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SYMMETRIC BILINEAR FORMS, SUPERALGEBRAS AND
INTEGER MATRIX FACTORIZATION

DAN FRETWELL, JENNY ROBERTS.

ABSTRACT. We construct and investigate certain (unbalanced) superalgebra
structures on Endg (V'), with K a field of characteristic 0 and V' a finite di-
mensional K-vector space (of dimension n > 2). These structures are induced
by a choice of non-degenerate symmetric bilinear form B on V and a choice
of non-zero base vector w € V. After exploring the construction further, we
apply our results to certain questions concerning integer matrix factorization
and isometry of integral lattices.

1. INTRODUCTION

Let K be a field and A be a K-algebra. We say that A is a superalgebra over K if
it is equipped with a Z/2Z-grading, i.e. a vector space decomposition A = A gpAM)
satisfying AW AW) C AG+7 mod2) for all 4, j € {0,1}. Every K-algebra gives a triv-
ial superalgebra structure by setting A® = A and A = {0}, but non-trivial
examples of superalgebras exist, e.g. exterior algebras, Clifford algebras and poly-
nomial rings (decomposition given by symmetric and antisymmetric polynomials).
Superalgebras appear throughout Mathematics but are also of direct importance to
Physics, since they provide robust mathematical models for supersymmetry (e.g.
see [2] and [7]).

Let K be a field and V be a K-vector space of dimension n > 2. The endo-
morphism algebra Endg (V) is then a K-algebra, and one asks whether there are
any interesting superalgebra structures on this algebra. One particular well known
example comes to mind. If a basis for V is fixed then Endg (V) & M, (K), and a
superalgebra structure is found by letting A and A be the subspaces of sym-
metric and antisymmetric matrices respectively. It is natural to wonder, as we have,
whether there are other interesting superalgebra structures to be found beyond this
example.

In this paper we provide a new class of superalgebra structures on Endg (V') for
any field K of characteristic zero and any finite dimensional K-vector space V' (of
dimension n > 2). These are induced from a choice of non-degenerate symmetric
bilinear form B on V and a fixed choice of non-zero vector w € V. More precisely,
we show in Theorem 2.8 that there is a superalgebra decomposition:

Endg (V) = EQ(B,w) & EM(B,w),
where
EO(B,w) = {6 € Endg (V)| Blu, 6(w)) = B(w, 6(u) = 0,¥ u € {uw}i},
E(l)(B,w) = {¢ € Endg (V)| B(u,p(v)) = 0,Y u,v € {w}g, Bw, p(w)) = 0}.
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Our recipe is inspired by results coming from the papers [3], [4] and [5], which
correspond to the special case with B the standard symmetric bilinear form and
w = (1,1,...,1) (after choosing a basis for V). In this case we have that E(9(B,w)
is the subspace of semi-magic squares and E(l)(B ,w) is the subspace of matrices
satisfying a vertex cross-sum property. We give a similar interpretation of the
subspaces E(*) (B,w) in more generality, although we have tried to present our
results in a basis independent way where possible.

Unlike the superalgebra structures given by Clifford algebras, the superalgebra
structure given above is in general unbalanced. If dim(V') = n then we have that
dim(E©) (B, w)) = n?> —2n+2 and dim(EM (B, w)) = 2n — 2 (which are not equal
if n > 3). Also, in general the above superalgebra structure is not equivalent to a
symmetric and antisymmetric matrix decomposition (e.g. if n # 4 then we cannot
have (n? —2n +2,2n — 2) = (%, @))

After establishing the above result, we study potential implications towards the
isometry problem for quadratic spaces. If B’ is another non-degenerate symmetric
bilinear form on V then (V,B) and (V,B’) are isometric if B’ = By for some
¢ € GL(V) (here By(z,y) = B(¢(z),¢(y))). Expanding ¢ into its “odd” and
“even” parts according to the superalgebra structure induces a decomposition of
By into a sum of symmetric bilinear forms (Proposition 4.1). Careful substitution
then provides us with a set of necessary equations that must be satisfied by ¢ in
order for the equality B’ = By to hold (Theorem 3.2). In practice, these equations
can either be used to prove the non-existence of ¢ or to provide information about
it.

