arXiv:2404.17880v1 [math.AC] 27 Apr 2024

BETTI NUMBERS OF POWERS OF PATH IDEALS OF CYCLES
SILVIU BALANESCUl, MIRCEA CIMPOEAS? AND THANH VU?

ABSTRACT. Let Jym = (21 Ty @2+ Tt 1y - - -, Tn &1 - - - Ty—1) be the m-path ideal of
a cycle of length n > 5 over a polynomial ring S = k[z1,...,2z,]. Let t > 1 be an integer.
We show that .J}, ,, has a linear free resolution and give a precise formula for all of its
Betti numbers when m =n — 1,n — 2.

1. INTRODUCTION

Let S = k[x1, ..., 2, be a standard graded polynomial ring over a field k. For a finitely
generated graded S-module M, the (i, j)-graded Betti number of M, denoted by f; j(M)
is defined by

Bi.;(M) = dimy, Tor? (k, M);.

The Betti numbers of a homogeneous ideal I, among the most important invariants of
I, capture many geometric properties of the projective variety defined by I (see [E] for
more information). Given I, computing all of its Betti numbers is always a challenging
but interesting problem. We have very few classes of ideals for which we know all of their
Betti numbers. When considering the powers of I, much less is known. A celebrated
result of Akin, Buchsbaum, and Weyman [ABW] describes the minimal free resolutions of
powers of the maximal minors of generic matrices. Even in the case of edge ideals of graphs,
except complete graphs or complete bipartite graphs, the Betti numbers of their powers are
unknown. The coarser invariants, Castelnuovo-Mumford regularity, of powers of edge ideals
of graphs are better known and still an active area of research [HHZ, Bl BHT, MV2, BN]
(see [MV1] for a recent survey on the topic). On the other hand, the projective dimension
of powers of edge ideals of graphs is much more difficult to compute. The projective
dimensions of powers of edge ideals of paths and cycles are only given very recently in
[BC2, MTV], and some classes of trees in [MTV] [HHV]J.

Constructing minimal free resolutions of monomial ideals and their powers have regained
interest recently [EEFSS, [CEFMMSSI, [CEFMMSS2], where the authors look at the free
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resolutions of monomial ideals from the perspective of cellular resolutions. In this work, we
not only give formulae for the Betti numbers of powers of some path ideals of cycles but also
give a construction of their minimal free resolutions via the mapping cone constructions.
Let us now recall the main object of study in this work. The cycle of length n, where
n > 3, is the (simple) graph C,, on the vertex set V(C,) = {1,2,...,n} and the edge set

E(Cy) ={{1.2},....{n — Lin} {n, 1}}.
For an integer m with 2 < m < n, the m-path ideal of C,, is
Jn,m = (371"'xmw"7xnfm+2"'xnx17---7~rnx1"'xm71> CS.

In [AF], Alilooee and Faridi computed all the graded Betti numbers of path ideals of cycles
and lines. The problem of calculating all the Betti numbers of the powers of general path
ideals of cycles is very complicated, which can be seen partially in the work of [BC2, MTV].
In this work, we study the first two non-trivial instances of the problem, namely the n — 1-
path ideals of n-cycles and n — 2-path ideals of n-cycles. Our main results are as follows.

Theorem 1.1. For alln > 2 and t > 1, the ideal wa_l has a linear free resolution and
-1 t—1—1
Bi(JE )= (n , )<n+t ! ), for all i > 0.
) 7 — 3

For the case of n—2-path ideals of n-cycles, we give recursive formulae for computing the
Betti numbers of their powers (see Lemma .8 and Lemma [£.9) and deduce the following:

Theorem 1.2. For alln > 3 and allt > 1, the ideal wa_Q has a linear free resolution
and

min{n — 1,2t}  if n is odd,
min{n — 2,2t}  if n is even.

pd(t]fz,nd) = {

Theorem 1.3. Let k > 1 be an integer.
(1) Foralli>0,t>0 and n =2k + 1 we have:

Bi(Jn—2) = bi (Z’_ngj) <n+t;izi+j) - Z (i—ln—Qj) <t+i:11_j)'

j
n t+k—1—7
i—2j n—1 '

To prove the main results, we establish various Betti splittings involving powers of n — 1
and n — 2-path ideals of n-cycles. These Betti splittings give rise to recursive equations
for the Betti numbers. In the case of the n — 1-path ideal, we deduce a formula for the
generating function of the Betti numbers. In the case of n —2-path ideal, to prove Theorem
[L3l, we show that both sides satisfy the same set of recurrent relations and agree at the

(2) Foralli>0,t>0 and n = 2k we have:
B(J! )_% n n+t—1—i+j
nomnm2l i — 2j n—1 :

J=0 J=

S

—

4
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boundary terms. See Section [l for more detail. To illustrate the effectiveness of the results,
we give an example.

Ezample 1.4. By Theorem [L2 and Theorem [L.3, the Betti table of .J3; , is as follows.

‘0 1 2 3 4 5 6 7 8

100 | 27405 98658 136332 89181 27405 3654 378 27 1

We now outline the organization of the paper. In Section 2, we recall the notion of Betti
splittings and prove a key result to compute the intersection of monomial ideals. In Section
[3, we prove Theorem [I.1] which computes all the Betti numbers of powers of J,,_1. In

Section M, we derive recurrences for the Betti numbers of powers of J, ,_» and establish
Theorem [L.2l In Section [, we prove Theorem [L.3]

2. PRELIMINARIES

Throughout this section, we let S = k[z1, ..., x,] be the polynomial ring over an arbitrary
field k, with the standard grading.

Projective dimension and regularity. Let M be a finitely generated graded S-module
and i, j two integers with ¢ > 0. The (i, j)-graded Betti number of M is defined by

Bi.;(M) = dimy Tor? (k, M);.
The i-th Betti number of M is

B;(M) = dimy Tor? (k, M) = Z Bii(M).

The projective dimension of M, denoted by pdg(M), and the Castfelnuovo-Mumford reg-
ularity of M, denoted by regg(M), are defined as follows:

pdg(M) =sup{i: B;(M) # 0},
regg(M) =sup{j —u: f;;(M) # 0}.
We have the following elementary facts:

Lemma 2.1. Let x; be a variable and I a nonzero homogeneous ideal of S. Then

(1) Bi(z;I) = Bi(L), for all i > 0.
(2) pds(z;1) = pds(1).
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Path ideals of graphs. Conca and De Negri [CD| introduced the notion of ¢-path ideals
of graphs as a generalization of the notion of edge ideals of graphs. Let us now recall this
definition. Let G denote a finite simple graph over the vertex set V(G) = {1,...,n} and
the edge set F(G). Let t > 2 be a natural number. A t-path of G is a sequence of distinct
vertices i1, ...,4 of G such that {iy,is},...,{i;_1,%;} are edges of G. The t-path ideal of
G is defined to be

L(G) = (xj, -+ -y, | i1, .. .,4 is a t-path of G) C S.

