,m1+m2−3
2 (f) = h1(P1, j∗L

m1+m2−3)

= d1h
m2−2(Y2) + d2h

m1−2(Y1)

− 2 (hm1−1
van (Y1)h

m2−2(Y2) + h
m1−2(Y1)h

m2−1
van (Y2)) ,

and

dimCE
2,m1+m2−4
2 (f) = h0(P1, j∗L

m1+m2−4)

= hm1+m2−4(Y1 × Y2) − h
m1−1
van (Y1)h

m2−3(Y2)

− hm1−3(Y1)h
m2−1
van (Y2).

We get the formula in Lemma 5.4 (2) by summing the three dimensions.
Case II′: Hm1−1

van (Y1) = 0 and Hm2−1
van (Y2) ≠ 0.

In this case, for x ∈ ∆(f2), the same local computation of Rkf∗CX̃1×P1X̃2
as in the

previous case holds. For x ∈∆(f1), since the cohomology class of the vanishing cycle δx
is zero, we have instead the short exact sequence

0→Hm1−1(Fx) ⊗H
k−m1(Y2) →Hk

(f−1∆x) →Hk
(Y1 × Y2) → 0.

Thus we have a short exact sequence

0→ ⊕
x∈∆(f1)

Hm1−1(Fx) ⊗H
k−m1(Y2) → Rkf∗CX̃1×P1X̃2

→ j∗j∗R
kf∗CX̃1×P1X̃2

→ 0,

where Hm1−1(Fx)⊗H
k−m1(Y2) is regarded as a skyscraper sheaf supported on x. Also,

with the notation in the previous case, we have instead

dim(Lkx)
T
= {

hk(Y1 × Y2), x ∈∆(f1)
hk(Y1 × Y2) − h

k+1−m2(Y1), x ∈∆(f2)
,

As a result,

dimCE
0,m1+m2−2
2 (f) = h0(P1, j∗L

m1+m2−2) + dim
⎛

⎝
⊕

x∈∆(f1)

Hm2−2(Y2)
⎞

⎠

= hm1+m2−2(Y1 × Y2) − h
m1−1(Y1)h

m2−1
van (Y2) + d1h

m2−2(Y2),

dimCE
1,m1+m2−3
2 (f) = h1(P1, j∗L

m1+m2−3)

= d2h
m1−2(Y1) − 2h

m1−2(Y1)h
m2−1
van (Y2),

and

dimCE
2,m1+m2−4
2 (f) = h0(P1, j∗L

m1+m2−4)

= hm1+m2−4(Y1 × Y2) − h
m1−3(Y1)h

m2−1
van (Y2).

We still get the formula in Lemma 5.4 (2) by summing the three dimensions.
Case III′: Hm1−1

van (Y1) =H
m2−1
van (Y2) = 0.

In this case, we see that j∗j∗R
kf∗CX̃1×P1X̃2

is a locally constant sheaf and the kernel

of the adjunction homomorphism ak is

⊕
x∈∆(f1)

Hm1−1(Fx) ⊗H
k−m1(Y2) ⊕ ⊕

x∈∆(f2)

Hk−m2(Y1) ×H
m2−1(Fx).
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Hence,

dimCE
0,m1+m2−2
2 (f) = hm1+m2−2(Y1 × Y2) + d1h

m2−2(Y2) + d2h
m1−2(Y1),

dimCE
1,m1+m2−3
2 (f) = 0,

and
dimCE

2,m1+m2−4
2 (f) = h0(P1, j∗L

m1+m2−4) = hm1+m2−4(Y1 × Y2).

We still get the formula in Lemma 5.4 (2) by summing the three dimensions.
□

Remark 5.5. Apply a similar computation, we can prove that the difference of

hm1+m2−1(X̃1 ×P1 X̃2)

and the dimension of degree m1 +m2 − 1 part of

H●(X̃1) ⊗H●(P1)H
●
(X̃1)

is
(hm1(X̃1) − 2h

m1−2(X1))h
m2−1
van (Y2) + h

m1−1
van (Y1) (h

m2(X̃2) − 2h
m2−2(X2))

+hm1−2
van (B1) (h

m2−1(X2) − h
m2−3(X2)) + (h

m1−1(X1) − h
m1−3(X1))h

m2−2
van (B2)

+2hm1−1
van (Y1)h

m2−1
van (Y2).

Therefore, the difference can be nonzero even if both Y1 and Y2 have no vanishing
cohomology.

6 Proof of Theorem 2.4 and 2.5

Recall that in Section 2, we consider the following two situations:

(A′) We are given a mixed Hodge structure (H,W,F ) defined over R and a nilpotent
endomorphism N on H such that
(a) N is a morphism of mixed Hodge structure of type (−1,−1),
(b) W =W (N,d) is the weight filtration of N centered at d.