Certain long standing problems in number theory concern the topic of integer ma-
trix factorization. One particular family of such problems considers factorizations
of the form B’ = MTM with B',M € GL,(Z) and B’ symmetric of determinant
1. Indeed, classical results (e.g. discussed in the paper of Mordell [6]) show that if
n < 7 and B’ is positive definite then such a factorization is always guaranteed to
exist (for n = 8 a counterexample is given by any Gram matrix of the Eg lattice
under the standard Euclidean inner product).

The above problem can be instead viewed as an isometry problem for integral
lattices. Interpreting B’ as the Gram matrix of a non-degenerate symmetric bilinear
form B’ on V = Q", we see that the lattice A = Z" is integral with respect to B’.
The existence of M in the matrix factorization is then equivalent to the equality
B’ = B, for some ¢ € GL(A) C GL(V'), where B is the standard symmetric bilinear
form (corresponding to Gram matrix B = I,, with respect to the standard basis).
It is then clear that a special case of the above decomposition results (or at least
their integral counterparts) can then be of use in first determining whether such an
isometry ¢ exists and then determining precise information about it. This strategy
was adopted by the authors in the papers [3] and [5] to produce new insights on this
problem (although a matrix superalgebra decomposition was used, as opposed to
the analogous isometry decomposition that we consider). In particular, the authors
use a superalgebra decomposition of M4(Q) to classify integer (and rational) matrix
factorizations of the Wilson matrix:
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a symmetric integral positive definite matrix of determinant 1 (that is mildly ill-
conditioned).

More generally, one could ask for integer matrix factorizations of the form B’ =
MTBM for an arbitrary B,B',M € GL,(Z) with B, B’ symmetric and of equal
determinant. As above, our more general results let us consider this question from
the point of view of decompositions of lattice isometries (again, we require B’ = By
for some ¢ € GL(A), but now B is not necessarily the standard symmetric bilinear
form). We give a precise set of integral equations that must be satisfied for such
an isometry ¢ to exist, and demonstrate via examples how these equations can be
used to prove that certain integer matrix factorizations are impossible (alternatively
proving that certain families of integral symmetric bilinear forms are non-isometric).

2. SYMMETRIC BILINEAR FORMS AND SUPERALGEBRAS

Let K be a field with char(K) = 0 and let V' be a finite dimensional K-vector
space equipped with a non-degenerate symmetric bilinear form B : V x V — K.
We assume that dimg (V') = n > 2 and we fix a choice of vector w € V\{0}. Denote
by {w}5 the orthogonal complement of w with respect to B.

The aim of this section is to use the above data to obtain a superalgebra structure
on Endg (V), this being a decomposition of K-vector spaces

Endg (V) = EO(B,w) ® EY(B, w)
satisfying E)(B,w)EW) (B,w) C E(timed2)(B w) for all i,5 € {0,1} (ie. a
Z/2Z-graded algebra structure).

2.1. The subspace E©) (V). We define the following subspace of Endg (V):

EO(B,w) = {¢ € Endg (V)| B(u, p(w)) = B(w, p(u)) = 0,Y u € {w}F}.
Lemma 2.1. ¢ € EO) (B, w) if and only if there exists A € K such that
B(w, ¢(-)) = AB(w, ),
Proof. The reverse implication is clear. To prove the forward implication we first
note that since B(u, ¢(w)) = 0 for allu € {w}5, we have that ¢(w) € {w}5+ = Kw,
so that
o(w) = Aw
for some A € K. From here, we see that

For the second equation, let ¢f be the adjoint of ¢ with respect to B. Then we
have that ¢ € E©)(B,w), since:

B(u, ¢ (w)) = B(¢' (w),u) = B(w, ¢(u)) =
B(w, ¢'(u)) = B(¢' (u),w) = B(u, p(w)) =
for all u € {w}5. It follows that:
B(-,¢(w)) = B(¢(w),-) = B(w, ¢ () = N'B(w, ) = X' B(-, w),
for some X' € K.
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Finally, the fact that A = X follows by evaluating both maps at w:
AB(w, w) = B(w, p(w)) = B(éd(w),w) = B(w, ' (w)) = N B(w,w),
and noting that B(w,w) # 0 by non-degeneracy. (I
Choosing a basis {e1, e, ..., e, } for V, we get a matrix M € M,,(K) associated to
¢ and a Gram matrix B = (B(e;, e;)) associated to B. The conditions above then
mean that all row/column sums of the matrix BM (weighted with respect to the
coordinates of w) are a fixed scaling of those of the matrix B. In the particular case

ofw=(1,1,...,1) and B = I,,, we recover the conditions for M to be a semi-magic
square (as observed in [3] and [5]).

