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Many effect systems for algebraic effect handlers are designed to guarantee that all invoked effects are handled
adequately. However, respective researchers have developed their own effect systems that differ in how to
represent the collections of effects that may happen. This situation results in blurring what is required for
the representation and manipulation of effect collections in a safe effect system.

In this work, we present a language Aga equipped with an effect system that abstracts the existing effect
systems for algebraic effect handlers. The effect system of Apa is parameterized over effect algebras, which
abstract the representation and manipulation of effect collections in safe effect systems. We prove the type-
and-effect safety of Ags by assuming that a given effect algebra meets certain properties called safety condi-
tions. As a result, we can obtain the safety properties of a concrete effect system by proving that an effect
algebra corresponding to the concrete system meets the safety conditions. We also show that effect algebras
meeting the safety conditions are expressive enough to accommodate some existing effect systems, each of
which represents effect collections in a different style. Our framework can also differentiate the safety aspects
of the effect collections of the existing effect systems. To this end, we extend Ags and the safety conditions
to lift coercions and type-erasure semantics, propose other effect algebras including ones for which no effect
system has been studied in the literature, and compare which effect algebra is safe and which is not for the
extensions.

1 INTRODUCTION
1.1 Background: Effect Systems for Algebraic Effect Handlers

Algebraic effect handlers [Plotkin and Pretnar 2009, 2013] enable implementing user-defined com-
putational effects, such as mutable states, exceptions, backtracking, and generators, and struc-
turing programs with them in a modular way. A significant aspect of algebraic effect handlers
is compositionality. Because of the algebraicity inherited from algebraic effects [Kammar et al.
2013; Plotkin and Power 2003], they allow composing multiple effects easily, unlike some other
approaches to user-defined effects, such as monads [Moggi 1991; Wadler 1998]. Another benefit
of algebraic effect handlers is to separate the interfaces and implementations of effects. For exam-
ple, the manipulation of mutable states is expressed by two operations to set a new state and get
the current state. While a program manipulates states via these operations, their implementation
can be determined dynamically by installing effect handlers. This separation of interfaces from
implementations allows writing effectful programs in a modular manner.

A key property expected in a statically typed language with algebraic effect handlers is type-and-
effect safety. In the presence of effect handlers, type safety ensures that the type of an operation is

matched with that of its implementation provided by an effect handler. Effect safety [Brachthiuser et al.

2020]" states that every operation call is handled appropriately (i.e., it is performed under an ef-
fect handler that provides the called operation with an implementation). Ensuring effect safety

The notion of effect safety itself and its importance have been recognized before the name was coined [Kammar et al. 2013].
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is crucial to guarantee the safety of programs as an “unhandled operation” makes programs get
stuck.

Several researchers have proposed type-and-effect systems (effect systems for short) to guar-
antee type-and-effect safety. The effect systems in the literature are classified roughly into two
groups according to how they represent collections of effects that programs may invoke. Certain
effect systems adapt sets to represent such collections [Bauer and Pretnar 2013; Forster et al. 2017;
Kammar et al. 2013; Kammar and Pretnar 2017; Saleh et al. 2018; Sekiyama et al. 2020]. Another
approach is using rows [Biernacki et al. 2019; Hillerstréom and Lindley 2016; Leijen 2017; Xie et al.
2022], which allow manipulating the collections of effects in a more structured manner. For exam-
ple, the effect system of Hillerstrom and Lindley [2016] can represent the presence and absence of
effects in rows, and that of Leijen [2017] allows the duplication of effects with the same name in
one row.

However, several issues are posed by the current situation that the effect systems in the different
styles have been studied independently. First, it blurs what manipulation of effect collections are
indispensable to give an effect system. Second, it is unclear what property an effect system requires
for effect collections and their manipulation to guarantee effect safety. These unclarities cause the
problem that designers of new effect systems grope in the dark for the representations of effect
collections, and even if they come up with an appropriate representation, they need to prove the
desired properties, such as effect safety, from scratch. The third issue is that, when extending
languages with new features, one needs to build the metatheory for each of the representations.

1.2 Our Work

This work aims to reveal the essence of safe effect systems for effect handlers. Because we are inter-
ested in the shared nature of such effect systems, we avoid choosing one concrete representation
of effect collections. Instead, we provide an effect system that abstracts over the representations
of effect collections and can derive concrete effect systems by instantiating them.

More specifically, our effect system is parameterized over constructors and manipulations of
effect collections. In general, effect systems for algebraic effect handlers require two kinds of ma-
nipulation. One is subeffecting, which overapproximates effects to adjust the effects of different
expressions. The other is the removal of effects. An installed effect handler removes the effect it
handles and forwards the remaining effects to outer effect handlers. We formulate such manipu-
lation of effect collections required by effect systems as effect algebras® and ensure that our effect
system relies only on the manipulations allowed on them.

However, some effect algebras make the effect system unsound. For instance, the effect sys-
tem with an effect algebra that allows subeffecting to remove some effects may typecheck unsafe
programs (e.g., ones that cause unhandled effects). To prevent the use of such effect algebras, we
formalize safety conditions, which are sufficient conditions on effect algebras to guarantee effect
safety; we call effect algebras meeting the conditions safe. We prove that the effect system instan-
tiated with any safe effect algebra enjoys effect safety as well as type safety—therefore, ones can
ensure the safety of their effect systems only by showing the safety of the corresponding effect
algebras. Furthermore, we also show what kind of unsafe programs each condition excludes.

To show that our framework is expressive enough to capture the essence shared among sound
effect systems in the literature, we provide three instances of our effect system. The instances repre-
sent effect collections by sets and two styles of rows—called simple rows [Hillerstrom and Lindley
2016] and scoped rows [Leijen 2017]. We define effect algebras for these three instances and prove

2The name “effect algebra” has been used to specify algebraic structures found in quantum mechanics [Foulis and Bennett
1994], but we decided to use this name because the present work is far from quantum mechanics.
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their safety, which means that all the instances satisfy type-and-effect safety. We also show that
these instances indeed model the existing effect systems [Hillerstrom and Lindley 2016; Leijen
2017; Pretnar 2015].

Once it turns out that all the instances satisfy the desired property, what are differences among
them? How can they be compared? To answer these questions, we make two changes on the
language: introduction of lift coercions [Biernacki et al. 2018, 2019] and employment of a type-
erasure semantics [Biernacki et al. 2019].

Lift coercions are a construct to prevent an operation call from being handled by the closest
effect handler, introduced to avoid accidental handling, that is, unintended handling of operation
calls. To reason about the effect of lift coercions soundly, effect collections should be able to express
how many effect handlers need to be installed on effectful computation. Effect collections repre-
sented by sets or simple rows cannot express it because they collapse multiple occurrences of the
same effect into one. Thus, the instances with them result in being unsound. By contrast, scoped
rows can encode the number of necessary effect handlers due to the ability to duplicate effects. To
enhance the importance of being able to represent the number of necessary effect handlers in the
presence of lift coercions, we propose a new instance where effect collections are represented by
multisets. Because multisets record the multiplicities of the elements they contain, it is expected
that the instance with multisets, as well as that with scoped rows, satisfies type-and-effect safety
even in the presence of lift coercions. We show that it is the case by providing an additional safety
condition for lift coercions, proving that any instance of the effect system enjoys type-and-effect
safety if it meets the new safety condition as well as the original ones, and showing that the effect
algebra for scoped rows and the one for multisets meet both the additional and original safety
conditions.