(B′) Besides the assumption in (1), we are given a non-degenerate bilinear form S
on H defined over R, which satisfies
(a) S(v, u) = (−1)dS(u, v),
(b) S(u,Nv) + S(Nu, v) = 0,
(c) S(F p, F d−p+1) = 0 for all p.

In the situation (B′), sinceW =W (N,d), we must have S(Wa,Wb) = 0 for a+b ≤ 2d−1.
Therefore, for p + q ≥ d, we can define (sp,q+ , sp,q− ) to be the signature of S(C●,Np+q−d●)

on the (p, q)-component of the Hodge structure (of weight p + q) on the primitive part

Pp+q = ker(N
p+q−d+1

∶ GrWp+qH → GrW2d−p−q−2H),

where C is the Weil operator.
Consider Deligne’s weak splitting of real mixed Hodge structure (cf. [33, Lemma-

Definition 3.4]):

Ip,q ∶= F p
∩Wp+q ∩ (F q ∩Wp+q +∑

j≥2

F q−j+1 ∩Wp+q−j).

Then, in the situation (A′), this splitting satisfies the following conditions:
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(1) Wl = ⊕p+q≤l I
p,q, F r = ⊕p≥r I

p,q.

(2) Ip,q ≡ Iq,p mod ⊕r≤p−1,s≤q−1 I
r,s.

(3) NIp,q ⊂ Ip−1,q−1.

In the situation (B′), Deligne’s splitting also satisfies

(4) S(Ip,q, Ir,s) = 0 unless r = d − p, s = d − q.
(5) If we define the primitive part of Ip,q to be

Ip,qprim ∶= I
p,q
∩ kerNp+q−d+1,

then (
√
−1)p−qS(●,Np+q−d●) has signature (sp,q+ , sp,q− ) on I

p,q
prim.

(1), (2), (3), and (5) follow directly from the definition of Deligne’s splitting. Let’s
prove (4) here:

Proof of (4). Since S(Wa,Wb) = 0 for a+b ≤ 2d−1, we have S(I
p,q, Ir,s) = 0 if r+s+p+q ≤

2d−1. Also, since S(F a, F b) = 0 for a+ b ≥ d+1 by assumption, we have S(Ip,q, Ir,s) = 0
if r+p ≥ d+1. Now, suppose that r+p ≤ d, we claim that S(Ip,q, Ir,s) = 0 for q+s ≥ d+1
too. Were this proved, the only nonzero possibility is r = d− p and s = d− q. To see this
claim, write

Ip,q ∶= F p
∩Wp+q ∩ (F q ∩Wp+q +∑

j≥2

F q−j+1 ∩Wp+q−j)

and

Ir,s ∶= F r
∩Wr+s ∩ (F s ∩Wr+s +∑

i≥2

F s−i+1 ∩Wr+s−i).

Again, since S(F a, F b) = 0 for a+ b ≥ d+ 1 and S(Wa,Wb) = 0 for a+ b ≤ 2d− 1, we have

S(F q−j+1 ∩Wp+q−j , F s−i+1 ∩Wr+s−i) = 0

if either q − j + s − i ≥ d − 1 or p + q + r + s − i − j ≤ 2d − 1; or equivalently

S(F q−j+1 ∩Wp+q−j , F s−i+1 ∩Wr+s−i)

is nonzero only if p+ r ≥ d+ 2, which is empty under our assumption. Similarly, we can
see that

S(F q ∩Wp+q, F s−i+1 ∩Wr+s−i)

and

S(F q−j+1 ∩Wp+q−j , F s ∩Wr+s)

are nonzero only if p + r ≥ d + 1, which is also empty. Finally, we have

S(F q ∩Wp+q, F s ∩Wr+s) = 0

for q + s ≥ d + 1. The claim is proved. □

The key point of our calculation is the following combinatorial lemma:

Lemma 6.1. Let u ∈ V be a vector and N a nilpotent operator on V . Suppose that
Nn+1u = 0 but Nnu ≠ 0. Then for all 0 ≤ k ≤ n + 1 we have

(ezNu ∧ ezNNu ∧ ... ∧ ezNNn−ku) ∧ (ezNu ∧ ezNNu ∧ ... ∧ ezNNk−1u)

=
Cn−k+1,k

((n − k + 1)k)!
(z − z)(n−k+1)ku ∧Nu ∧ ... ∧Nnu,
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where Cn−k+1,k is the number of standard Young tableaux of the shape k × (n − k + 1)
squares.

Proof. Let

Φ = (ezNu ∧ ezNNu ∧ ... ∧ ezNNn−ku) ∧ (ezNu ∧ ezNNu ∧ ... ∧ ezNNk−1u) .