Definition 2.2. If ¢ € E(O)(B,w) then we define the weight of ¢ as follows:

B(w, p(w))
B(w,w)

(i.e. the constant A € K corresponding to ¢ € E(©) (B, w)).

Wt((b)B,w -

In [3] and [5], a similar notion of weight was given to matrices M € M, (K):
1 1,
i

n

where 1,, = (1,1,...,1) € K™. By comparison, when B is the standard symmetric
bilinear form and w = (1,1, ..., 1) (after choosing a basis for V') then our definition
gives wt(M)p ., = nwt(M), a simple scaling of the above definition.

We can use the weight map to decompose the subspace E(9)(B,w) further. For
u,v € Vlet ¢p o € Endg (V) be given by

¢B,U7U(x) = B(U7 CL‘)U,
the endomorphism corresponding to the outer product of v and v with respect to
B (i.e. in coordinates this is given by the matrix uv’ B).
The following Lemma will be useful later.

Lemma 2.3. There exists a decomposition of K-vector spaces:
E(O) (Ba U)) = E(()O) (Ba U)) D K(bB,w,wv
where ESO) (B, w) is the subspace consisting of weight 0 endomorphisms.

Proof. Note first that the weight is a linear map Endg (V) — K. The decomposi-
tion will then follow from the fact that ¢p ., ., € E©) (B, w) has weight B(w,w) # 0.
This is a simple consequence of Lemma 2.1, since:

B(w, ¢Bww(:)) = Bw, B(w,)w) = B(w,w)B(w, ),
B(-, ¢pww(w)) = B(-, Blw,w)w) = B(w,w)B(-, w).

(]
The above implies that every ¢ € E(©) (B, w) can be uniquely written in the form
_ Wt(¢)B,w
d) - d)O + B(w, ’U}) ¢B,w,w

for some ¢( of weight 0.
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2.2. The subspace EM)(B,w).

We define another subspace of Endg (V):
EMN(B,w) = {¢ € Endx (V) | B(u, $(v)) = 0,V u,v € {w}, B(w, p(w)) = 0}.

Lemma 2.4. ¢ € EMN(B,w) if and only if ¢ = ¢Baw.a + ¢Bpw for some a,b €
{w}g.

Proof. First note that if ¢ € Endg (V) is of the above form then ¢ € EM (B, w),
since for all u,v € {w}5 we have

B(u, ¢(v)) = B(t, ¢B.w,a(v)) + B(u, ¢5p.w(v)) = 0,
B(w7 (b(w)) = B(w7 ¢B,w,a(w)) + B(u}7 ¢B,b,w(w)) =0.

For the other direction, let ¢ € E()(B,w). Then for v € {w}, we have that
#(v) € {w}it = Kw. So, there exists a linear map f : {w}ps — K such that
#(v) = f(v)w for all v € {w}5. Now, by the Riesz representation theorem there
exists a vector a € {w}3 satisfying f(v) = B(a,v) for all v € {w}%. Thus ¢(v) =
BB w.a(v) for all v € {w}5.

To provide the necessary extension to V, let b = mﬂw) € V (well defined

by non-degeneracy of B). Then b € {w}, since ¢ € EM)(B,w) and so

B(w,b) =

By B () =0.

It follows that
¢(U}) = B(w, ’LU)b - ¢B,b,w(w)7
so that d) = (bB,w,a + d)B,b,w-

O

2.3. The endomorphism superalgebra induced by B.

We are now ready to show that there is an orthogonal decomposition Endg (V') =
EO)(B,w)®EM (B, w), and that this defines a superalgebra structure on Endg (V).

Definition 2.5. For ¢1, ¢ € Endg (V) we define:

B(¢1, ¢2) = Tr(¢] ),
where (;51{ is the adjoint of ¢y with respect to B.

We check that this is a symmetric bilinear form. Bilinearity follows immediately
since the adjoint and trace maps are K-linear. Symmetry follows since:

B(61,02) = Te(d) o) = Tr(20]) = Tr((dhp1)T) = Tr(ghen) = B(pa, d1).