In contrast to the edge ideals of graphs, not much is known about the homological
invariants of powers of ¢-path ideals of graphs when ¢ > 2. In [BCI, [SL, [SWTJ], the authors
gave formulae for the depth and Stanley depth, regularity, and multiplicity of powers of
path ideals of path graphs, respectively. In [BC2], the authors obtained partial results for
the depth and Stanley depth of powers of edge ideals of cycles.

Betti splittings. Betti splittings of monomial ideals were first introduced by Francisco,
Ha, and Van Tuyl in [FHV], motivated by the work of Eliahou and Kervaire [EK]. This
notion has regained interest recently in several works [CEl [HV]. We recall the definition
and the following results about Betti splittings, following [NV2].

Definition 2.2. Let P, I, J be proper nonzero homogeneous ideals of S with P = I + J.
The decomposition P = I + J is called a Betti splitting if for all + > 0 we have

Bi(P) = Bi(1) + Bi(J) + Bica(I N JT).
Lemma 2.3. Assume that P = I + J is a Betti splitting of ideals of S. Then
pdg(P) = max{pdg(!),pds(J), pds(I NJ) + 1},
regg(P) = max{regg(I),regg(J),regg(I NJ) — 1}.
Proof. See [FHV], Corollary 2.2] or [NV2, Lemma 3.7]. O

Definition 2.4. Let ¢ : M — N be a morphism of finitely generated graded S-modules.
We say that ¢ is Tor-vanishing if for all i > 0, we have Tor? (k, ¢) = 0.

We have the following criterion for Betti splitting by Nguyen and Vu [NV2 Lemma 3.5].

Lemma 2.5. Let I,.J be nonzero homogeneous ideals of S and P = I + J. The decom-
position P = I + J is a Betti splitting if and only if the inclusion maps I N J — I and
INJ — J are Tor-vanishing.

In particular, we have

Lemma 2.6. Let I, J be homogeneous ideals of S and P =1+ J. Assume that I and J
have a linear free resolution and I NJ C ml and I NJ C mJ, where m is the maximal
homogeneous ideal of S. Then, the decomposition P = I + J is a Betti splitting.

Proof. Let d be the degree of minimal generators of I. By the assumption, we have
Tor? (k,I N J)iyq = O for all 4. Since I has a linear free resolution, the inclusion map
I'NJ — [ is Tor-vanishing. Similarly, the inclusion map I N J — J is Tor-vanishing. The
conclusion follows from Lemma 2.5l 0J
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Remark 2.7. By [FHV), Proposition 2.1] and [NVI Lemma 4.4], once we have P =1 + J
is a Betti splitting, then the mapping cone construction for the map I NJ — I & J yields
a minimal free resolution of P.

An intersection of monomial ideals. In this subsection, we give a simple but useful
lemma for computing the intersection of monomial ideals of certain forms. First, we define
the support of a monomial ideal.

For a monomial u € S, the support of u, denoted by supp(u) is the set of variable z; such
that x;|u. Let J C S be a monomial ideal of S with the minimal monomial generating set
G(J) ={u1,...,un}. The support of J is defined by

supp(J) = U supp ().

We have

Lemma 2.8. Assume that J C K are monomial ideals of S such that x,, ¢ supp(J) N
supp(K) and let [ = J + x, K. Then for any s >0 and t > 1, we have

(2, K)*T' N (2, K) T = 2, (2, K)* T, where [° = J° = S.

Proof. Let f be a minimal monomial generator of (z,K)*J! N (z,K)**'I*~'. Then there
exist ¢ € G((z,K)*J") and h € G((z,K)*T™ ") such that f = lem(g,h). Since z, ¢
supp(J) Nsupp(K), we deduce that deg, (g) = s and deg, (h) > s+ 1. Therefore z,g | f,
that is f € x,(x,K)*J".

Conversely, we have

T (1, K)* T = (2,0) (2, K)* T C (2, K)*T T C (2, K)* T

The conclusion follows. O

3. BETTI NUMBERS OF POWERS OF (n — 1)-PATH IDEALS OF n-CYCLES

In this section, we compute all the Betti numbers of powers of (n — 1)-path ideals of
n-cycles. We denote fi =x1---x,_1,..., fn =221 2,_o. If n > 3, the ideal

In - Jn,n—l - (fla---afn)

is the (n — 1)-path ideal of a cycle of length n. Also, we let [} = K[z1] and Iy = (x1, z3).
Assume that n > 3. Note that

I,=fi+z,0, 1and f; €1, ;.
By applying Lemma 28 to (f;) C I,,_1, we get the following result:
Lemma 3.1. For alls > 0 and t > 1 we have
Loy (f) Nan LT = a1y (f1)

Now, we prove a key lemma for computing all the Betti numbers of powers of I,,.
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Lemma 3.2. Assume that n > 3. For all s > 0 and t > 0, the ideal J = I$_,I}. has a
linear free resolution and, if t > 1, the decomposition
Iy oIy = L (ff) + w0 LT

18 a Betti splitting.
Proof. We prove by induction on n > 3 and ¢t > 0. Assume n = 3. We have that
Iy = (21, 72), fi = 2122 and Iy = (f1) + 23]y = (2172, Tox3, ¥321). Therefore

J = [5[; = (SL’l, 1’2)8<.§U1.T2,.T2.§U3,.T3.T1)t.
Ift = 0 then J = (x1, 2)® has linear free resolution. If ¢ > 1, we consider the decomposition

J = I;Ig = I;({L‘ll‘z)t + {E3[5+1]§_1.

By induction hypothesis on ¢, the ideal I5'If™! has a linear free resolution and thus
2315 L has a linear free resolution also. Similarly, I5(z;25)f has a linear free resolution.
By Lemma [3.1] we have

[28(.T1.T2)t N .T3[28+1[§71 = .T3[2s<l’1l’2>t.