We first show that Φ is a homogeneous polynomial in z and z of degree (n − k + 1)k.
To see this, note that the difference of the degree in z (resp, z) and the degree in N in
each term of ezNN lu (resp. ezNN lu) is l, so the difference of the degree in z, z and the

degree in N in Φ will be
(n−k+1)(n−k)

2 +
k(k−1)

2 . Also, Φ is a polynomial in z and z over

u∧Nu∧ ...∧Nnu, and the degree of u∧Nu∧ ...∧Nnu in N is
(n+1)n

2 . So the degree of
Φ in z and z should be

(n + 1)n

2
−
(n − k + 1)(n − k)

2
−
k(k − 1)

2
= (n − k + 1)k.

Next we compute the limit limz→z
Φ

(z−z)k(n−k+1)
. It suffices to show that this limit is finite

and has a coefficient equal to
Cn−k+1,k

((n−k+1)k)! . In fact, since this limit is in indefinite form, we

may apply the L’hospital rule (with respect to partial derivative in z). Observe that at
each time we take the partial derivative to Φ with respect to z, we replace one ezNN lu
by ezNN l+1u, so the partial derivative will still be an indefinite form until k(n−k+1)-th
partial derivative. In this case, we have already replaced ezNu∧ezNNu∧...∧ezNNk−1u by
ezNNn−k+1u∧ezNNn−k+2u∧ ...∧ezNNnu, and the coefficient is just 1

((n−k+1)k)! times the

number of the ways of moving {1, ..., k−1} to {n−k+1, ..., n} by replacing some element l
with l+1 but without repetition of elements. We can identify this combinatorial number
as the number of standard Young tableaux of the shape k × (n − k + 1) squares. The
lemma is proved.

□

Corollary 6.2. Consider the (n+1)×(n+1) upper triangular matrix A(x) = A0,n+1(x)
which is defined using the Taylor expansion of ex by

A0,n+1(x) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 x
1! ⋯

xn−1

(n−1)!
xn

n!

1 x
1! ⋯ xn−1

(n−1)!

⋱ ⋱ ⋮

1 x
1!
1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

For 0 ≤ k ≤ n + 1, let An−k+1,k(x) be the upper right k × k submatrix of A(x), i.e.

An−k+1,k(x) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

xn−k+1

(n−k+1)!
xn−k+2

(n−k+2)! ⋯
xn−1

(n−1)!
xn

n!
xn−k+2

(n−k+2)!
xn−k+3

(n−k+3)! ⋯
xn−2

(n−2)!
xn−1

(n−1)!

⋮ ⋱ ⋱ ⋱ ⋮

⋯ xn−k+1

(n−k+1)!
xn−k+2

(n−k+2)!

⋯ xn−k+1

(n−k+1)!

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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Then the preceding lemma says that

det(An−k+1,k(x)) =
Cn−k+1,k

((n − k + 1)k)!
x(n−k+1)k,

where Cn−k+1,k is the number of standard Young tableaux of the shape k × (n − k + 1)
squares.

Proof of Theorem 2.4. For p + q ≥ d, We choose a basis {up,qi ∣i ∈ J
p,q
prim} of I

p,q
prim for each

p, q, where Jp,q
prim is an (ordered) indexed set, such that Jp,q

prim = J
q,p
prim and up,qi = u

q,p
i +s

q,p
i

with sq,pi ∈Wq+p−2. Using the weight filtration of N , we may extend this basis to a basis

{up,qi ∣i ∈ J
p,q} of Ip,q, where Jp,q = ∐j≥0 J

p+j,q+j
prim for p+ q ≥ d and Jp,q = ∐j≥d−p−q J

p+j,q+j
prim

for p + q < d, such that

N lup,qi = u
p−l,q−l
i

for all i ∈ Jp,q
prim and 0 ≤ l ≤ p + q − d, and such that

up,qi = u
q,p
i + s

q,p
i , sq,pi ∈Wq+p−2

for all p, q and i ∈ Jp,q.

We would like to show that exp(zN)F k ⊕ exp(zN)F d−k+1 = H for Im(z) sufficiently
large. Without loss of generality, we may assume k ≤ d − k + 1. Also, since

exp((z + 1)N)F k
⊕ exp((z + 1)N)F d−k+1 = exp(N) (exp(zN)F k

⊕ exp(zN)F d−k+1) ,

we may and do assume z lies in a domain with bounded real parts. It suffices to show
that

(⋀p≥k, i∈Jp,q ezNup,qi ) ∧ (⋀p≥d−k+1, i∈Jp,q ezNup,qi )

⋀p,q≥0, i∈Jp,q up,qi

≠ 0

for Im(z) sufficiently large.
Let up,qi ∈ I

p,q
prim with i ∈ Jp,q

prim and p ≥ k, q ≥ d − k + 1, we first compute

Φp,q
i ∶=

⎛

⎝

⎛

⎝
⋀

0≤l≤p−k

ezNup−l,q−li

⎞

⎠
∧
⎛

⎝
⋀

0≤l≤q−d+k−1

ezNuq−l,p−li

⎞

⎠

⎞

⎠
.