The above is an analogue of the Frobenius inner product, but induced by B
instead of the standard bilinear form. Indeed, in matrix form we have B(M;, M3) =
Tr(B~1M{IBMs,), and if K C R and the quadratic form corresponding to B is
positive definite then this bilinear form can be shown to be positive definite.

Lemma 2.6. Leti € {0,1}. If ¢ € EW(B,w) then ¢' € EW (B, w).
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Proof. We already saw the case ¢ = 0 in the proof of Lemma 2.1. For the case
i =1, write ¢ = @B w,a + ¢B,bw for some a,b € {w}3.
Note that ¢1;37w’a = @B,q,w Since:

B(¢Bw,a(z),y) = B(B(a,z)w,y) = B(a,z)B(w,y) = B(B(w,y)a,x) = B(¢B,a,w(Yy), )

for all z,y € V. Similarly gbg@w = ¢B,w, and so it follows that:

(bT = d)TB,w,a + (bTB’byw = ¢B,a,w + ¢B,w,b7
and we notice that a, b have simply switched roles. Thus ¢ € E(l)(B7 w). (]

Lemma 2.7. There exists an orthogonal decomposition
Endg (V) = EO(B,w) ® EV (B, w)
with respect to the symmetric bilinear form in Definition 2.5.

Proof. Let ¢1 € B (B,w) and ¢ € EM(B,w). Choose a,b € {w}} such that
¢2 = ¢B,w,a + ¢B,b,w- Then:

B(p1,62) = Te(d] ¢2) = Tr(¢] 6 5,w,.a) + Tr(d] b5 b,w)
= B(w, ¢} (a)) + B(b, ! (w))
=0

since ¢] € EO)(B,w) (by Lemma 2.6). It follows that E()(B,w) and EM (B, w)
are orthogonal.

Since B is non-degenerate, dim(E(®) (B, w)) = n?—2n+2 and dim(EM (B, w)) =
2n —2, we see that B9 (B, w)*+ = EMW (B, w) and so the decomposition follows. [

We are now in a position to prove the main result. We will do this in a way that
also highlights certain extra features of the decomposition (e.g. multiplicativity of
the weight).

Theorem 2.8. The decomposition in Lemma 2.7 defines a superalgebra structure
on Endg(V), i.e. ED(B,w)EVY)(B,w) C EW+HImed2)(B ) for all i, € {0,1}.

Proof. First let ¢1, ¢y € EO© (B,w) have weights A1, A2 € K respectively. Then
b1y € EO (B, w) has weight A\ A2 since:

B(-($192)(w)) = B(#](-), d2(w)) = AaB( (), w) = A A B(-, w),
B(w, (4192)()) = B(¢] (w), $2(-) = M B(w, ¢2(-)) = MAeB(w,-).
Now let ¢3, ¢4 € E™ (B, w) and suppose that a1, by, az, by € {w}3 are such that
$3 = OBw,a1 + OB b1 ws
b4 = OB w,as T PB by ,w-
From this one checks that (¢s¢4)(w) = (¢Ldh)(w) = B(ay, by) B(w, w)w, and so:
B, (6361)(w)) = Blay, b2) B(w, ) B(-,w),
B(w, (6360)()) = BU&é})(w), ) = Bla, ba) Blw, w) B(w, )
Since B(a1,by)B(w, w) # 0 we see that ¢p3¢4 € E®) (B, w) has weight B(ay, by)B(w, w).
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We now show that ¢1¢3 and ¢3¢y lie in E() (B, w). First note that:
B(w, (¢1¢3)(w)) = M B(w, ¢3(w)) =0,
B(w, (¢361)(w)) = B(d4(w), é1 (w)) = M B(63(w), w) = 0.
Finally, if u,v € {w}5, we have:
Blu, (6165)(v)) = B(ay, v) B(u, ¢ (w)) = M Blar, v) B(u, w) =0,
Blu, (¢361)(v)) = B((#]6})(w),v) = B(br, u) B(8] (w),v) = A B(b1, w)B(w, v) = 0.
O
Note that the even and odd pieces of this superalgebra decomposition have dif-
ferent dimensions if n > 3. This is in contrast with the Clifford algebra coming from
the corresponding quadratic form on V. This decomposition is also not equivalent

to ones given by symmetric and antisymmetric matrices in general (e.g. if n # 4

n(n+1) n(n—1) ) )
2 ’ 2 :

We pause to give a simple example of the above superalgebra decomposition.

then we cannot have (n? — 2n +2,2n — 2) =

Example 2.9. Let n = 3 and K = Q. Choose the standard basis for V = Q3. The
following symmetric bilinear form on V is non-degenerate:

B(u,v) = u1v1 + 2ugva + 3usvs.