The second change is to adopt a type-erasure semantics, which differs from the original seman-
tics in the effect comparison in the dynamic search for effect handlers: the original semantics takes
into account what type parameters effects accompany to identify effects, while the type-erasure
semantics does not. This nature of type-erasure semantics makes the instances with sets and multi-
sets unsound because it is in conflict with the nature of sets and multisets that the order of elements
is ignored. The row-based instances can be adapted to the type-erasure semantics by restricting
the commutativity in rows. Even for sets and multisets, we can give type-and-effect safe instances
based on them if we admit restriction on swapping elements.

The contributions of this work are summarized as follows.

e We introduce an abstract effect system for algebraic effect handlers. It abstracts over effect
algebras, which characterize the representation and manipulation of effect collections in the
effect system.

e We define safety conditions that enforce the effect manipulation allowed by effect algebras
to be safe.

e We prove that effect systems instantiated by safe effect algebras are type-and-effect safe.

o We extend the effect system to lift coercions and type-erasure semantics, define an additional
safety condition for each of them, and prove that an instance of each extension is type-and-
effect safe provided that the effect algebra in the instance meets the specified conditions.

o We give four examples of safe effect algebras and their variants for the type-erasure seman-
tics.

The effect system presented in this paper supposes deep effect handlers, but we also have adapted
the system to shallow effect handlers [Kammar et al. 2013]; readers interested in the formulation
for shallow effect handlers are referred to the supplementary material.

The rest of this paper is organized as follows. Section 2 reviews algebraic effect handlers and
the existing effect systems, and overviews our approach. Section 3 introduces our type-and-effect
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language and effect algebras. We also show the instances based on sets and rows as their examples.
Section 4 presents our calculus with the abstract effect system. Section 5 states safety conditions,
explains their necessities, and proves the type-and-effect safety of the calculus under the safe
conditions. Section 6 shows that some existing effect systems can be modeled soundly by the
corresponding instances of our calculus. Section 7 extends our language and the safety conditions
to lift coercions and type-erasure semantics and Section 8 compares the effect algebras given in
the paper. Section 9 describes additional related works and Section 10 concludes this paper with
future works. This paper only states certain key properties. All the auxiliary lemmas, proofs, and
full definition are given in the supplementary material.

2 OVERVIEW

This section reviews algebraic effect handlers and the existing effect systems for them, and provides
an overview of our approach to abstracting the effect systems.

2.1 Review: Algebraic Effects and Handlers

Algebraic effect handlers are a means to implement user-defined effects in a modular way. The
interface of effects consists of operations, and their behavior is specified by effect handlers.

For example, consider the following program that uses effect Choice (this paper uses ML-like
syntax to describe programs):

effect Choice :: {decide : Unit = Bool}
handlechgice
let x = if decide () then 20 else 10 in let y = if decide () then 5 else 0 in x — y

with { return z — z} W {decide z k +> max (ktrue, k false)}

The first line declares effect label Choice with only one operation decide. As indicated by its type,
decide takes the unit value and returns a Boolean. The program invokes the operation in the third
line, determines numbers x and y depending on the results, and returns x — y finally. To install an
effect handler, we use the handling construct handle-with.

In general, an expression handle; e with h means that an expression e is executed under effect
handler h, which interprets the operations of effect label [ invoked by e; we call e a handled ex-
pression. An effect handler consists of one return clause and possibly several operation clauses. A
return clause { return x — e, }, which corresponds to { return z — z} in the example, is executed
when a handled expression evaluates to a value, which the body e, references by x. An opera-
tion clause takes the form {op x k — e}, which determines the implementation of operation op.
When an operation op is called with an argument v under an effect handler with operation clause
{op x k — e}, the reduction proceeds as follows. First, the remaining computation from the point
of the operation call up to the handle-with construct installing the effect handler is captured; such
a computation is called a delimited continuation. Then, the body e of the corresponding operation
clause is executed by passing the argument v as x and the delimited continuation as k.

In the example, the delimited continuation for the first call to decide is

handleChoice
let x = if O then 20 else 10 inlet y = if decide () then 5 else 0 in x — y

with { return z — z} W {decide z k +> max (ktrue, k false)},

where O denotes a hole. The functional form v; of this delimited continuation is bound to variable k
in the operation clause of decide, and the program evaluates to max (v; true, v; false). The function
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application v; true fills the hole of the delimited continuation with argument true. Thus, it reduces
handlechoice

let x = if ' true then 20 else 10inlet y = if decide () then5else Oinx — y

with { return z — z} W {decide z k +> max (ktrue, k false)},

where true comes from the argument. Then, it substitutes 20 for x, and then calls decide again.
The operation clause invokes the delimited continuation v, captured by the second call with argu-
ments true and false. The applications v, true and v, false choose 5 and 0 as y and return the results
of 20 — 5 and 20 — 0 (that is, 15 and 20), respectively. Then, the operation clause return max (15, 20)
as the result of v true. Similarly, the function application v, false results in max (5, 10). Thus, the
entire program evaluates to max (max (15,20),max (5,10)) and then to 20 finally.

While the operation clause in the above example uses captured continuations, effect handlers
can also discard them. Using this ability, we can implement exception handling, as the following
program that divides x by y if y is nonzero:

effect Exc = {raise : Unit = Empty}
let g = Ax : Int.Ay : Int. handleg,. (if y = 0 then raise () else x/y)
with { return z — int_to_stringz} W {raise pk > "divided by 0" }

In this example, Exc is an effect label consisting of one operation raise with type Unit = Empty.
Here, Empty is a type having no inhabitant, and we assume that an expression of this type can
be regarded as that of any type. The return clause of the effect handler means that, when the
handled expression evaluates to an integer, the handling construct returns its string version. Be-
cause the operation clause for raise discards the continuations, the handling construct returns the
string "divided by @" immediately once raise is called. Therefore, the operation call and effect
handling in this example correspond to excepting raising and handling, respectively.

2.2 Effect Systems for Algebraic Effects and Handlers

This section briefly explains a role of effect systems for algebraic effect handlers and summarizes
the existing systems.