=
⎛

⎝
⋀

0≤l≤p−k

ezNN lup,qi

⎞

⎠
∧
⎛

⎝
⋀

0≤l≤q−d+k−1

ezN(N lup,qi + s
p−l,q−l
i )

⎞

⎠

Then by the preceding lemma, we can write

Φp,q
i = Ψ

p,q
i +Ξ

p,q
i ,

where

Ψp,q
i =

Cp−k+1,q−d+k

((p − k + 1)(q − d + k))!
(z − z)(p−k+1)(q−d+k)up,qi ∧ u

p−1,q−1
i ∧ ... ∧ ud−q,d−pi ,

and

Ξp,q
i =

⎛

⎝
⋀

0≤l≤p−k

ezNup−l,q−li

⎞

⎠
∧
⎛

⎝
∑

0≤j≤q−d+k−1

ezNsp,qi ∧ ... ∧ e
zNsp−j,q−ji ∧
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ezNup−j−1,q−j−1i ∧ ... ∧ ezNud−k+1.p−q+d−k+1i )

On the other hand, for up,qi ∈ I
p,q
prim with i ∈ Jp,q

prim and p ≥ k, q < d − k + 1. We have

Φp,q
i ∶= ⋀

0≤l≤p+q−d

ezNN lup,qi = u
p,q
i ∧ u

p−1,q−1
i ∧ ... ∧ ud−q,d−pi .

If the mixed Hodge structure splits over R, i.e. sp,qi = 0 for all i, p, q, then Ξp,q
i = 0

too. Then we have

(⋀p≥k, i∈Jp,q ezNup,qi ) ∧ (⋀p≥d−k+1, i∈Jp,q ezNup,qi )

⋀p,q≥0, i∈Jp,q up,qi

= C(z − z)∑p≥k,q≥d−k+1 ∣J
p,q
prim∣(p−k+1)(q−d+k), C ≠ 0,

which is nonzero for Im(z) ≠ 0 and the theorem is proved.
In the general case, we need to estimate the remainder term arising from Ξp,q

i . We
can decompose Ξp,q

i into a sum of terms Ξp,q
i,ji

such that each Ξp,q
i,ji

is a wedge product

of some of the basis up
′,q′

i′ of H with polynomial (in z and z) coefficient. Consider two
numbers associated to Ξp,q

i,ji
. The first number is the degree difference

σ(Ξp,q
i,ji
) ∶= degz, z(Ξ

p,q
i,ji
) − degz, z(Ψ

p,q
i ),

and the second number is the weight difference

τ(Ξp,q
i,ji
) ∶= wt(Ξp,q

i,ji
) −wt(Ψp,q

i ),

where the weight wt of a wedge of basis up
′,q′

i′ is defined as the sum of all p′ + q′. The
key observation is that

τ + 2σ ≤ −1.

Roughly speaking, this is because when the degree in z, z grows by one, the weight will
decrease by at least two due to the nilpotent operator N, and the −1 comes from the

terms sp
′,q′

i .
Let’s make an explicit computation. First by Lemma 6.1, we know

wt(Ψp,q
i ) = d(p + q − d + 1)

and
degz,z(Ψ

p,q
i ) = (p − k + 1)(q − d + k).

Note that in the expression of Ξp,q
i , we have degN(Ξ

p,r
i,ji
) = degz,z(Ξ

p,q
i,ji
), where degN(Ξ

p,q
i,ji
)

denotes the degree of N of the term forming by the wedge of some N lup
′,q′

i , N lsp
′,r′

i
that Ξp,r

i,ji
comes from. Also, we have

wt(Ξp,q
i,ji
) ≤ ∑

0≤l≤p−k

wt(up−l,q−li ) + ∑
0≤l≤q−d+k−1

wt(up−l,q−li ) − 2degN(Ξ
p,q
i,ji
) − 1

= (k + q)(p − k + 1) + (p + d − k + 1)(q − d + 1) − 2degN(Ξ
p,q
i,ji
) − 1.