By Lemma 2.6 the decomposition J = I3(zyx5)" + 235 I is a Betti splitting. By
Lemma [2.3]
reg J = max{reg(l; f}), reg(x3 I3 I} = s + 2t.
Hence, J has a linear free resolution.
Now, assume n > 4 and ¢ = 0. From the induction hypothesis on n, the ideal J = I |5
has a linear free resolution. Assume ¢ > 1. Using a similar argument as in the case n = 3,
we deduce that the decomposition

J=1I 0, =1 () + e (3.1)
is a Betti splitting and that J has a linear free resolution. U

We now compute the Betti numbers of powers of I,,. To achieve that for all integers
n, s, t, i with n > 2 we set

( L) @'(Ifl_ﬂfl) if s>0,t>0,71>0,
e(n,s, t,i) =
T 0 otherwise.

From Eq. (8.]) and the definition of a Betti splitting it follows that for alln > 3, s,7 > 0,
and ¢t > 1, we have

e(n,s,t,i) =e(n,s,0,i) +e(n,s+ 1,t —1,i) + e(n,s,0,i — 1). (3.2)

Applying Eq. [82) repeatedly, we deduce that
t—1
e(n,s, t,i) =e(n,s+1,0,i) + Z(e(n, s+0,0,7) +e(n,s+£,0,i—1)). (3.3)
=0
Since Betti numbers are preserved under flat base extension, we have

e(n,s,0,i) =e(n—1,0,s,4) for all n > 3 and s > 1. (3.4)
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Applying Eq. B3] for s =0 and Eq. ([3.4), we get

t—1
e(n,0,t,i) = e(n—1,0,t,) + Y (e(n—1,0,£,i) + e(n—1,0,4,i — 1)),
{=0
-2

e(n,0,t—1,i) =e(n—1,0,t—1,49) + » e(n—1,0,4,i) +e(n—1,0,0,i—1).
=0
Hence, for all n > 3 and all £,7 > 0, we have
e(n,0,t,7) =e(n,0,t —1,71) + e(n —1,0,t,9) —e(n — 1,0,t — 1,4)

+e(n—1,0,t—1,i)+e(n—1,0,t —1,i—1) (3.5)
=e(n,0,t —1,7) +e(n—1,0,t,9) +e(n—1,0,t —1,i — 1).

Let

O(z,y,2) = Z e(n,0,t,i)a" *y'2" € Q[[z, v, 2]].

n>2,t,i>0
Lemma 3.3. With the notations above, we have

149z
A—y)l—z—y—ayz)

O(x,y,2) =

Proof. Let
U= "e(2,0,ti)y'2 €Qlly, 2]].

£,i>0

By Eq. (31, we have
O(z,y,2) =V + Z e(n,0,t —1,i)z" 2y'2’

n>3,t,1>0
+ > eln—10,t40)2" Py + Y e(n—1,0,t— 10— 1)a" 2y
n>3,t,i>0 n>3,5,i>0
=V +y(@(2,y,2) = V) +20(z,y, 2) + 2yzP(z, y, 2).

Since I = (x1,x32), we have the obvious identities:

t+1, i=0
e(2,0,t,4) = < t, i=1 for all t > 0. (3.6)
0, otherwise
Hence,
1+ 2 z
U = t+ 1)y +ty'z = — .
sz ) (1-y)? 1-y
Thus, we deduce that
1+2z—24yz 1+yz

Py ) = A=y —s—wp2) - A= —2—y—p2)
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The conclusion follows. ]
We are now ready for the proof of Theorem [Tl
Proof of Theorem[L1. In Q[[z, vy, z]] we have

T_Zy 1—1’— —:L’yz_z L+y2) +y)”

b>0 a>0

The Betti number f;(.J} ,,_;) which is e(n, 0,t,17) is the coefficient 2" ~?y"z* of ®(z,y, z). By
the identity above, we deduce that it is the same as the coefficient of y'z* in

(RREED DD Dl (R Vo

b>0 a>n—2

which is equal to (") times the coefficient of y'~* in (3,20%") Yusn_2 (,"5)y* ™ Which
is equal to

() S

The conclusion follows. O]

Corollary 3.4. For alln >3 andt > 1, we have
(1) pds(It) = minfn — 1,1},
(2) regg(Ly,) = (n—1)t.

Proof. (1) From Theorem [IT] it follows that

pdg (1) = max{i : Bi(I') = (“ Z 1) ( 1) = 0} = min{n — 1,4},

(2) According to Theorem [IT], I} has linear free resolution. Hence, its regularity is equal
to its initial degree, i.e., reg(It) = (n — 1)t, as required. O

n—+t—1i—
t—1

Remark 3.5. Note that, using the Auslidnder-Buchsbaum Theorem, the formula (1) of
Corollary 34 also follows from [BC2, Theorem 3.1].

4. RECURSIVE FORMULAE FOR THE BETTI NUMBERS OF POWERS OF (n — 2)-PATH
IDEALS OF n-CYCLES

Assume that n > 3 is an integer. In this section, we derive recursive equations for
the Betti numbers of the powers of the (n — 2)-path ideal of the n-cycle. We then prove
Theorem Recall that S = k[zy,...,x,] is a standard graded polynomial ring over a
field k. We fix the following notations throughout the section.

fi=mxe  Tpg, oy fo =@ X3, Ly = (f1, ..., fo) and J = (f1, f3, -, fa)-

Note that omitting any f; from I,,, we obtain an ideal isomorphic to J,. Our choice to
omit fy from I, to get J, allows us to write J, = (f1) + z,J,_1, making the induction
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arguments easier to grasp. We will prove that there are intertwined relations between the
Betti numbers of the following ideals:

o t o t
Bpsi:=J. 1, and Cy st = J (21, 2,)",

where Jy, = I, = Klx1, 23] and s,t are natural numbers. From that, we will deduce our
formulae.
First, we decompose B, s; = J:I!, based on the grading induced by z,.