2.2.1 A Role of Effect Systems. A property ensured by many effect systems in the literature is
effect safety, which means that there is no unhandled operation. A simple example that breaks
effect safety is op v, which just invokes operation op. Because no effect handler for op is given—
thus, there is no way to interpret it—the program gets stuck. However, even if an operation call is
enclosed by handling constructs, effect safety can be broken. For example, consider the following
program:

effect Exc = {raise : Unit = Empty}

effect State :: {set : Int = Unit, get : Unit = Int}

let g = Ax : Int. handleg,. (if x = 0 then raise () else (let y = get () /x in set y; y))
with { return z — int_to_stringz} W {raise pk + "divided by 0" }

g422

The effect label State is for mutable state, providing two operations set and get to update and get
the current values in the state. The function g divides the current value of the state (returned by
get) by x, sets the result to the state, and returns it if x is nonzero. All the operation calls in the
application g42 2 at the last line are performed under the effect handler, but the call to get is not
handled. Hence, this example is not effect safe.
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In general, the effect systems enjoying effect safety need to track which effect each expression
may invoke and which effect an effect handler targets. However, there are choices to represent
the effects caused by expressions. Thus far, mainly two styles of formalization of effect systems
have been studied: one is based on sets [Bauer and Pretnar 2013; Forster et al. 2017; Kammar et al.
2013; Kammar and Pretnar 2017; Saleh et al. 2018; Sekiyama et al. 2020], and the other is based on
rows [Biernacki et al. 2019; Hillerstrom and Lindley 2016; Leijen 2017; Xie et al. 2022].

2.2.2 Set-Based Effect Systems. Set-based effect systems assign to an expression a set of effect
labels that the expression may invoke. For example, they assign to an operation call a set that in-
cludes the effect label of the called operation. This is formalized as follows, where typing judgment
I+ e: A| s means that expression e is of type A under typing context I' and may invoke effects
in set s:

Operation op : A = Bbelongstoeffect! Trv:A|{}
T'ropv:B|{l}

Subeffecting, which is supported to unify the effects of multiple expressions (such as branches in
conditional expressions), is implemented by allowing the expansion of sets:

T'rte:A|s scCs
Tre:A|s

In the presence of algebraic effect handlers, sets not only expand but also may shrink. Such ma-
nipulation is performed in handling constructs:

Tre:Als {us' =s
I + handle; ewith h: B | s’

where the omitted premise states that A is a handler for effect /, translating a computation of type
A to type B. This inference rule is matched with the behavior of the handling constructs because
they can make handled effects [ “unobservable” The set-based effect systems defined in such a way
can soundly overapproximate the observable effects of programs and guarantee the effect safety
of expressions to which the empty set can be assigned.

For instance, consider the example in Section 2.2.1. A set-based effect system would assign the
set {Exc, State} to the handled expression if x = 0thenraise () else (let y = get ()/xinset y; y)
because it calls operation raise of Exc or get and set of State. Because this expression is only
placed under the effect handler for Exc, the entire program g42 2 could have set {State}. As this
set indicates that effect State may not be handled—and it is not actually—the effect system would
conclude that the program may not be effect safe. If the program were wrapped by a handling
construct with an effect handler for State, the empty set could be assigned to it; then, we could
conclude that the program is effect safe.

2.2.3 Row-Based Effect Systems. Rows express collections of effect labels in a more structured
way. In a monomorphic setting, they are just sequences of effect labels, as (l,..., I,), which is
the row consisting only of labels I, . .., [,. Rows are identified up to the reordering of labels. For
example, (I, L) equals (L, ).}
Rows are often adapted in languages with effect polymorphism [Biernacki et al. 2019; Hillerstréom and Lindl
2016; Leijen 2017]. In such languages, rows are allowed to end with effect variables p, such as
(l, ..., Iy p), which means that an expression may invoke effects I, ..., I, as well as those in an

3The label reordering might need to be restricted if effect labels are parameterized over, e.g., types, as discussed in Section 7.2.
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instance of effect variable p. This extension enables abstraction over rows by universally quantify-
ing effect variables. For example, consider function filtered_set, which, given an integer list and a
function f from integers to Booleans, filters out the elements of the list using function f and then
calls operation set of effect State on the remaining elements. Assume that the type of functions
from type A to type B with effects in row r is described as A —, B. Then, filtered_set can be given
type Vp.(Int List X (Int —, Bool)) — (statepy Unit. By instantiating p with ([, ..., [;), this type
can express that, when passed a function f that may cause effects Iy, - - - , I,, filtered_set may also
cause them via the application of f.

Inference rules of the row-based effect systems are similar to those of set-based ones, except that
subeffecting allows enlarging rows only when they do not end with effect variables (such rows are
called closed, while rows ending with effect variables are open [Hillerstrom and Lindley 2016]):

Tre:A|(L,....L)
Tre:A| ... Lyr)

Rows shrink in handling constructs where handled effects are removed:
Tre:Al|r (Lr'y=r
T + handle; ewith h: B| r’

Similar to set-based ones, the row-based effect systems also ensure the effect safety of expressions
to which the empty row () can be assigned. The reasoning about the example in Section 2.2.1 can
be done similarly to the case with simple rows.

These are the common core of the row-based effect systems, but they can be further classified
into two groups depending on the formalism of rows. One is simple rows [Hillerstrom and Lindley
2016], where each label can appear at most once in one row. In this formalism, any /; in row
(L, ..., I;) must be different from [; for any j # i. The other is scoped rows [Leijen 2017], where
the same label can appear in one row multiple times. Therefore, given a scoped row (l,..., ),
any /; is allowed to be equivalent to some /;, unlike simple rows.

2.3 Our Work: Abstracting Effect Systems

All effect systems based on sets, simple rows, or scoped rows exploit the structures of the respective
representations to augment and shrink the information about effects. However, it is not clear which
part of these structures essentially contributes to type-and-effect safety. To reveal it, we provide
an abstract model of effect collections and their manipulation and give an effect system relying
only on the abstract model. We also state sufficient conditions on the abstract model to guarantee
the safety of our effect system. With the effect system depending only on the abstract nature of
effect collections, we reveal the essence of safe effect systems for algebraic effect handlers.

We abstract the effect collections and manipulation in the effect systems for algebraic effect
handlers by an effect algebra, which consists of an equivalence relation ~ and a partial binary
operation ®, which mean the equivalence over effects and effect concatenation, respectively (these
notations come from Morris and McKinna [2019]). For example, €1 ® €, ~ €3 intends to state that
the concatenation of effects ¢ and ¢; is equal to 3. Our effect system is parameterized by effect
algebras and manipulate effect collections only through the operation © of a given effect algebra;
hence, it does not suppose any concrete effect manipulation.

To abstract over the representations of effect collections, our effect system assumes two effect
constructors. One is 0, which represents the empty collection and corresponds to the empty set
and row in the set- and row-based effect systems, respectively. The other constructor is (I)T, which
constructs the effect collection composed only of effect label I.
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With these abstractions, the inference rules that manipulate effect collections—i.e., those for
operation calls, subeffecting, and handling constructs—are given as follows:

Operation op : A = Bbelongstoeffect! TFv:A|O0
T'+op v:B| ()T
Tre:Ale £EQg ~ ¢ F'te:Ale (Do ~e
Tre:A|¢ T + handle; ewith h: B| &

The rule for operation call op v simply injects the corresponding effect label into the effect
collection. The subsumption rule with subeffecting means that the effect ¢ of an expression can
be expanded to ¢’ by appending some effects &. The rule for handling constructs means that, if a
handled expression may invoke effects in ¢, only the remaining ¢’ of excluding the handled effect
[ from ¢ is observable from the outer context.