Here, −1 appears due to the existence of sp
′,q′

i , and that sp
′,r′

i has weight at most p′+q′−1.
Therefore, we have

τ(Ξp,q
i,ji
) + 2σ(Ξp,q

i,ji
) ≤ (k + r)(p − k + 1) + (p + d − k + 1)(r − d + k) − 1

−d(p + r − d + 1) − 2(p − k + 1)(r − d + k) = −1.
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Finally, note that the terms in the top wedge formed by the wedge of some Ξp,q
i,ji

and

some Ψp,q
i with at least one Ξp,q

i,ji
must satisfy

∑ τ(Ξp,q
i,ji
) = 0.

Using the inequalities

τ(Ξp,q
i,ji
) + 2σ(Ξp,q

i,ji
) ≤ −1,

it implies that

∑σ(Ξp,q
i,ji
) ≤ −1.

So these terms have degree in z, z strictly less than the top wedge of Ψp,r
i . Therefore,

if we write z = a +
√
−1t, we can conclude that

(⋀p≥k, i∈Jp,q ezNup,qi ) ∧ (⋀p≥d−k+1, i∈Jp,q ezNup,qi )

⋀p,q≥0, i∈Jp,q up,qi

= C(z − z)∑p≥k,q≥d−k+1 ∣J
p,q
prim∣(p−k+1)(q−d+k) +O(∣t∣−1+∑p≥k,q≥d−k+1 ∣J

p,q
prim∣(p−k+1)(q−d+k)),

where C ≠ 0 and z lies in a domain with bounded real parts by our assumption.
This proves the theorem.

□

Proof of Theorem 2.5. We adopt the notation in the proof of Theorem 2.4. In this case,
since

S(e(z+1)Nv, e(z+1)Nu) = S(ezNv, ezNu),

we may and do assume z lies in a domain with bounded real parts.
We choose the basis up,qi of Ip,qprim again so that the Hermitian form S(C●,Np+q−d●)

on Ip,qprim is diagonalized under this basis. We also make the basis satisfies

up,qi = u
q,p
i + s

q,p
i , sq,pi ∈Wp+q+2,

which is possible by the condition (4) of Deligne’s splitting. In this case, we also
separate Jp,q

prim into the disjoint union of Jp,q
prim,+ and J

p,q
prim,−, where u

p,q
i is a positive (resp.

negative) eigenvector of S(C●,Np+q−d●) for i ∈ Jp,q
prim,+ (resp. Jp,q

prim,−). By assumption,

∣Jp,q
prim,±∣ = s

p,q
± .

Consider the basis {N rup,qi ∣ 0 ≤ p, q ≤ d, i ∈ J
p,q
prim, 0 ≤ r ≤ p + q − d} . We give a well-

ordering on this indexed set (p, q, i, r) by (p, q, i, r) > (p′, q′, i′, r′) if

(1) p − r > p′ − r′,
(2) p − r = p′ − r′ and q − r > q′ − r′,
(3) p − r = p′ − r′ and q − r = q′ − r′ and r > r′,
(4) p − r = p′ − r′ and q − r = q′ − r′ and r = r′ and i > i′.

Here, the well-ordering on i ∈ Jp,q
prim is chosen arbitrarily. We will prove that the decreas-

ing filtration F̂ ● constructed using the well-ordered basis above satisfies the desired
property in Theorem 2.5 (1).
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On the other hand, we need to show that the signature of the Hermitian form S(C●, ●)

on exp(zN)F k
⋂ exp(zN)F d−k becomes

⎛
⎜
⎜
⎜
⎝

∑
l≥k−d,
r≥(−l)+

sk+r,d+l−k+r+ , ∑
l≥k−d,
r≥(−l)+

sk+r,d+l−k+r−

⎞
⎟
⎟
⎟
⎠

for Im(z) sufficiently large.
Besides the opposedness condition proved in Theorem 2.4, we notice that exp(zN)F ●

satisfies the first Hodge-Riemann bilinear relation:

S(exp(zN)F k, exp(zN)F d−k+1
) = S(F k, F d−k+1

) = 0,

where we use the first Hodge-Riemann bilinear relation for F ● and the fact that

S(ezNu, ezNv) = S(u, v)

for all u, v.
As a result, it suffices to prove that for 0 ≤ k ≤ d, the signature of the Hermitian form

(
√
−1)dS(●, ●) on exp(zN)F k is

(6.1)

d

∑
j=k

(−1)d−j
⎛
⎜
⎜
⎜
⎝

∑
l≥j−d,
r≥(−l)+

sj+r,d+l−j+r+ − ∑
l≥j−d,
r≥(−l)+

sj+r,d+l−j+r−

⎞
⎟
⎟
⎟
⎠

for Im(z) sufficiently large.
Let’s start with the simplest case first. For all p, q, k with d − q ≤ k ≤ p and any

i ∈ Jp,q
prim,±, consider the subspace

V p,q
k.i ∶= ⊕

0≤l≤p−k

N l (Cup,qi )

of F k. Write z = a +
√
−1t. We have

S(ezNN rup,qi , ezNN sup,qi ) = (−1)
rS(up,qi , e(z−z)NN r+sup,qi )

=

⎧⎪⎪
⎨
⎪⎪⎩

(−1)r
(z−z)p+q−d−r−s

(p+q−d−r−s)! S(u
p,q
i ,Np+q−dup,qi ) +O(∣t∣

p+q−d−r−s−1), r + s ≤ p + q − d

0, r + s > p + q − d
.