Lemma 4.1. Assume that n > 3 and s,t are natural numbers. We have
Bt = KoJ? 2% + -+ Ko JE st where
“(fi, )t if d < min{t, s}
(fi, )= ifs<d <t
“A(f, o)t ift<d<s
(fi, f2)* 1% if max{s,t} <d <t+s.
Proof. Note that J, = fi + z,J,—1 and I,, = (f1, f2) + vnJ,—1. Hence, we have

Bn,s,t = JSIZ = (fl + ann—l)s((fla f2) + ann—l)t =
= <Z ff_iJZ;_ﬂZ) (Z(fl,fzv—w;_lxz;) :
i=0 Jj=0

It follows that for a natural number d with 0 < d < s +t, we have

Zf (fro fo) 4,

where the sum is taken over all non-negative integers i such that i < min(d, s) and d—i < t.
In other words, the sum is taken over all integers ¢ such that max{0,d—t} <1i < min{d, s}.
We first note the following simple formula

DA R = (i )
=0

for all @ > 0. We now consider several cases to deduce our formulae.
(i) d < min{t, s}. In this case, we have

d

Ko=>Y i (fu )7 = 0 ) Zf (fi, f2)" = [ (1, fo)"

=0

(ii) s < d < 't. In this case, we have

fo’f f2) 7 = (i, f) 0 Zf (fi, fo)' = (f1, fo)'F>74,
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(ili) t < d < 's. In this case, we have

Ky = Zf f f tdﬂz Zf f1,f2]_f1 (fl,fz)t-

i=d—t
(iv) max{t,s} <d <t+s. In this case, we have
s+t—d

m—foth Zﬁ““fm (fr, fa)*+ .
i=d—t
The conclusion follows. O
We define recursively the ideals M; by
Mgyt = Ko JJ:T and M = Kng,l +ax, M for0<j<s+t—1. (4.1)

In particular, we have B, ;; = My = Ko + x,M;.
Lemma 4.2. With the notations above, for all 0 < j < s+t — 1, we have
K;J)  Na, My =a,K;J) .
Proof. By Lemma [2.8] it suffices to prove that K; C Kj;1J,—1 forall 0 < j < s+t —1.
By Lemma [A1] we need to consider the following cases:

(1) O < j < min{s,t}. Since f; € J,_; it follows that f;~ 7 e 77771, _1. Therefore,

f (f17f2) Cfs 7= 1(,7'?17,7'?2) n—1 _KJ+1Jn 1, as required.
(i) s g j < t. Since fi, fo € Jy_1, it follows that (fi, f) € J,—1. Therefore, K; =

(fr, fo) 7 C (fr, f) 7 s = K Jua
(iii) t < j < s. The argument is the same as that of case (i).
(iv) 7 > max{s,t}. The argument is the same as that of case (ii).

The conclusion follows. O
Now, we decompose C, s = Ji(z1,x,)", based on the grading induced by z,,.
Lemma 4.3. Assume that n > 3 and s,t are natural numbers. Let Ly be the degree d-th
Tn-graded component of Cy sy, i.€.,
Cn,s,t = LO + anl + - F fothLert-

Then
f dpt= d(f1 +x1J,1)%  if d < min{t, s}

(ﬁ+x1ng, ifs<d<t
f1s LN o)t ift<d<s
JIH o+ a1 if max{s,t} <d <t+s.

Ly =

Proof. We have Cy, s = (f1 + @nJn—1)*(21,2,)". Thus, the degree d-th component of C,, ,

1S
u—zﬁ%11%
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where the sum is taken over all non-negative integers i such that ¢ < min{d, s} and d—i < ¢,
i.e., max{0,d — ¢t} <i < min{d, s}.
We consider the following cases to obtain the desired formulae:
(i) d < min{s t}. In this case, we have

Ld—Zf“;lid“ b de )= fl 4 )
(ii) s <d < t. In this case, we have
La=ay" Z fi” = 2l fu+ @1 Ju)

(ili) t < d <'s. In this case, we have

Ld—szlzlid”zf—d Zf (@1 Jur) = F T8+ 20 d)

i=d—t

(iv) d > max{s,t}. In this case, we have

s+t—d
Li= 30 Firtd et = Z R @) = (o aden) ™
i=d—t
The conclusion follows. O

We define recursively the ideals N; by
Nsiy=Lgyyand Nj =L+ 2,Njy for 0 <j <s+t—1. (4.2)
In particular, we have C), ;s = Lo + 2,V;.
Lemma 4.4. With the notations above, we have
LNz, Niyy =x,L; forall0 <i<s+1t—1.
Proof. By Lemma [2.8] it suffices to prove that L; C L;;; forall 0 < j < s+t —1. By

Lemma [4.3] we need to consider the following cases.

(i) 0 < j < min{s,t}. The inclusion is clear from the formula for L,.
(ii) s <j < t. The inclusion follows from the formula for L,.
(iii) t < j < s. The conclusion follows from the fact that f; € J,_; and the formula for
L,
(iv) j > max{s,t}. The conclusion follows from the fact that (f, +x1J,-1) C J,—1 and
the formula for L;.

The conclusion follows. 0J
We see that the ideal J; is a common ideal that appears in B, s; and C), 5. It is the

base case for the induction step. So we treat it first. By the definition of J,, we have
Jn = (f1) + zpJn_1 and fi € J,_1. Thus, we have
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Lemma 4.5. Assume thatn > 3. For all s >0 and t >0, the ideal A, s, = J5_1J. has a
linear free resolution and, if t > 1, the decomposition

woy = o () ey
15 a Betti splitting.
Proof. The proof is similar to that of Lemma O

Hence, the Betti numbers of J5_,J! share the same recursive equations with those of
gy 1maJh 1. Furthermore, Js; has the same Betti numbers as Jo;. We deduce that

J:_Jt has the same Betti numbers as J5_,, oJ! | . In particular, we have

Corollary 4.6. For alln > 2 andt > 1 we have

BT = (n;Q) <n+z:z—2)

In particular, pd(Jt) = min(n — 2,t).

Proof. The conclusion follows from the proof of Theorem [L.T] and Lemma [4.5] O
Now comes the technical step toward computing the Betti numbers of I.

Lemma 4.7. Foralln > 2, s,t > 0, the ideals B,, s+ and C,, s+ have linear free resolutions.

Proof. We prove by induction on n and then on ¢. The base case n = 2 is clear. Now
assume that the statement holds for n — 1. We have B, ;o = C,, 50 = A, have linear
free resolution by Lemma Now assume that ¢ > 1 and the conclusion holds for ¢t — 1.
We will now consider the statement for B, 5, and C), 5, respectively.

For B,, 5+, we now prove by downward induction on j that M; has a linear free resolution.
We have M, = J;J_rtl = A,_1,0,s+t, which has a linear free resolution by Lemma By

Lemma ET] K;J7_, is of the form f{(fy, f2)"J7_,. Hence, it has a linear free resolution by
induction on n. By Lemma 4.2 and Lemma [2.6], the decomposition M; = K; JI +xn M
is a Betti splitting. Hence, M; has a linear free resolution.