It is noteworthy that the above usage of effect algebras pays attention to the order of effects
appearing in effect collections. Specifically, the subsumption rule only allows appending extra
effects ¢y and does not allow prepending them, and the rule for handling constructs removes only
the handled effect label that occurs first in €. This mirrors the nature of the effect handling that an
operation call is handled by the effect handler closest to the call. The importance of considering the
order of effects is confirmed in, e.g., adopting a type-erasure semantics: as discussed in Section 7.2,
our effect system becomes unsound under the type-erasure semantics if a given effect algebra is
equipped with commutative ©, which makes the effect system insensitive to the order of effects.

While effect algebras are expressive enough to represent the manipulation of effect collections,
some effect algebras make the effect system unsafe. For example, consider an effect algebra where
()T © £ ~ 0 holds. Given an operation op of the effect label /, the subsumption rule allows coercing
the effect (I)T of an operation call op v to 0. It means that the effect system can state that op v
invokes no unhandled operation, so the effect system with such an effect algebra is unsafe.

To prevent the use of such effect algebras, we establish conditions on effect algebras; we call
them safety conditions and also call effect algebras meeting them safe. We prove that, given a safe
effect algebra, our effect system satisfies type and effect safety. We also demonstrate the express-
ibility of our framework by providing effect algebras for sets, simple rows, and scoped rows from
the literature, as well as one for multisets, which are a new representation of effect collections.

3 ABSTRACTING EFFECTS

This section introduces the core notions of our effect system: effect algebras, an abstract model
of effect collections and their manipulations. Because we aim at a formal effect system, we need
to decide the syntactic representation of effect collections manipulated by the effect system. How-
ever, relying on specific representations prevents accommodating a variety of effect systems in the
literature. To address this problem, we parameterize our effect system over the representations of
effect collections and assume that the interface of their constructs is given by an effect signature.

Throughout this paper, we use the notation !’ for a finite sequence a, ..., a, with an index
set I = {0,...,n}, where « is any metavariable. We also write {a!} for the set consisting of the
elements of ! Index sets are designated by I, J, and N. We omit index sets and write & simply
when they are not important (e.g., all the sequences of interest have the same length).

3.1 Syntax

We start by defining label and effect signatures, which specify available label names (the names of
effects) and effect collection constructors as well as their kinds, respectively. We then introduce
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f.g % y,2z,p k (variables) a, By, 1,1, p (typelike variables) op (operation names)
I € dom(Z1ap) (label names) F € dom(Z.q) (effect constructors) C € dom(Zjap) U dom(Zeg)

K := Typ | Lab | Eff (kinds) S,T == A|L|e (typelikes)
ABC 1= 1| A—,B|VYa:KA* (types) L= 1|18 (labels)

e = plFS (effects) 2= 0|5 1:Va!':Kl.o (effect contexts)

o= {}|ow{op:Vp’: KI.A= B} (operation signatures)

= 0|T,x:A|T,a:K (typing contexts)

Fig. 1. Typelike syntax over an label signature X1, and an effect signature Zog.

the syntax of types, effect labels, and effect collections using a given label and effect signature.
Kinds, ranged by K, are Typ for types, Lab for effect labels, or Eff for effect collections.

Definition 3.1 (Signatures). Given a set S of label names, a label signature X1,y is a functional
relation whose domain dom(Zap) is S. The codomain of 31,1, is the set of functional kinds of the form
Iie/K; — Lab for some I and K!<! (if I = 0, it means Lab simply). Similarly, given a set S of effect
constructors, an effect signature Y. is a functional relation whose domain dom(Z.g) is S and its
codomain is the set of functional kinds of the form I1;c;K; — Eff for some I and KiiEI. A signature X is
the disjoint union of a label signature and an effect signature. We write 1K' — K, and more simply,
IIK — K as an abbreviation forIl;c;K; — K.

We write C : IIK — K to denote the pair (C,IIK — K) for label name or effect constructor C.

Example 3.2 (Label Signatures of Exc and State). The label signature for label names Exc and
State used in Section 2.2.1 are given as {Exc : Lab, State : Lab}. The label State in Section 2.2.1
assumes the values of state to be integers, but, if one wants to parameterize label State over the
types of the state values, the signature of State changes to State : Typ — Lab. This signature
indicates that State can take a type argument A that represents the type of the state values. We
call parameterized label names, as State of kind Typ — Lab, parametric effects, which facilitate
the reuse of program components as explained later.

The following is an effect signature for effect sets, effect collections implemented by sets.

Example 3.3 (Effect Signature of Effect Sets). The effect signature Zi? of effect sets consists of the
pairs {} : Eff (for the empty set), {—} : Lab — Eff (for singleton sets), and —U — : Eff X Eff — Eff
(for set unions).?

Given a signature X = X, W Zeg, the syntax of types, ranged over by A, B, and C, effect labels
(or labels for short), ranged over by L, and effect collections (or effects for short), ranged over by
¢, is defined as in Figure 1. This work allows three kinds of polymorphism, that is, type, label, and
effect polymorphism. To simplify their presentation, we introduce a syntactic category that unifies
types, labels, and effects; we call its entities typelikes [Biernacki et al. 2019], which are ranged over
by S and T. Typelikes are classified into types, labels, and effects using the kind system presented
in Section 3.2. We use , 1, and p to designate type, label, and effect variables (i.e., typelike variables
with kind Typ, Eff, and Lab), respectively, and «, 8, and y in a general context.

Types consist of: type variables; function types A —, B, which represent functions from type
A to B with effect ¢; and polymorphic types Vo : K.A?, which represent (suspended) computation

4We use ‘= for unnamed arguments. Multiple occurrences of = are distinguished from each other; the i-th occurrence from
the left represents the i-th argument.
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Kinding |T'+S:K IF'rS':K'| < Viel(TrS;:K)

+tT a:KeTl +tI C:IIK—>KyeX T'+S:K
—— K Var K_Cons
Tta:K F'rCS: Ky
I'rA:Typ Tre:Eff T+ B:Typ la:K+A:Typ T,a:Kre:Eff
K _Fun K PorLy
I'trA—,.B:Typ '+ Va:KA®: Typ

Fig. 2. Kinding rules.

with effect ¢ abstracting over typelikes of kind K. We omit base types such as Int for simplification,
but assume them and some operations on them (such as + for integers) in giving examples.

A label is a label variable or a label name, ranged over by [, possibly with type arguments. For
example, consider State : Typ — Lab given in Example 3.2. A label State A represents mutable
state possessing the values of the type A. We can implement State A using a state-passing effect
handler, which abstracts over type arguments A [Leijen 2017]. Thus, the effect handler can be
reused for different type arguments.

Effects are composed of effect variables and effect constructors, ranged over by ¥, given by Zg.
As label names, effect constructors can take typelikes as arguments. For example, effect set {Exc}
is represented by ¥ Exc where ¥ is the constructor {—} for singleton sets.