For the choice w = (1,0,0) we get the superalgebra decomposition Endg (V) =
Ms3(Q) = E(O)(B,w) &) E(l)(B, w) with:

a 0 0
EOB,w)=1(0 e f]|aefhicQp,
0 h 1
0 b c
EVB,w)=<|d 0 0| |becdgeQ
g 0 0
However, for the choice w = (1,1,1) we get the very different looking superalgebra

decomposition with components:

a b c
E(O)(B,w): d e a+b+c—d—e] |a,becdecQ;,,
b+c—2d 2a+b+2c—2e a+b+2d+2e
3 3 3
f g h
EV(B,w) = i —2f +g+2i -3f+h+3i||f g hicQ
4f—g—h—2i  2f+g—2h—4i .
3 3 f—g9-2

A natural question to ask in general is whether the above recipe produces iso-
morphic superalgebras as (B, w) vary. The theorem below addresses this question.
First recall that if ¢1,¢2 € Endg (V) then we can construct a new symmetric
bilinear form on V via

Bor.oa,) = 5(B(61(2),62(0) + B(61(v), 62()).

When ¢1 = ¢ = ¢ we will simply write By.
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Theorem 2.10. Suppose that ¢ € GL(V'). Then conjugation by ¢ gives a superal-
gebra isomorphism:

EO(B,w) & EWV(B,w) = EO(By, ¢~ (w)) ® EM(By, ¢~ (w)).

Proof. We first note that the map v — ¢ '9¢ clearly defines an algebra isomor-
phism Endg (V) — Endg (V). It then suffices to prove that this map preserves the
grading.

Suppose that 1 € E©)(B,w). Then ¢ ¢ € E)(By, ¢~ (w)) since for any
uwe {¢p7 (w)}p l we have (using Lemma 2.1):
By(u, (¢~ 1¢¢)(¢ (w))) = B(¢(u), ¥(w)) = AB(¢(u), w)
By((¢™09)(u), 6™ (w)) = By (d(u)), w) = AB((ZS(U) w)

Slmllarly, if » € EMW(B,w) then ¢~ ¢p¢p € EM) (Bg,
{o=H(w )}B¢ we have:

ABy(u, ¢~ (w)) =0,
ABy(u, ¢~ (w)) = 0.

(w)) since for any u,v €

By (u, (¢~ 90)(v)) = B(o(u), ¥ (d(v))) =
By(¢™ (w), (¢~ 'w¢)(¢7" (w)) = B(w,d(w)) =0
(noting that u,v € {¢~(w )}l implies that ¢(u), ¢(v) € {w}3).

3. FURTHER RESULTS

In this section we study some simple consequences of the superalgebra decompo-
sition. In particular, we will see how it can be used to deduce information about the
corresponding isometry problem for the non-degenerate symmetric bilinear space
(V. B).

To recall, the isometry problem for (V, B) is the problem of detecting whether a
given non-degenerate symmetric bilinear form B’ on V' can be written as B’ = By
for some ¢ € GL(V') (and further to construct such a map ¢ if it exists).

First, we consider the decomposition of By for an arbitrary ¢ € Endg(V),
induced by the decomposition of ¢ given by Lemma 2.7.

Proposition 3.1. Let ¢ € Endx (V') have decomposition

(b ¢0+ (d)) ¢wa+¢Bwa+¢Bbwv
B(w, w)
for some a,b € {w} and ¢y € EO)(B,w) of weight 0. Then
wt(¢>2B w wt(¢)B w
By = B¢D+WB¢B,w,w+B¢B,w,a+B¢B,b,w+2 (Brbo,ch,b,w + de)B,w,w,qu,w,a) :
Proof. Writing ¢ as above and expanding gives
WE(D)% 4
By = By, + B(Tw’)ngbB,w,w + Boswa T Bosyw

Wt((b)B,w

+ QW(Babo,qu,w,w + Bég o bpwa T Béswwdnbw)

+ 2(B¢0,¢B,w,a + B¢U7¢B,b,w + B¢B,w,a,¢3,b,w)'

The seventh and tenth terms vanish since a,b € {w}%, whereas the fifth and eighth
terms vanish since ¢g € E(®)(B,w) has weight 0. O
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The above Lemma allows us to either extract information about potential isome-
tries ¢ satisfying the equality B’ = By, or to give potential obstructions to their
existence.