Then the following lemma holds:

Lemma 6.3. For d − q ≤ k ≤ p, let Bp,q
k (z, z) be the (p − k + 1) × (p − k + 1) Hermitian

matrix (bp,qk,r,s)0≤r,s≤p−k with

bp,qk,r,s =

⎧⎪⎪
⎨
⎪⎪⎩

(
√
−1)d−p+q(−1)r

(z−z)p+q−d−r−s

(p+q−d−r−s)! , r + s ≤ p + q − d

0, r + s > p + q − d
.

Then

(1) We have

det (Bp,q
k (z, z)) = ((−1)

∑
p
j=k
(d−j)
)
Cq−d+k,p−k+1(2Im(z))

(q−d+k)(p−k+1)

((q − d + k)(p − k + 1))!
,
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where Cq−d+k,p−k+1 is the number of standard Young tableaux of the shape (q −
d + k) × (p − k + 1) squares.

(2) For Im(z) ≠ 0, if we perform the block diagonalization to Bp,q
k (z, z) as in Lemma

2.7, the diagonal matrix Dp,q
k (z, z) becomes

diag (..., (−1)d−lC̃p,q
l (Im(z))

q−d−p+2l, ...)
l=p,p−1,p−2,...,k

,

where

C̃p,q
l = 2q−d−p+2l (

Cq−d+l,p−l+1

Cq−d+l+1,p−l
)(
((q − d + l + 1)(p − l))!

((q − d + l)(p − l + 1))!
) .

In particular, the signature of Bp,q
k (z, z) is ∑

p
j=k(−1)

d−j.

Assuming Lemma 6.3, then the Hermitian matrix

((
√
−1)dS(ezNN rup,qi , ezNN sup,qi ))0≤r,s≤p−k

= ((
√
−1)p−qS(up,qi ,Np+q−dup,qi ))B

p,q
k (z, z) +R

p,q
k,i(z, z),

where each entry of Rp,q
k,i(z, z) is either 0 or has degree (in z, z) strictly less than the

corresponding entry of Bp,q
k (z, z). As a result, we see that

(1) The restriction of the filtration F̂ ● on V p,q
k,i satisfies the desired condition in

Theorem 2.5 (1) for Im(z) sufficiently large.
(2) If we perform the block diagonalization to the Hermitian matrix

((
√
−1)dS(ezNN rup,qi , ezNN sup,qi ))0≤r,s≤p−k

as in Lemma 2.7, the diagonal matrix becomes

diag (..., (−1)d−p+rC̃p,q
p−rλ

p,q
i (Im(z))

p+q−d−2r
+O(∣t∣p+q−d−2r−1), ...)

0≤r≤p−k
,

where
λp,qi = (

√
−1)p−qS(up,qi ,Np+q−dup,qi ).

In particular, the signature of the Hermitian matrix is ±(∑
p
j=k(−1)

d−j) where ±

depends on whether i ∈ Jp,q
prim,+ or i ∈ Jp,q

prim,−. This shows that the formula (6.1)

holds in this simplest case.

Proof of Lemma 6.3. Note that under suitable symmetry (the reflection about the mid-
dle row), the matrix Bp,q

k (z, z) is related to the matrix Aq−d+k,p−k+1(z−z) that we define
in Corollary 6.2, and then we have

det (Bp,q
k (z, z)) = (

√
−1)(d−p+q)(p−k+1)(−1)

(p−k)(p−k+1)
2

(−1)
(p−k)(p−k+1)

2 det (Aq−d+k,p−k+1(z − z)) .

The first (−1)
(p−k)(p−k+1)

2 corresponds to the (−1)r factor in each entry and the second

(−1)
(p−k)(p−k+1)

2 corresponds the permutation of rows of Bp,q
k (z, z) to match those of

Aq−d+k,p−k+1(z − z). Thus, by Corollary 6.2 we have

det (Bp,q
k (z, z)) = (

√
−1)(d−p+q)(p−k+1)

Cq−d+k,p−k+1

((q − d + k)(p − k + 1))!
(z − z)(q−d+k)(p−k+1)
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= ((−1)∑
p
j=k
(d−j)
)
Cq−d+k,p−k+1(2Im(z))

(q−d+k)(p−k+1)

((q − d + k)(p − k + 1))!
.