Effect contexts, ranged over by E, are finite sequences of declarations of effect label names.
Each label name [ is associated with a type scheme of the form Yo : K.o, where ¢ is an opera-
tion signature parameterized over typelike variables & of kinds K. In general, the functional kind
IIK’ — Lab of [ in 3}, needs to be consistent with the kind of the type scheme, that is, K’ = K;
we will formalize this requirement in Section 5.2. An operation signature is a set of pairs of an op-
eration name op and its type Vf : K.A = B. Here, A and B are the argument and return types of
the operation, respectively, and they are parameterized over f of kinds K. Namely, not only effect
labels but also operations can be parametric. For example, the effect context for nonparametric
effect labels Exc and State in Section 2.1 is given as

Exc :: {raise : Unit = Empty}, State = {set : Int = Unit, get : Unit = Int}.

If one wants to parameterize label State over the types of the state values, and operation raise of
label Exc over return types (because it returns no value actually), the effect context can change to

Exc :: {raise : Yo : Typ.Unit = a}, State : Var : Typ.{set : @ = Unit, get : Unit = a} .

A difference between parametric effects and operations is that, while effect handlers for parametric
effects can be typechecked depending on given type arguments, ones for parametric operations
must abstract over type arguments. See Sekiyama and Igarashi [2019] for detail.

Typing contexts, ranged over by T', are finite sequences of bindings of the form x: Aor « : K.

3.2 Kind System

We show our kind system in Figure 2. We omit the rules for well-formedness of typing contexts
because they are defined as usual [Kawamata et al. 2024; Sekiyama et al. 2020]. The rules other
than K_Cons are standard or straightforward. When signature ¥ assigns IIK — K, to label name
or effect constructor C, and typelike arguments S are of the kinds K, respectively, the rule K_Cons
assigns kind Kj to the typelike C S.
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3.3 Effect Algebras

Now, we define effect algebras. In short, an effect algebra provides an effect signature X, a partial
monoid on effects defined over X g, and a function (—)T that injects labels to effects, but more
formally, it also requires that each involved operation preserve well-formedness and kind-aware
typelike substitution make a homomorphism. In what follows, we denote the sets of types, effect
labels, and effect collections over a signature 3 by Typ(Z), Lab(X), and Eff(2), respectively (we
refer to the set of entities at kind K by K(X)).

Definition 3.4 (Well-Formedness-Preserving Functions). Given a signature 3, a (possibly partial)
function f € K;(2)!€{1--1} — K(3) preserves well-formedness if

VI, St .., SuTES t Ky A AT FSy: Ky A f(St,...,Sn) €K(Z) = TF f(S1,...,S8) : K.
Similarly, f € K(X) preserves well-formedness if T' + f : K for anyT.

In what follows, we write & +— T + S : K; for a quadruple (a, T, S, Ky) such that 30, K, I;. (VS €
ST,a:KIxFSy: Ko) ATh + T : K; it means that typelikes S are well formed at kind K; and
substituting typelike T for typelike variable & in S preserves their well-formedness.

Definition 3.5 (Effect algebras). Given a label signature 1y, an effect algebra is a quintuple (S, ©,0, (=), ~
) satisfying the following, where we let 3 = S W S
e O € Eff(Z) x Eff(2) — Eff(X), 0 € Eff(Z), and (-)T € Lab(%) — Eff(2) preserve well-
formedness. Furthermore, ~ is an equivalence relation on Eff (X) and preserves well-formedness,
that is, Vey, e5.61 ~ 62 = (VI.T + & : Eff & T+ ¢, : Eff).
o (Eff(2),®, 0) is a partial monoid under ~, that is, the following holds:
- Ve e Eff(2).c00~ecA00¢~ ¢ and
- V£1,£2,£3 (S EH(Z)
(6106)065 e Ef(Z) Ve 0(e2063) €EEI(Z) = (610 8) 063 ~ 610(80 ¢3).
e Typelike substitution respecting well-formedness is a homomorphism for ®, (—)', and ~, that
is, the following holds:
- Va,S,e1,65.a > Ste, e Ef Aei O € Ef(Z) = (610 8)[S/a] = &[S/a] ©&[S/al;
-Va,S,L.a SrL:Lab = (L)'[S/a] = (L[S/a])T; and
- Va,S,e1,62.a > Ste, 60 :Eff Aep ~ e = [S/a] ~ ¢[S/a].

For example, an effect algebra for effect sets can be given as follows.

Example 3.6 (Effect Sets). An effect algebra EAg, for effect sets is a tuple (Zzet, —U—{}hL{-} ~set
Y where ~g; is the least equivalence relation satisfying the following rules:

eU{} ~set € e1Uer ~set 82U 1 eUE ~ser €

€1 ~Set €2 €3 ~Set &4

(e1Ue2) Ues ~set 1Y (e2U 3) e1Ues ~set 206
These rules reflect that the union operator in sets has the identity element {} and satisfies commu-
tativity, idempotence, associativity, and compatibility.
We also show an instance for simple rows and scoped rows.
Example 3.7 (Simple Rows). The effect signature ZE;}W for simple rows is the set of () : Eff and
(= | =) : LabX Eff — Eff. An effect algebra EAgimpr for them is (ZR¥, @gimpr, (), (= | )}, ~simpr)

eff °
where

e (@G Tl ey (e =L | e (L | ON)
£1 OsimpR €2 = {el (if ey = (Ly | (- (Ln | p))) and &, = ))
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== v|vwv|vS|letx=e ine, | handle;¢ ewithh (expressions)
x|fun(f,x,e) | Aa: K.e|op;g 17 (values)

:= {returnx s e} | hw {op B’ : K7 pk — e} (handlers)
= 0O|letx=Eine | handle;g Ewith h (evaluation contexts)

o> < o
I

Fig. 3. Program syntax of Apa.

and ~simpr is the least equivalence relation satisfying the following.

€1 ~SimpR €2 Ly # Ly
(L|er) ~simpr (L] e2) (L1 | (L2 |€)) ~simpr (L2 | (L1 ] &)) (L] &) ~simpr (L|{L]é€))

Note that the definition of £; Osimpr €2 depends on whether effect £; ends with an effect variable.
If it does, &, must be empty because simple rows ending with effect variables cannot be extended.
Otherwise, £1 Osimpr €2 simply concatenates ¢; and &s.

The first rule of ~gimpr means that the results of adding the same label to equivalent effects are
also equivalent. The remaining two rules allow reordering different labels and collapsing multiple
occurrences of the same label into one, respectively. The collapsing of multiple occurrences reflects
the characteristic of simple rows that the same label appears at most once in a row because it means
that two or more occurrences of a label cannot be distinguished from one occurrence of it.