Theorem 3.2. Let B’ be an arbitrary non-degenerate symmetric bilinear form on
V. If B' = By for some ¢ € Endi (V') then the following holds for any w € V\{0}
and 21,2 € {w}p:

B'(w,w) = B(w,w)(wt(qﬁ)%yw + B(w,w)B(b,b)),

B'(w,z1) = B(w,w)(wt(¢) p,wB(a, z1) + B(b, po(21))),

B'(21,22) = B(¢o(21), ¢o(22)) + B(a, z1)B(a, 22) B(w,w).
Here a,b € {w}$ are as in Proposition 3.1.

Proof. If B = By then Proposition 3.1 tells us that:

Wt(¢)2B w Wt(¢)B w

B(w7w)2 B¢B,w’w+B¢B,w’a+B¢B,b,w+2 <B¢07¢B,b,w + 73(’“}, w) B¢,B,w,w’¢3,w,a) .
The claim follows by evaluating both sides at each pair of vectors, recalling that

¢o has weight 0 (so that B(¢o(w),z) = B(w, ¢o(z)) = 0 for any x € V) and that

a, b, 21, zo9 are orthogonal to w. O

B' = By +

In the special case of B being the standard symmetric bilinear form and w =
(1,1,...,1), we find that equation one of Theorem 3.2 is equivalent to equation (18)
of [5] and equation (3.1) of [3] (both of which proved useful in determining integer
matrix factorizations). Theorem 3.2 allows us to consider the case of arbitrary non-
degenerate symmetric bilinear form, and fills in the missing equations that must be
solved to determine an isometry ¢ (if it exists).

Remark 3.3. When K C R and B’ is an inner product then we can apply the
Cauchy-Schwarz inequality to give following constraint for any z € {w}3:

|B'(w,z)|2 < B'(w,w)B'(z, 2).

This implies a corresponding inequality between the quantities on the RHS in The-
orem 3.2.

4. APPLICATION TO INTEGER MATRIX FACTORIZATION

In this section we let K = Q and fix a lattice A C V (i.e. a Z-submodule
satisfying QA = V). Further, we assume that B(v,v’) € Z for all v,v" € A, so
that A is an integral lattice with respect to B. In particular, this implies that
ACA ={veV|B(u,v) CZ,Vuc A}.

We are interested in studying the isometry problem for (A, B). This is the
problem of detecting whether a given non-degenerate symmetric bilinear form B’
on V can be written as B’ = By for some ¢ € GL(A) = {¢ € GL(V) | ¢(A) = A}
(and further to construct such a map if it exists). Fixing a basis for A, this is
equivalent to giving an integer matrix factorization of the form B’ = MTBM for
some M € GL,(Z) (where B,B’ are Gram matrices of B, B’ respectively, with
respect to this basis for A).

Such problems have been studied in number theory for a long time. For example,
in the case K = Q and B = I, (i.e. the standard symmetric bilinear form on
A=7Z" CV =Qm"), it is a well known theorem (e.g. see the paper of Mordell [6])
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that such a factorization is always possible if n < 7, det(B’) = 1 and B’ is positive
definite. In other words, every symmetric positive definite matrix B’ € SL, (Z) has
a factorization B’ = MTM for some M € GL,(Z) whenever n < 7. In dimension
n = 8 there may not be such a factorization. Indeed, any Gram matrix coming
from a basis of the Fg lattice (under the usual Euclidean inner product) provides
a counter-example. As the rank n grows, the number of counter-examples grows
rapidly.

As mentioned previously, in the papers [3] and [5], the authors utilised a su-
peralgebra decomposition of M, (Q) in order to provide further understanding of
this special case of the isometry problem. In doing so, they were able to provide
potential obstructions to the existence of such isometries by relating the problem
with integer points on certain quadratic forms. When such an isometry exists, in-
formation about the isometry is learned from the corresponding integer points. The
results of the previous sections allow us to extend the results in the above papers
to study more general isometry problems through this lens.

Proposition 4.1. Ifw € A and ¢ € GL(A) decomposes as

¢ = ¢(O) + ¢(1) = ¢0 + ’lg((bim(bB,w,w + ¢B,w,a + ¢B,b,w
(w, w)

with a,b € {w}}, then a € WA* and b € WA.