For C,, s, we prove by downward induction on j that N; has a linear free resolution. We
have Ny = I, | = B,_1,,s which has a linear free resolution by induction on n. Also, L;
is of the form feabJ* [ I° | for some a,b, u,v, hence, has a linear resolution by induction
on n as well. By Lemma (.4 and Lemma [2.6], the decomposition N; = L; 4+ z,,Nj4; is a
Betti splitting. Hence, N; has a linear free resolution. The conclusion follows. O]

For integers n > 2 and s,t,7 > 0 we set
b(n,s,t,i) = Bi(Bns:) and c(n, s,t,4) = Bi(Cpse)-

If s<0,t<0ori<0wesetb(n,s,ti)=c(n,s,t,i)=0. From Lemmas 1] [£2] 13|
[4.4], [4.7 we can deduce formulae for b coefficients in terms of ¢ coefficients and vice versa.
For convenience in writing these formulae, we set

b(n,s,t,i) = b(n,s,t, i) + b(n,s,t,i — 1) and é(n, s,t,i) = c(n, s, t,i) + c(n, s, t,i — 1).
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Lemma 4.8. Assume that n > 3 and s,t,7 > 0. Let
A(s,t) ={(,t) : 0<j<spU{(s+jt—j) : 1<j<i—1}
We have

b(n,s, t,i) =bn—1,s+1t0,i)+ Z én—1,a,b,1).
(a,b)EA(s,t)

Proof. We recall Eq. (d.1])
Moy = Koo J3H = Tt and My = K70 + 2, Mj, .
First, we have
BilMoyy) = Bi(JiF) = c(n — 1,5 +1,0,i) = b(n — 1,5 +1,0,4). (4.3)
Let Aj(s,t) = {(a,b) € A(s,t) | @ > j}. We prove by downward induction on j that
Bi(M;) =b(n—1,5+t0,4)+ » &n—1a,bi)
(a,b)eA;

The base case j = s+t follows from Eq. (£3]). Now assume that 0 < j < s+ ¢. By the
proof of Lemma [4£.7], the decomposition

M; = K;J)_, +2,Mj,
is a Betti splitting. Furthermore, by Lemma [4.2]
K;J! N My =x,K;J0 .
Hence, by the definition of Betti splitting, we have
Bi(M;) = Bi(Mys1) + Bi(K;To_y) + Bia (K T ).
The conclusion follows from Lemma .11 O

Lemma 4.9. Assume that n > 3 and s,t,i > 0. We define the multiset A(s,t) as follows.
If s <t then

A(s,t) = {(0,0),...,(0,8)**D (1,s = 1),...,(s — 1, 1)},

where the notation (0,s)**tY) means that it appears t — s + 1 times in A(s,t). Ift < s
then

A(s,t) ={(0,0),...,(0,8),(1,¢),...,(s = t,t), (s —t+1,t —1),..., (s —1,1)}.
We have

c(n,s,t,i) =bn—1,s,0,7) + Z E(n —1,a,b,1).
(a,b)EA(s,t)

Proof. We recall Eq. (4.2)
Nert = Jrsz—l and NJ = L] -+ anjJrl.

First, we have
Bi(Nsyt) = Bi(J5_y) = bn —1,s,0,1). (4.4)
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Let A; be the (multi)set consisting of the last j elements of A(s,t). We prove by downward
induction on j that

Bi(Nj) =b(n—1,50,4)+ Y bn—1abii—1)
(a,b)eA(s,t)

The base case j = s+ t follows from Eq. (@4]). By the proof of the Lemma L1 the
decomposition

Nj = Lj+xnNjp1
is a Betti splitting. Furthermore, by Lemma [Z.4]
LNz, Njp1 =z, Ly
Hence, by the definition of Betti splittings, we have
Bi(N;) = Bi(Njt1) + Bi(L;) + Bi—1(L;).
The conclusion follows from Lemma 3] O

From Lemma and Lemma [£.9] we can derive the self-recurrent relation among the b
coefficients. For convenience, for all natural number n > 2 and all integers u, v, 7, we set

b(n,u,v,i) = b(n,u,v,i) + 2b(n,u,v,i— 1) + b(n,u,v,i — 2).
First, we give the form of the self-recurrent relation.

Lemma 4.10. Assume that n >4 and s,t,i > 0. Let r = | =] and

[(s,t):={(u,v) € N* |0 < v <min(r,t),u+2v <s+t}}U{(0,0)}.
We have

s+t—1
b(n,s,t,i) =bln—1,5+1t,0,i) + b(n —2,u,0,1)

e
Il
o

+ > fuv)b(n—2,u,0,)

(u,v)€l(s,t)
where f(u,v)’s are some non-negative integers.
Proof. From Lemma (4.8 it follows that
b(n,s,t,i) =bn—1,s+t0,i)+c(n—1,0,t,9) + - -+ ¢c(n—1,s,t,1)
tin—1,s+1,t—1,0i)+--+cn—1,s+t—1,1,i).
By Lemma each term ¢(n — 1, a,b,1) gives rise to a term Z~)(n —2,a,0,1) and the terms

b(n —2,u,v,17) for (u,v) € Aa,b). Let
Q= |J Alab).

(a,b)e€A(s,t)
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Then, we have

s+t—1
b(n,s,t,i) =bn—1,s+1,0,1i)+ b(n —2,u,0,1)

i
o

+ Z f(u,v)z(n—Q,u,v,i)

(u,v)eN
for some non-negative integers f(u,v). It remains to show that A(a,b) C I'(s,t) for all
(a,b) € A(s, ).
(i) Assume that (a,b) = (7,t) for some j < min(r,s). Then
A1) ={(w,v) EN*[1 <0 <j—TLut+v=j}U{(0,0),...,(0.))} CT(s,t).
(ii) Assume that (a,b) = (j,t) for some j such that min(r,s) < j <s. Then

AG, ) = {(0,0),. .., (0,), (1,t),. .., (s—t, 1), (s —t+1,t—1),....(s—1,1)} C (s, t).

(iii) Assume that (a,b) = (j, s+t —j) for some j > s. If j < s+t — j, the argument is
similar to case (i). If j > s+ ¢ — j then

A(],S—Ft—]):{(0,0),,(O,S-'-t-j),(l,S—l-t-j),,(QJ—S—t,S—Ft—])}
U{(2j—s—t+1,s+t—j7—1),....(j —1,1)} C T'(s,?).