Example 3.8 (Scoped Rows). An effect algebra EAspr for scoped rows is defined in a way similar
to that for simple rows. The only difference is in the definition of equivalence ~scpr. The equiv-
alence ~scpr for scoped rows is defined as the least equivalence relation satisfying the following
rules:
€1 ~ScpR €2 Ly # Ly
(L|é&1) ~sepr (L] &)  (Li|{La|e)) ~sepr (L2 | (L1 | &))

Unlike simple rows, scoped rows are distinguished if they have different numbers of occurrences
of some label.

4 Aga: A CALCULUS WITH ABSTRACT EFFECT SYSTEM

This section shows the syntax, semantics, and type-and-effect system of our language Aga. It
is similar to the call-by-value polymorphic A-calculi with algebraic effect handlers in the litera-
ture [Biernacki et al. 2018; Leijen 2017; Sekiyama et al. 2020] except that it is parameterized over
effect algebras. Throughout this and the next sections, we fix a label signature X1,p, effect algebra
Cefr, ©, 0, (—)T, ~) over X, and effect context =, which are given as parameters.

4.1 Syntax

We show the program syntax of Aga in Figure 3.

Expressions, ranged over e, are composed of: values; function applications v; v; typelike appli-
cations v S; let-bindings let x = e; in e;; and handling expressions handle; g e with h. Values are:
variables x; recursive functions fun (f, x, e); typelike abstractions Aa : K.e; or operations op; g 17,
An operation op; ¢ T7 accompanies two typelike sequences S and T7, which are parameters of
effect label [ and operation op, respectively. We write Ax.e for fun (f, x, e) when variable f does
not occur free in expression e.

An effect handler for label name [ possesses one return clause and clauses for the operations of
I. For a return clause { return x — e}, the body e is executed once a handled expression evaluates
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Freeness of labels | n—free(L, E)

n—free(L, E) n—free(L,E) L#L
0—free(L,O) n—free(L,letx = Ein e) n—free(L, handle;s E with h)

Reduction |e+— ¢

R_App R_TAprr
fun (f, x, e) v+ e[fun (f, x, e) /f][v/x] (Aa: K.e) S +— e[S/a]
returnx +— e, € h
. R_HANDLE1
letx = vine — e[v/x] handle; ¢ vwith h — e.[v/x]
opBl: K pk—eeh ven = Azhandle, g E[z] with h 0—free(1S!, E)
R_HANDLE2

handle, ¢ E[op, g T? v] with h +—> e[T7/B71[v/p] [Veont/ K]

Evaluation |[e— ¢

€1 €

— E EvalL
Ele;] — Ele]

Fig. 4. Operational semantics of Aga.

to a value v; x is used to refer to the value v. For an operation clause {op f : Kpk > e}, the
body e is executed once a handled expression calls operation op. Typelike variables f, variable p,
and variable k are replaced by typelike parameters attached to the operation call, the argument of
the call, and the delimited continuation from the call up to the handling expression installing the
effect handler, respectively.

Evaluation contexts, ranged over by E, are defined in a standard manner. They may wrap a hole
O by let-constructs and handling constructs.

4.2 Operational Semantics

The operational semantics of Aga is defined in Figure 4. Following Biernacki et al. [2018], it uses
the notion of freeness, which helps define the operational semantics of lift coercions in Section 7.1.
Figure 4 defines 0-freeness of labels [Biernacki et al. 2018]. The judgment 0—free(L, E), which is
read as “an label L is 0-free in an evaluation context E,” means that any operation of L called under
E is not handled. The operational semantics of A4 uses this notion to ensure that every call to an
operation of effect label L is handled by the innermost L’s effect handler enclosing the operation
call. We generalize 0-freeness to n-freeness for an arbitrary natural number n in introducing lift
coercions (see Section 7.1 for detail).

We show the operational semantics of Aga in Figure 4. The semantics comprises two binary
relations: the reduction relation — and the evaluation relation —. The reduction relation defines
the basic computation; in contrast, the evaluation relation gives a way of reducing subexpressions.

The reduction relation is defined by five rules. Function applications, typelike applications, let-
bindings are reduced as usual. The remaining are the standard rules to reduce handling expres-
sions. Consider an expression handle, g e with h. If the handled expression e is a value v, the rule
R_HanDLE1 reduces the handling expression to the body e, of the return clause { return x — e,}
of h by substituting v for x in e,. The other rule R_HANDLE2 is used when e calls an operation op
of label name [, that is, e takes the form E[op, ¢ TJ v] for some E, T7, and v (it is guaranteed by

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2023.



1:14 Takuma Yoshioka, Taro Sekiyama, and Atsushi Igarashi

the type-and-effect system that the typelike arguments to [ in the operation call are S7). The reduc-
tion rule R_HANDLE2 assumes 0—free(l st E), which ensures that h is the effect handler closest to
the operation call among the ones for [S!. After substituting the argument typelikes T7, the argu-
ment value v, and the captured delimited continuation v, (Which installs the effect handler h on
the captured evaluation context E because effect handlers in Aga are deep) for the corresponding
variables of op’s operation clause in h, the evaluation proceeds to reducing the clause’s body.

The evaluation relation only has one rule E_Evar. It means that the evaluation of an entire
program proceeds by decomposing it into a redex e and an evaluation context E, reducing e to an
expression €', and then filling the hole of E with the reduction result ¢’.

4.3 Type-and-Effect System

We show the type-and-effect system of Aga in Figure 5. Typing judgments are of the form T + e :
A | ¢, meaning that an expression e is typed at A under a typing context I' and the evaluation of
e may cause effect . The rules for variables, function abstractions, function applications, typelike
abstractions, typelike applications, and let-bindings are standard.

The rule T_Sus allows subsumption by subtyping. We show the subtyping relationI" + A <: B
forvaluesand theoneT + A | &1 <: B | &, for computations at the bottom of Figure 5. The subtyping
rules are standard except for the subeffecting ' + ¢; © ¢, which is used in the rule ST_Cowmp for
the second subtyping relation. The subeffecting is defined via the given effect algebra:

T'Fe Qe d§f3€.€1®£~€2/\(V£’ € {e, e0,6}.T + & Eff).

The rule T_Op typecheckes operation op; ¢ T7 if op belongs to effect label 1, and if the kinds of
typelike arguments S’ and T7 are matched with those of parameters of [ in the effect context E.
The operation is given a function type determined by the argument and return type of op in = and
typelike arguments S’ and T7. Because every call to the operation only invokes effect label [ ', the
latent effect of the function type is given by injecting [ S' via (=).

The rule T_HANDLING is for handling expressions. Assume that a handled expression e is of
type A and has effect ¢’. If it is handled by an effect handler for effect label IS, the operations of
1S" become unobservable from the outer context. Thus, the effect ¢ of the handling expression is
the result of removing label IS from effect ¢’. This “label-removing manipulation” is represented
asT + (IS)T @ ¢ ~ ¢. Therefore, the result ¢ of the label-removing manipulation depends on the
given effect algebra. For example, if the effect algebra EAsimpr for simple rows is given, the result
of removing the label Exc from the effect (Exc | (Exc | {Choice | {)))) can be (Choice | ()) because
(Exc | {)) Osimpr{(Choice | ()} ~simpr {Exc | (Exc | {Choice | ()))) holds (recall that simple rows
can collapse multiple occurrences of the same label into one). On the contrary, the removing result
in the algebra EAspr for scoped rows can be (Exc | (Choice | ())) but cannot be (Choice | (}).