Proof. We first claim that ¢(©(w) € 7=2—A and ¢(M) (w) € %A. The first

B(w,w)
inclusion follows from the proof of Lemma 2.1 since:
0 0 1
(b(O)(w) _ B(w7 (b( )(w))w — B(w7 (b( )(w) + ¢( )(w))w — B(wu ¢(w))w c 1 A,
B(w,w) B(w,w) B(w,w) B(w,w)
and the second follows from the fact that ¢(*)(w) = ¢(w) — ¢ (w) € m/&.
Note that the proof of Lemma 2.4 gives b = B(ul) w)¢(1)(w), and so b € B(wlw)2A.

For the claim about a we recall that by Lemma 2.6 we have that

of = (@D + (6N = (6 + ()",
since (¢(O)t € EO(B,w) and (¢")F € EM(B,w). Note that ¢(A) = A implies
that ¢T(A*) = A*. We also have w € A C A*, and so we may apply the same
argument as above to conclude that (¢(°)f(w) € B(Jyw)A C B(Jﬁw)A*, hence that
()t = ¢t (w) — (¢ (w) € m/&*. Finally, since the adjoint swaps the roles
of a and b in the EM(B,w) component we learn that a = ——(¢M)f(w) €

B(w,w)

B(wl,w)2A*' [l

Corollary 4.2. Suppose that B’ is a non-degenerate symmetric bilinear form on
V. If B' = By for some ¢ € GL(A) then the vectors a = B(w,w)*a € A*,
b= B(w,w)?b € A from Proposition 4.1 satisfy:

(w))? + B(b,b),
(w))B(@, 20) + B(b, do(0)),
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for any zo € A (with z = zp— %w e {w}t and ¢o(z0) = B(w,w)?¢o(z0) € A).

Proof. By Theorem 3.2 we have that
B'(w,w) = B(w, w)(wt(gb)QB’w + B(w,w)B(b,b)).
Clearing denominators gives the first equation. Also note that
¢(2) = ¢o(2) + Bla, 2)w
= ¢o(z0) + %%(W + (B(G,ZO) + 7::))
= ¢o(20) + B(a, z0)w.
Since ¢(z) € m/& and B(a, zp)w = W
that ¢o(z0) € 5ramyzA. Again, by Theorem 3.2 we have:

(w,w)?
B'(w,z1) = Bw,w)(wt(¢) p,wB(a, z1) + B(b, ¢ (21))),
B'(z1,22) = B(¢o(21), ¢po(22)) + B(a, z1)B(a, z2) B(w, w).

Inserting z; = 29 = 2z and clearing denominators gives the second and third equa-
tions. ]

B(a, zo)w € WA, we find

Corollary 4.2 tells us that information about potential lattice isometries can be
determined by solving certain Diophantine equations. For example, the first and
third equations define integral quadratic forms, and if the underlying quadratic
space is positive definite then these quadratic forms are also positive definite (al-
lowing for a finite search). If there are no solutions to any of these equations then
we immediately deduce that no such isometry exists.

As mentioned above, after choosing a basis for A we see that the above equations
give insight into the solution of integer matrix factorization problems of the form
B' = MTBM with M,B,B’' € GL,(Z) and B, B’ symmetric (Gram matrices).

In the examples below we consider the space V' = Q™ and lattice A = Z™ (i.e. Z-
span of the standard basis). In all cases we find that the first equation of Corollary
4.2 suffices to prove that no isometry exists.

Example 4.3. If n = 2 then

B(u,v) = u1v1 + bugva,

B'(u,v) = 2ujvy + ugve + uzvy + 3ugvs,
are non-degenerate symmetric bilinear forms on V', and we see that A is integral
with respect to both forms.

Suppose that B’ = B, for some ¢ € GL(A) & GL2(Z). Choosing w = (1,0)
gives b = b = (0,t) € Z*, B(w,w) = 1 and B'(w,w) = 2. The first equation of
Corollary 4.2 then implies that there are integer solutions to the equation:

2 = B(w, p(w))? + 5t*.

This is a contradiction, hence (A, B") and (A, B) are not isometric (despite these
forms having Gram matrices of the same determinant, a necessary condition for
isometry).