On the other hand, since for k ≤ l ≤ p, Bp,q
l (z, z) is the leading principal (p− l)×(p− l)

submatrix of Bp,q
k (z, z), one sees in particular that the leading principal (p− l) × (p− l)

submatrices of Bp,q
k (z, z) are non-degenerate for Im(z) ≠ 0. Thus, by Lemma 2.7, the

second assertion follows. □

For all p, q, r, p′, q′, r, s, we define the number

np,q,p′,q′,r,s =min{p + q − d − r − s, p′ + q′ − d − r − s}.

Then for all (p, q, r, i) and (p′, q′, s, i′), we have

(
√
−1)dS(ezNN rup

′,q′

i , ezNN sup,qi′ )

= (
√
−1)d(−1)rS(up,qi , e(z−z)NN r+sup

′,q′

i′ )

=

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

(
√
−1)d(−1)r

(z − z)np,q,p′,q′,r,s

np,q,p′,q′,r,s!
S(up,qi ,Nnp,q,p′,q′,r,s+r+sup

′,q′

i′ ) +O(∣t∣
np,q,p′,q′,r,s−1),

when np,q,p′,q′,r,s ≥ 0

0, when np,q,p′,q′,r,s < 0.

We can also notice that S(up,qi ,Nnp,q,p′,q′,r,s+r+sup
′,q′

i′ ) = 0 unless (p, q, i) = (p′, q′, i′).

If the mixed Hodge structure is split over R, then all of the terms O(∣t∣np,q,p′,q′,r,s−1)

and Rp,q
k,i above are zero. Moreover, for (p, q, i) ≠ (p′, q′, i′), V p,q

k,i and V p′,q′

k,i′ are mutually

orthogonal with respect to the Hermitian form (
√
−1)dS(ezN●, ezN●). Hence, according

to our computation for the restriction of the Hermitian form (
√
−1)dS(ezN●, ezN●) on

V p,q
k,i , we can conclude that for all Im(z) > 0, the filtration F̂ ● satisfies the desired

condition in Theorem 2.5 (1) and the signature of the Hermitian form (
√
−1)dS(●, ●)

on exp(zN)F k is as in (6.1), and the theorem is proved.
In general, consider the Hermitian matrix

M = (Mp,q,p′,q′,r,s,i,i′)p,q,p′,q′,r,s,i,i′ ∶= ((
√
−1)dS(ezNN rup,qi , ezNN sup

′,q′

i′ ))
p,q,p′,q′,r,s,i,i′

,

where p ≥ k, i ∈ Jp,q
prim, 0 ≤ r ≤ max{p − k, p + q − d} and p′ ≥ k, i′ ∈ Jp′,q′

prim, 0 ≤ s ≤

max{p′ − k, p′ + q′ − d}. We will perform the block diagonalization to M as in Lemma
2.7 with respect to the well-ordering on (p, q, i, r) (from large to small). We want to
show that the terms O(∣t∣np,q,p′,q′,r,s−1) above don’t contribute to the leading terms in the
block diagonalization process. Theorem 2.5 (1) is proved if we show that the successive
diagonal entries are nonzero. The signature formula (6.1) follows if we can show that
after the block diagonalization, the diagonal entry Mp,q,p,q,r,r,i,i of M becomes

(−1)d−p+rC̃p,q
p−rλ

p,q
i (Im(z))

p+q−d−2r
+O(∣t∣p+q−d−2r−1)

for all (p, q, i, r).
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We recall that the block diagonalization of a Hermitian matrix (
A B
B∗ C

) with A

invertible is given by

(
A 0
0 C −B∗A−1B

) .

Let’s call the terms coming from −B∗A−1B the supplementary terms to the correspond-
ing entries of C. We will prove by induction that the following situation holds:

Before we perform the (p, q, i, r)−diagonalization step, we have

(1) For (p′, q′, i′, r′) and (p′′, q′′, i′′, r′′) such that at least one of them > (p, q, i, r)
and such that (p′, q′, i′, r′) ≠ (p′′, q′′, i′′, r′′),

Mp′,q′,p′′,q′′,r′,r′′,i′,i′′ = 0.

(2) For (p′, q′, i′, r′) ≥ (p, q, i, r),

Mp′,q′,p′,q′,r′,r′,i′,i′ = (−1)
d−p′+r′C̃p′,q′

p′−r′λ
p′,q′

i (Im(z))p
′+q′−d−2r′

+O(∣t∣p
′+q′−d−2r′−1

).

(3) For (p′, q′, i′, r′) and (p′′, q′′, i′′, r′′), both ≤ (p, q, i, r) and such that (p′, q′, i′) ≠
(p′′, q′′, i′′),

Mp′,q′,p′′,q′′,r′,r′′,i′,i′′ = O(∣t∣
np′,q′,p′′,q′′,r′,r′′−1).