The type B of the handling expression is determined by handler A: typing judgments for han-
dlers take the form I' +, h : A =° B, which means that handler h transforms computation of
type A involving an effect label with operation signature o to that of type B with effect ¢. The
rules H_RETURN and H_OP are for return and operation clauses and reflect the reduction rules
R_HanDLE1 and R_HANDLEZ, respectively. Note that the return type of a continuation variable k
equals the type B of the handling expression as the effect handlers in Ag are deep [Kammar et al.
2013].
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T x:Ae€eTl ILf:A—>.Bx:Avre:Ble
—_———— 1_ T_ABs
F'rx:A|0 I'+fun(f,x,e):A—.B|0
F'rvi:A—>.B|0 Trw:A|O la:Kre:Ale
T _Aprp T TABs
F'tvyw:Ble I'trAa:Ke:Ya: KA |0
F'rv:Va: KA |0 T+S:K F'te:Ale T,x:Avre:Ble
“TArp T LT
IF'+vS:A[S/a] | [S/a] IF'tletx=¢eine : B| ¢
Tre:Ale TrHA|e<:A'|¢
T Sus
Tre:A|¢

I:Va':KloeZ op:Vp : K7V A= Beo[S/a]
T TrS K TrT7: K7
T+ op;g T7 : (A[T7/B7]) — 151yt (BIT'/B']) | 0
Tre:A|¢ l:Va':Kloeg TrSs:K
I"_O'[SI/(XIJh:A:EB (lSI)TQE"’S/
I' + handle; g ewith h: B | ¢

T _HANDLING

Handler Typing ‘ I'ts h: AF B‘

ILx:Avte :B|e¢

Fry {returnx — ¢} : A=°B

H_RETURN
c=0 W{op:Vpl: KA = B}
Tt h:AfB  T,p7:K),p:Ak:B —.Bre:Ble¢
Tty hw {opp’ : K/ pko e} : A B

Subtyping |[I'+ A <:B ‘FI—A|€1<:B|€2‘

H Opr

FI—ATyp T'rA <: A F'—Bl|81<132|82
— ST REFL ST Fun
I''rA< A 't Ay =, Bi <t Ay =, By
Ia :KFA |6 <Ay | & F'tA; <:B Ttre Qe
ST Pory ST Comp
I'tVa:K.A® <:Va:K.A® IF'rA|e <:B| e

Fig. 5. Type-and-effect system of Aga.

5 SAFETY PROPERTIES

This section shows the safety properties of Aga. The proofs rely on safety conditions, which are
requirements on effect algebras. Under the assumption that a given effect algebra meets the safety
conditions, we prove type-and-effect safety of Aga.
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5.1 Safety Conditions

To prove type-and-effect safety, a given effect algebra must meet safety conditions shown in the
following. We write ¢; © ¢, to state that ¢; © ¢ ~ ¢, for some &.

Definition 5.1 (Safety Conditions).
(1) For any L, (L)1 © 0 does not hold.
@ If()"eeand (') 0 ~eandL # L', then (L)1 © ¢'.

Condition (1) disallows the subeffecting to hide an invoked effect label L as if it were not per-
formed. Condition (2) means that, if an expression invoking a label L is given an effect ¢, and an
effect handler for a different label L’ handles the expression, then the information of L still remains
in the effect ¢’ assigned to the handling expression (that is, it is observable from the outer context).

To understand problems excluded by safety conditions (1) and (2), we consider effect algebras
that violate one of the conditions, and then show unsafe programs being typeable under the alge-
bras.

Example 5.2 (Unsafe Effect Algebras).

Effect algebra violating safety condition (1) Consider an effect algebra such that 0 + ()T ©
0 holds for some I. Clearly, this effect algebra violates safety condition (1). In this case, 0
op; v : A | 0 can be derived for some A (if op; v is well typed) because op; v is given the effect
()7 and the subeffecting @ + (I)T © 0 holds. However, the operation call is not handled.

Effect algebra violating safety condition (2) Consider an effect algebra such that safety con-
dition (1), ()T @ ()7, and ()T ©0 ~ (I)T hold for some [ and I’ such that [ # I. This effect
algebra must violate safety condition (2): if safety condition (2) were met, we would have
(DT © 0, but it is contradictory with safety condition (1).

This effect algebra allows assigning the empty effect 0 to the expression handley op; vwith h
as illustrated by the following typing derivation:

Orop, v:Al(DT 0rA| (DT <Al ()
(HToeo~ )T Orop, v:A| ()
0 + handley op; vwithh: B| 0

SuB

T _HANDLING

However, the operation call in it is not handled.

5.2 Type-and-Effect Safety

This section shows type-and-effect safety. To prove it, we assume that an effect algebra meets the
safety conditions and an effect context is proper, which means that it is consistent with a given
label signature Xj,, and the types of operations in it are well formed.

Definition 5.3 (Proper Effect Contexts). An effect context Z is proper if, foranyl :: V! : Kl.o € 5,
the following holds:

o [:TIK' — Lab € Sjy;

e the type schemes Yoo : Kyl.oy associated with | by E are uniquely determined; and

e foranyop: VB’ : K¢J. A= Beoand Ce {A B}, a' : KL, : Ko7 + C: Typ.

5.2.1 Type Safety. The statement of type safety is as follows. We write —* for the reflexive,
transitive closure of — and e —~ to denote that there is no ¢’ such that e — ¢’.

Lemma 5.4 (Type Safety). IfO+ e: A| e and e —™ ¢ —/>, then one of the following holds:
o ¢’ = v for some value v such that Q) + v: A| ¢ or
o ¢ = E[op;y 17 v] for someE, I, st op, T7, and v such that O—free(lSI,E).
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Table 1. Comparison of the effectful aspects in Aga and the existing works. The mark X means “not sup-
ported,” and “explicit*” in the column “polymorphism” for LiNks indicates that LINKS supports not only
explicit type and effect polymorphism, but also row polymorphism in the style of Rémy [1994] at the effect-
level.

| effect collections | collected effects | effect contexts’ assignment | polymorphism

AEA effect algebras label global explicit

EFF sets operation global X
LiNks simple rows operation local explicit®
Koka scoped rows label global implicit

While the type safety guarantees that the result of a program, if any, has the same type as the
program, it does not ensure that all operations are handled even if the effect 0, which denotes that
no unhandled operation remains, is assigned to the program: as shown shortly, the latter property
is guaranteed by effect safety.

Type safety is proven via progress and preservation as usual [Wright and Felleisen 1994].

Lemma 5.5 (Progress). If 0 e : A | ¢, then one of the following holds: e is a value; e — €’ for
some €’; or e = E[op, g TJ v] for someE, I, st op, T7, and v such that O—free(lSI,E).