That concludes the proof of the lemma. O

The following pictures represent the sets A(s,t), A(u,v) and I'(s,t). To get I'(s, t), first
we draw the blue line corresponding to A(s,t). Then, for each point (u,v) on the blue line,
we draw red lines corresponding to A(u,v). I'(s,t) consists of all the integer points on the
red lines.
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t
t t
(s,t)
(0,5) s<t syt <®
(s+t-1,1) (s-1,1) (s-1,1)
As, ) 5 " Als, 1) iy
t
[(s,t) 5

We then deduce:

Corollary 4.11. Assume that n > 4 and s,t > 0. Let ¢ = max{pd(J' ,I") | (u,v) €
[(s,t) and f(u,v) # 0}. Then

pd(J2I!) = max{min{n — 3,5 +t},q + 2}.

Proof. Let p = max{pd(J'_,) | v = 0,...,s +t — 1}. By the definition of projective
dimension, we have

pd(J:I!) =max{i | b(n, s, t,i) # 0}
=max{i | b(n—1,s+1,0,i) #0
or E(n—Q,u,O,i) #0 for some u=0,...,s+1t—1
or Z(n —2,u,v,1) # 0 for some(u,v) € I'(s,t) and f(u,v) # 0}.
Since max{a € A,b € B} = max{max{a € A}, max{b € B}}, we deduce that
pd(J31,) = max{pd(J;™}),p+ 1,q + 2}.

By Corollary 6] we have pd(J:™)) = min(n —3,s+t) and p = min(n —4,s +¢ —1). The
conclusion follows. 0
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We now prove one of the main results of the section about the projective dimension of
JEIE.

Theorem 4.12. Assume thatt > 1 and n > 2. Then reg(JSIL) = (t + s)(n — 2) and

min(n —1,2(s+t)) ifn is odd
min(n —2,2(s+1t)) if n is even.

pd(J31,) = {

Proof. By Lemma [L7], J:I! has a linear free resolution, hence reg(JSIL) = (t + s)(n — 2).
Now we prove the formula for the projective dimension. For ease of reading, we divide the
proof into several steps.

Step 1. With the notation as in Lemma LI0, f(s +¢ — 2,1) = 1. Indeed, we have
(s+t—1,1) € A(s,t) and (s +t —2,1) € A(s+t—1,1). Hence, f(s+t—2,1) > 1.
Furthermore, for any (a,b) € A(s,t) with b > 1, we have a < s+ ¢ — 2. In particular, for
any (u,v) € A(a,b) we have u+v < a = s+t—2. Thus, (s+t—2,1) ¢ A(a,b). Therefore,
fls+t—21)=1.

Step 2. The base case n = 2 and n = 3. If n = 2, then J:I! = S; hence pd(J:I}) = 0.
Assume that n = 3. If s =0 and ¢ = 1 then the conclusion is clear. Thus, we may assume
that s +¢ > 2. By Lemma 4.8 we have

b(3,5,t,4) =b(2,s+£,0,i)+ Y &2,a,b,).
(a,b)EA(s,t)
By the definition of projective dimension, we have
pd(J518) = max{i | b(3,5,t.7) £ 0}

= max{i | b(2,s +¢,0,i) # 0 or &(2,a,b,7) # 0 for some (a,b) € A(s,t)}

— max{pd(J ), pd( (@1, 22)") + 1 (a,8) € A(s, 1)}
Now, for any b > 1 and a > 0 we have J¢(z1,22)" = (71, 2)® has projective dimension 1.
Since t > 1 and s+t > 2 there exists (a,b) € A(s,t) with b > 1. Hence, pd(J:IL) = 2.
Step 3. We now prove by induction on n then on s that
min(n — 1,2(s+ 1)) if nis odd
min(n —2,2(s+1)) if nis even.

pd(Jy 1) = {

By Step 2, we may assume that n > 4. The base case s = 0 follows from the result of
Alilooee and Faridi [AF]. Now assume that s > 1. We have I'(s, 1) = {(0,0), (0,1), ..., (s—
1,1)}. Let

q :=max{pd(J oIpo|u=0,...5—1}.

By induction on n, we have
min(n — 3,2s) if nis odd

min(n — 4,2s) if n is even.
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By Corollary .11, we have
pd(J:1,) = max{min{n — 3,s+ 1},q+ 2} = ¢+ 2.
By Eq. (&3), Step 3 follows.

Step 4. General case. Now assume that ¢ > 2. By Corollary LT1] we have pd(J:1L) =
max{min{n — 3, s + t}, ¢ + 2}, where

q = max{pd(Jy_,1I; 5) | (u,v) € I'(s,t) and f(u,v) # O}.
By induction, Step 1, and Step 3, we deduce that
T SRS A SO
The conclusion follows. 0J
Now, we can prove Theorem [[.2}
Proof of Theorem[1.2. The conclusion follows by taking s = 0 in Theorem 12| U

Remark 4.13. From Lemma and Lemma .9, we can give formulae for f(u,v) for all
(u,v) € I'(s,t). Nonetheless, they are hard to use to derive the formulae for the Betti
numbers of powers of [,,. In the following section, we will derive self-recurrent equations
for the b coefficients, which are easier to use.

5. BETTI NUMBERS OF POWERS OF (n — 2)-PATH IDEALS OF n-CYCLES

In this section, we give the formulae for the Betti numbers of powers of n—2-path ideals of

n-cycles. First, we recall several notations from the previous section. Let S,, = k[xq, ..., 2]
be the standard graded polynomial ring over a field k where n > 2 is an integer. By
convention, we set Jy = Iy = S5. Now, assume that n > 3. Let fi = 1202y _9,..., fn =

Ty Tp_g. Let I, = (f1, fo, ..., fn) and J, = (f1, f3,- .., fn). For s,t > 0, we set
Bsi = J:I! and C,, 4y = Ji (1, 2,)"

Furthermore, if s,t,7 > 0, we let b(n, s,t,i) = B;(Bns:) and ¢(n, s,t,i) = [;(Chst). If one
of s,t,1i is negative, by convention, we set b(n, s,t,i) = ¢(n, s,t,i) = 0.
We now introduce the following functions in order to give the formula for b(n, s, t,17).

o ( n )[(n+s+t—1—i—|—j) <n+5—1—i+j)]
p(nasatal) = . . - )
— 1—2j n—1 n—1

S () ((F59) = (H529)) s odd,
S () (519 = (1)) i s even,

. n—2\/n+s—1—2
t,i)° =
siseir= (") (")

p(n, s, t,3) = p(n,s, t,9)" —pn,s, t,9)” + p(n, s, t,i)°.
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The +, —, and ¢ stand for the positive part, the negative part, and the constant part of p.
The entire section is devoted to proving the following main technical result.