We can also use Corollary 4.2 to prove that certain infinite families of pairs of
forms in rank 2 and rank 3 lattices cannot be isometric, despite their corresponding
Gram matrices having the same determinant.
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Example 4.4. If n = 2 then
B = (u,v) = m*uyv; 4+ nusvy

is a non-degenerate symmetric bilinear form on V' whenever m,n € Q\{0}. Suppose
that m,n € Z\{0}. Then A is an integral lattice with respect to B.
For any choice of «, 3,7 € Z such that ay — 2 = (mn)?, we have that

B'(u,v) = auivy + Buivs + fugvy + yugvs

is another non-degenerate symmetric bilinear form on V' with the same determinant
as B. Also, A is integral with respect to this form.

Suppose that there exists a prime p = 3 mod 4 dividing « to an odd power. Then
B’ = By for some ¢ € GL(A) is impossible, since choosing w = (1,0) in the first
equation of Corollary 4.2 gives:

a-m* = m?B(w, p(w))? + n?*t? = (mB(w, p(w))? + (nt)?.
This has no integer solutions by Fermat’s theorem on sums of two squares (e.g.

Theorem 13.3 of [1] and the Corollary that follows). It follows that (A, B) and
(A, B’) are not isometric.

Example 4.5. If n = 3 then
B(u,v) = (2m? + 1)ujv; — u1ve — uvy + ugvs + 2m>usvs,
B'(u,v) = 4m3ujv; + mugvs + usvs,

are non-degenerate symmetric bilinear forms on V for any m € Q\{0}. Suppose
that m € Z\{0}. Then A is an integral lattice with respect to B and also with
respect to B’. As in previous examples, these forms have the same determinant
and so there is a chance that (A, B) and (A, B’) are isometric.

Suppose that B’ = By for some ¢ € GL(A). Choosing w = (1,1,1) gives
b = (b1, by, —by) for some by, by € Z, since B(w,b) = 0 if and only if 2m?(by +b3) = 0.
It is then readily calculated that

B(w,w) = 4m?,
B'(w,w) = (1+m + 4m?),
B(b,b) = (4m? + 1)b3 — 2b1by + b3 = (2mb1)? + (b1 — b2)?,
so that equation one of Corollary 4.2 gives:
16m*(4m® +m + 1) = 4m? B(w, p(w))? + (2mb1)* + (by — ba)?,
= (2mB(w, p(w))* + (2mb1)* + (b1 — b2)*.

By Legendre’s theorem on sums of three squares (e.g. Theorem 13.5 of [1]), there
are no integer solutions to this equation whenever 16m*(4m?+m+1) is of the form
4%(8k + 7) for some t,k > 0. It follows that in this case there is no such isometry
between (A, B) and (A, B').

Since any odd integer satisfies m* = 1 mod 8, the above condition is equivalent
to 4m3 4+ m + 1 = 4*(8k + 7) for some ¢,k > 0. By a tedious case by case check,
one finds that asymptotically this happens for % of the possible m values. Thus our
method has proved that at least % of the pairs of forms in this family cannot be

isometric over Z. In fact, there are no values of m for which these pairs of forms are
isometric, and this can be seen by similar calculations for other choices of vector w.
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Similarly, for any choice of «, 8,7 € Z\{0} satisfying ay — 2 = 4m? the form:
B"(u,v) = auivy + Puqgvg + Bugvy + yugvs + ugvs
is a non-degenerate symmetric bilinear form on V such that A is integral with
respect to B” (and also has the same determinant as B).

Suppose again that w = (1,1,1) and that B” (w,w) = a+28+~v+1 = 4'(8k+7)
for some ¢,k > 0. Then the same argument as above shows that (A, B) and (A, B”)
are not isometric either, by Legendre’s theorem on sums of three squares.

Numerical examples of the above are given by m = 3 and (a, 8,v) = (60,6, 6).
Since we have that

A4mP+m+1=28=4-7,
ay — B% = 4m* = 324,
a+28+v+1=79=7mod S8,

we conclude that the following forms are such that (A, B) and (A, B’) are not
isometric and (A, B) and (A, B”) are not isometric:

B(u,v) = 19u1v1 — uva — ugvy + u1vs + 18usvs,

B'(

B//(

u,v) = 108u1v1 + 3ugvs + ugvs,

u,v) = 60u1v1 4 6uivy + 6ugvy + Gugve + uzvs.
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