(4) For (p′, q′, i′, r′) and (p′, q′, i′, r′′), both ≤ (p, q, i, r),

Mp′,q′,p′,q′,r′,r′′,i′,i′ = O(∣t∣
np′,q′,p′,q′,r′,r′′ ).

After we perform the (p, q, i, r)−diagonalization step, we have

(5) For (p′, q′, i′, r′) and (p′′, q′′, i′′, r′′), both < (p, q, i, r), and such that either
(p′, q′, i′) ≠ (p, q, i) or (p′′, q′′, i′′) ≠ (p, q, i), the supplementary term to the entry
Mp′,q′,p′′,q′′,r′,r′′,i′,i′′ has order

O(∣t∣np′,q′,p′′,q′′,r′,r′′−1).

(6) For (p, q, i, r′) and (p, q, i, r′′), both < (p, q, i, r), the supplementary term to
Mp,q,p,q,r′,r′′,i,i has order

O(∣t∣np,q,p,q,r′,r′′ ).

Now, we assume that (1), (2), (3), (4) hold at (p, q, i, r)-diagonalization step and
(5), (6) hold for all (p′, q′, i′, r′)-diagonalization step with (p′, q′, i′, r′) > (p, q, i, r). Then
for (p′, q′, i′, r′) and (p′′, q′′, i′′, r′′), both < (p, q, i, r), and such that either (p′, q′, i′) ≠
(p, q, i) or (p′′, q′′, i′′) ≠ (p, q, i), the supplementary term to the entryMp′,q′,p′′,q′′,r′,r′′,i′,i′′

is
−Mp′,q′,p,q,r′,r,i′,iM

−1
p,q,p,q,r,r,i,iMp,q,p′′,q′′,r,r′′,i,i′′ ,

which has order less than or equal to

np′,q′,p,q,r′,r − np,q,p,q,r,r + np,q,p′′,q′′,r,r′′ − 1

≤ np′,q′,p′′,q′′,r′,r′′ − 1.

The negative one arises since either (p′, q′, i′) ≠ (p, q, i) or (p′′, q′′, i′′) ≠ (p, q, i). Also,
for (p, q, i, r′) and (p, q, i, r′′), both < (p, q, i, r), the supplementary term to the entry
Mp,q,p,q,r′,r′′,i,i is

−Mp,q,p,q,r′,r,i,iM
−1
p,q,p,q,r,r,i,iMp,q,p,q,r,r′′,i,i,
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which has order less than or equal to

np,q,p,q,r′,r − np,q,p,q,r,r + np,q,p,q,r,r′′

= np,q,p,q,r′,r′′ .

Thus if we let (p̂, q̂, î, r̂) be the predecessor of (p, q, i, r), then we have seen (5), (6) hold

for (p, q, i, r)-diagonalization step and (1), (3), (4) hold for (p̂, q̂, î, r̂)-diagonalization

step. Finally, to see (2) for (p̂, q̂, î, r̂), we notice that by (5) and (6) for all the steps

before (p̂, q̂, î, r̂), the only contribution of order np̂,p̂,q̂,q̂,r̂,r̂ to Mp̂,p̂,q̂,q̂,r̂,r̂,̂i,̂i comes from

those entries Mp̂,p̂,q̂,q̂,r′,r′′ ,̂i,̂i with r′, r′′ ≤ r̂. As a consequence, by Lemma 6.3, we see

that
Mp̂,p̂,q̂,q̂,r̂,r̂,̂i,̂i = (−1)

d−p̂+r̂C̃ p̂,q̂
p̂−r̂λ

p̂,q̂

î
(Im(z))p̂+q̂−d−2r̂ +O(∣t∣p̂+q̂−d−2r̂−1).

This proves the theorem.
□

Remark 6.4. In the proof, we also see that there are real analytic orthogonal basis

vi(z) of exp(zN)F
k ∩ exp(zN)F d−k with respect to the Hermitian form (

√
−1)dS(●, ●)

such that the growth of order of (
√
−1)dS(vi(z), vi(z)) are Im(z)li with k − d ≤ li ≤ k.

The asymptotic order li is the smallest integer among those integers l such that

lim
Im(z)→∞

e−zNvi(z) ∈Wl+d.

This is compatible with Deligne-Schmid’s theorem [41, Theorem 6.6′] in the case of
the degeneration of polarized Hodge structures, which states that a (multi-valued) flat
section v(q) belongs to Wl if and only if, along a radical ray,

S(Cv(q), v(q)) = O((−log ∣q∣)l−d)

as ∣q∣ tends to zero.
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