Lemma 5.1. For all integers n, s,t,i withn > 2, s,t > 0, we have
b(n,s,t,i) = p(n,s,t,i).

We now outline the strategy of proving the lemma. The tuples (n,s,t,i) are totally
ordered by the lexicographical order with n > ¢ > s > i. The tuples (2,s,t,1), (3,s,t,1),
and (n, s,0,1) are called the boundary tuples. To establish Lemma 5.1l we will prove the
following

(1) b(n,s,t,i) = p(n,s,t,i) for all boundary tuples (n, s, t,17).

(2) b(n,s,t,i) and p(n,s,t,i) satisfy the same recurrent relation expressing their value
at a non-boundary tuple as a finite linear combination of their values at smaller
tuples and boundary tuples.

For convenience in writing the recurrent relation, we inherit the following convention from
the previous section. For any function f in the tuples (n, s, t,i) we set

f(n,s,t,i) = f(n,s,t,3) + f(n, s, t,i—1),
f(n,s,t,z’) = f(n,s,t,1) +2f(n,s,t,i — 1)+ f(n,s,t,i —2).
First, we prove that the functions b and p agree on the boundary tuples.
Lemma 5.2. For all integers s,t,1 with t > 0 we have that b(2,s,t,i) = p(2,s,t,1).
Proof. Since, Jy, = I = 95, we have

b(2,s,t,i) = {

1 ift=0and s, t >0,
0 otherwise.

Now, by the definition of p(n, s, t,i), we have

(2, 5.,1) 0\ [(s—1 1 ifi=0ands>0
s, t,1) = =
PA% 8t i 0 0 otherwise.

The conclusion follows. 0J
Lemma 5.3. For alln > 2 and all 5,7 we have b(n, s,0,i) = p(n, s,0,17).

Proof. The case where n = 2 follows from Lemma The case where n > 3 follows from
the definition of p(n, s, t,4) and Corollary A6l O

Lemma 5.4. For all integers s,t,i with s,t > 0 we have that b(3, s,t,i) = p(3,s,t,1).
Proof. By Lemma and Corollary .6 we have
s+1 ifi=0

1
p(3,5,0,7) = b(3,s,0,i) = (Z>(s —i+1)=(s ifi=1 (5.1)
0 if 1 > 2.
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Hence, we may assume that ¢ > 1. First, we calculate b(3, s,¢,7). By Lemma .8 we have
b(3,5,t,0) =b(2,s +1,0,i)+ Y &2,a,b,9),
(a,b)EA(s,t)
where
A(s,t) ={(j,t) : 0<j<stU{(s+jt—j) : 1<j<t—1}
Since Jy = S5, we have ¢(2,a,b,i) = 0 if i > 2 and

1 ifi=
c<2,a,b,z’)={z+ Tf’. (1)
172 = 1.

Hence, ¢(2,a,b,1) = 0 if i > 3 and
b+ 1 ifi=20
i2,a,b,))=42b6+1 ifi=1 (5.2)
b if 1 = 2.

Thus, we have b(3,s,t,i) = 0 if ¢ > 3. It remains to consider the cases where 0 < i < 2.
From Eq. (5.1)) and Eq. (52]), we deduce the following

(i) b(3,8,6,0) =1+ (s+ 1)t + 1)+ >, 1(b+1) = (t+1)(s+ 1+ 1).
(i) b(3,s,t,1) = (s + 1)(2t + 1) + S0, (2b + 1) = 25t + 2t + 5 + 12
(iii) b(3,s,t,2) = (s + 1)t + S0} b = st + LD
We now calculate p(3,s,t,7). First, assume that ¢ = 2¢ 4+ 1 for some ¢ > 1. Then we
have

3 s+t—0+1 s—C+1\| (3 s+t—0+1 s—0+1
IS0 =R -0
3 s+t—1/ s—0\| (3 s+t—1 s—/
GICT)-CO-O1C)-C2)
and all other terms are 0. Hence, p(3,s,t,7) = 0. The case where i = 2¢ for some ¢ > 2
can be done similarly. Hence, it remains to consider the cases where 0 < ¢ < 2. We have

p(3,5,t,0) = (2+5+t) - (2+s> tit+1)

_ 1)t 1
5 5 5 +(s+1)t+(s+1)

p(3,5,4,1) =3 (t@;l) +st) - (t“;l) +(s— 1)t) s

= t(t+ 1)+ 2st + s+t

tt+1)

p(3,5,4,2) = 2t(t + 1) + (4(s — 1) + 1)t — 3 < t(s— 1)t)

tt+1)
2

-+ st.
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The conclusion follows. O]

Now, we give recurrent relation for b(n, s,t,i) when (n,s,t,i) is not a boundary tuple.
First, we consider the next to the boundary case, namely, the case t = 1.

Lemma 5.5. Assume thatn > 4, s > 0 are natural numbers. Then
b(n,s+1,1,i) =b(n,s,1,i) + b(n —1,s+2,0,i) —b(n — 1,5+ 1,0,1)

+E(n—2,s+1,0,z’)+Zz(n—2,j,1,z’)+z(n—2,0,0,z’).
5=0
Proof. By Lemma [4.8 we deduce that
b(n,s+1,1,i) —b(n,s,1,i) — (b(n—1,5+2,0,i) —b(n—1,s4+1,0,i)) =¢é¢(n—1,s+1,1,1).
The conclusion then follows from Lemma O

Lemma 5.6. Assume thatn >4, s >0, and t > 2 are natural number. Then b(n, s, t,i) —
b(n,s+ 1,t — 1,7) is equal to

> b(n—2,0,4,1) if s <t
7=0
t—1 - -
> b(n—2,0,5,1) + (s — t + 1)b(n — 2,0, t,4)
j=0
s—t

+ @—t+1—@(Mn—zauw—an—z&t—Ln)Uszt

Proof. By Lemma 4.8 we deduce that

b(n,s,t,i) —b(n,s+1,t—1,i) =Y (é(n—1,j,ti)—én—1,j,t—14)). (5.3)
=0
Since t > 2, by Lemma [£.9 we have c¢(n —1,7j,t,i) — c(n — 1, j,t — 1,47) is equal to

b(n—2,0,7,4) if j <t —1.

<.

—t

bn—2,0,t,9)+ > (b(n—2,0,t,i)—bn—2,0,t—1,9)if j >t —1.

1

The conclusion follows. O

)

It remains to prove that p(n,s,t,7) follows the same recurrent relation as b(n, s,t,1).
Since p(n, s,t,i) = p(n, s, t,9)* —p(n, s, t,i)” + p(n, s, t,1)°, we make the following conven-
tion. When we have A = ), agpy where the sum is over some finite set of tuples t, then
AT =3, aypy and so on.

Before proving the recurrent relation for p(n,s,t,i) we collect some useful binomial
identities.
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Lemma 5.7. Assume that n,m and s are natural numbers. Then we have
(1) (’:Ii) = (’:) jr (:5):
(3) Z (" ]) = (nmil )1_ (mrjrl) . .
@>ZJMW“%=%%i)—($$)+@L)
Proof. These are standard binomial identities, see e.g. [G]. O
Lemma 5.8. Assume thatn > 4, s > 0 are natural numbers. Then
p(n,s+1,1,4) =p(n,s,1,i) +p(n —1,s +2,0,i) —p(n — 1,5+ 1,0,1)

+p(n—2,5+1,0,i) + Y _p(n—2,6,1,i) + p(n—2,0,0,4).
{=0

Proof. Let A(i) = p(n,s + 1,1,i) — p(n,s,1,i). By Lemma [5.7 and the definition of
p(n, s,t,1) we have that

A = > (i_nz]) <n+3;_1;i+j)
w0 =3 () ()

n—2\(n+s—1i—2
A(i)° =
(9) { )( n—3 )
Let B(i) =Y ,_op(n—2,¢,1,1) + p(n —2,0,0,7). Then we have that

3 () () () s
5]

() ()
s =3 (1) ()
B0y <n;4) <n+;:;—3).

By Lemma [5.7] we deduce that




BETTI NUMBERS OF POWERS OF PATH IDEALS OF CYCLES 23

Assume that ¢ = 2h. Then we have
h—1 L
~ — —1 —2 —2 —2
b E 5t ) ()
— n—3 1 — 27 —2 1—1—2j 1—27
. n+s—1—1 n—1 n n—2
n—3 71— 1 7 —1
n—2\/n+s—1i—2 n+s—h-—1
+ ) +
7 n—3 n—3
N n—2 n+s—1v—2
e O [
Let

C(Z) :p<n—17$+2,0,Z)—p(n_178_'_1’0’Z): (n_g) (n+3—l_2>

) n—4

b =sn=zeenon =) (") (5 (M)

To prove that A(i) = f?(z) +C(i)+ D(i), it remains to prove that the constant terms match
up. Namely,

[ G R P [ Qe iy B G [
() ()

()T G0

I
S

The case ¢ = 2h + 1 can be done in similar manner. The conclusion follows. O

Lemma 5.9. Assume thatn >4, s > 0, andt > 2 are natural number. Then p(n, s, t,i) —
p(n,s+1,t —1,4) is equal to
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s

> B(n—2,0,¢,i) if s <t

+Y (s—t+1=0) (Bln—2,0,t,8) = P(n —2,0,t —1,0)) if s > t.

(=1

Proof. Again, we prove the case n is odd, the case n is even can be done in similar manner.
Let A(i) = p(n,s,t,i) — p(n,s+ 1,t — 1,4). Then we have

w2 ( ) ()
o L;XJ%J (Z ) 1n_ Qj) (HS:;—J‘)

A(i) = — n;Q) <n+;:;—2).

Let B(s,i) =Y ;_op(n —2,0,¢,7). Then we have
B( .)Jr_BJ n—2 i n+l—3—i+j _% n—2\(n+s—2—i+j
AR DY, n—3 RYSAVEDY n—2

=0 =0 =0

5 s |5 .

n—2 (+k—2—j n—2 s+k—1—j

B(s,i)” = , = . ‘

= 1—1—-29 e n—3 = 1—1—-29 n—2
B(s,1)°=0

The terms B(i)*, B(s,i)— have the same form as the term B(i)* and B(i)~ in Lemma
5.8 Hence, we deduce that

o35 2) () (1) () e
-3 (1))
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Hence, A(i) = B(i) for all i and s. Thus, it remains to consider the case s > t. In this
case, we let C(£,i) = p(n—2,¢,t,1) — p(¢,t — 1,7). Then we have
3 .
—2\ [+t —4 —
e - S (1) ()
11— 2 n—4

C@ﬂ:L?J(%?;f%)(£+t;ﬁ;3—j)

[SIEY

[un

n—2\[(s+n—-3—i+j\ (t+n-3—i+j
1—27) | n—3 n—3
s—1 r . . ; ;
N n—2 _ s+n—3—1i+7 _ s+tn—3—1+
;;KX&O 2 (m—%)_@ ﬂ( n—3 n—2

(t+n—3—¢+j)]
+ .
n—2

Let D(i) = >;_(s —t +1—£)C(£,7). Then we have

D@y}:' (;;;)[(s+n;3;i+i)—(S—O(t+n;i;i+j)

_(ttn-2-itf\]
thwB@g+(:t;mZL¢o+Du)Tmnmhwe
E()* = % (?_—23) (n 1 S;E ; i +j) = B(s,i)"

E(i)” = B(s,i)".

The conclusion follows. O

Proof of Lemma[5dl. We prove by induction on the tuples (n,s,t,i) ordered by lexico-
graphic order with n > ¢t > s > i. By Lemma 52| Lemma 5.4 and Lemma 5.3 we have
that b(n,s,t,i) = p(n,s,t,7) for all boundary tuples. Thus, we may assume that n > 4
and t > 1. First, assume that t = 0. If s = 0, the conclusion is clear. Now, when s > 0
the conclusion follows from Lemma 5.5 Lemma B.8, and induction. When ¢t > 1, the
conclusion follows from Lemma 5.6, Lemma [£.9] and induction. O
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Proof of Theorem[I.3. By Lemma [5.1] we have
Bi(Jhng) = b(n,0,t,9) = p(n,0,t,1).
The conclusion follows. O

Remark 5.10. The Betti numbers of powers of path ideals of paths come up quite naturally
if one considers the Betti numbers of general ¢-path ideals of cycles. In subsequent work,
we will carry the computation for the Betti numbers of powers of path ideals of paths.
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