Lemma 5.6 (Preservation). I[fO0+e: A|eande— ¢, thenOF e : Al e
5.2.2  Effect Safety. Effect safety is stated as follows.

Lemma 5.7 (Effect Safety). IfT + e: A | 0, then there exist no E, I, s, op, T7, and v such that both
e=E[op; g T7 v] and 0—free(1S', E) hold.

This lemma means, if an expression is assigned to 0, no unhandled operation call remains there.

5.2.3 Type-and-Effect Safety. We obtain type-and-effect safety—terminating programs with effect
0 always evaluates to values—as a corollary from type safety and effect safety.

Theorem 5.8 (Type-and-Effect Safety). IfO0+ e: A| 0 ande —" ¢ —, then ¢ = v for some v.

5.2.4 The Safety of Instances. The three effect algebras EAs;, EAsimpr, and EAscpr presented thus
far meet the safety conditions as stated below, which derives that the effect systems with these
algebras enjoy the type-and-effect safety just as corollaries of Theorem 5.8.

Theorem 5.9. The effect algebras EAset, EAsimpr, and EAscpr meet safety conditions (1) and (2).

6 FORMAL RELATIONSHIPS BETWEEN Aga AND THE EXISTING SYSTEMS

This section shows that Apa soundly models the key aspects of the existing effect systems. As
targets, we select the effect systems of Pretnar [2015], Hillerstrom et al. [2017], and Leijen [2017],
which employ sets, simple rows, and scoped rows, respectively, to represent effect collections. We
call them EFr, LINks, and Koka because they model the core part of the programming languages
Eff [Bauer and Pretnar 2021], Links [Lindley et al. 2023], and Koka [Leijen 2024], respectively.®

6.1 Differences between Aps and The Selected Systems

We aim to establish the formal connection between each of the existing systems and Ag4, but there
exist some gaps between them. First, the existing systems adopt their own syntax not only for

SThe core effect system of Links was first presented by Hillerstrém and Lindley [2016], but it seems to have a minor flaw in
the typing of sequential composition. We thus refer to Hillerstrom et al. [2017] where the flaw is fixed.

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2023.



1:18 Takuma Yoshioka, Taro Sekiyama, and Atsushi Igarashi

effects but also for types and programs, which hinders the formal comparison. To address this
problem, we define a syntactic translation Tg from each & of the selected systems to the instance
of Aga with the corresponding effect algebra. For example, operation calls in ErF take the form
op(v, y.c), carrying continuations y.c. The translator Tgg converts it to the expression lety =
op; Tere(v) in Tgee(c) in Aga using some appropriate label [. Readers interested in the complete
definitions of the translations are referred to the supplementary material.

The remaining gaps between Ags and the existing systems are summarized in Table 1. Because
addressing the gaps other than the representation of effect collections is beyond the scope of the
present work, we impose certain assumptions on the existing systems for the comparison. In what
follows, we detail the gaps and how we address them.

Collected effects. In Aga, effect collections gather effect labels, which are sets of operations of
some specific effects. For example, the effect for state can be expressed by a label State equipped
with operations get and set for getting and updating, respectively, the current state. In this style,
which we call label-based, an operation call is given an effect collection including the effect label
to which the called operation belongs, and a handler is required to handle all the operations of
a specified label. Aga and Koka employ the label-based style. By contrast, EFF and LiNks adopt
the operation-based style, where effect collections gather operations. In this style, an operation
call is given an effect collection including the called operation (not labels), and effect handlers can
implement any operation freely. To address this difference, when translating Err and LINKS in the
operation-based style to Aga in the label-based style, we assume that some labels are given and any
effect collection appearing in EFF and LINKs can be decomposed into a subset of the given labels.

Effect contexts’ assignment. Our language Aga supposes that an effect context E is fixed during
typechecking one program. We call this assignment of = global. EFF and Koka employ the same
assignment style for effect contexts. In contrast, in LINKs, effect contexts can change during the
typechecking. For example, consider the following program.

handle (if ask () then 0 else (handle ask () + 1 with { return x — x} W {ask z k — k2}))

with { return x — x} W {ask zk — ktrue}

In this program, both ask operation calls take the unit value, but the first and second ones return
Booleans and integers, respectively. This program cannot be typechecked if an effect context is
globally fixed. LINks can typecheck it because Links allows enclosing handlers to modify effect
contexts; namely, effect contexts are assigned locally. To address the local assignment of effect
contexts, we assume that every operation has a unique, closed type in LiNks, which enables deter-
mining the types of operations globally.

Polymorphism. The languages Aga, LINKs, and Koka support type and effect polymorphism.
Among them, only the polymorphism in Koxa is implicit, that is, no term constructor for type
abstraction and application is given. Unfortunately, it is not straightforward to translate a pro-
gram (or its typing derivation) with implicit polymorphism in Koka to one with explicit polymor-
phism in Ags while preserving the meaning of the program because Koka does not adopt value
restriction [Tofte 1990; Wright 1995]. Our approach to this difference in polymorphism is simply to
forbid the use of implicit polymorphism in Koka and instead introduce explicit polymorphism by
equipping Koka with term constructors for type abstraction and application as in Ags and LINKs.
It is also noteworthy that LINKs supports more advanced polymorphism, inspired by row polymor-
phism proposed by Rémy [1994]. It introduces presence types, which can state that a specific label is
present or absent in a row, presence polymorphism, and effect variables constrained by which labels
are present or absent. This form of polymorphism facilitates solving unification problems in the
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composition of effect handlers [Hillerstrom and Lindley 2016]. Our translation from LINKS to Aga
addresses these unique features in LiNks as follows: first, present labels remain in the translated
row but labels with the absent flag do not; second, the constraints on effect variables are ignored;
third, we assume that programs to be translated do not use presence polymorphism. We left the
support for presence polymorphism as future work: it seems to be motivated by unification and
type inference, which are beyond the scope of the present work.

6.2 Type-and-Effect Preservation of Translations

We show that the translations preserve well-typedness under the aforementioned assumptions.

Theorem 6.1. Let (&, A) € {(EFF, EAse), (LINKS, EAsimpr), (Koka, EAsepr) }. If a program c in the
system & is well typed at an effect €, then Tg(c) is well typed at effect Tg(€) in Aga with A.

This result guarantees that, for each & of the selected systems, the programs in & can be safely
executed in the semantics of Aga. In other words, Aga can work as an intermediate language that
ensures type-and-effect safety. Note that the equivalence relation on scoped rows in Koka is more
restrictive than ~scpr in EAgcpr because the row equivalence in Koka allows swapping effect labels
l; S1 and I, S; only if [ # I, whereas ~scpr allows their swapping if the label names I; and b, or the
type arguments S; and S; are different. This gap does not prevent proving Theorem 6.1 because it
only means that Aga with EAs.pr may accept more programs than Koka. We will show an effect
algebra with the row equivalence in Koxka in Section 7.2.

7 EXTENSIONS OF Aga

This section extends Aga and safety conditions to lift coercions and type-erasure semantics. We also
introduce effect algebras safe for these extensions (including a new one based on multisets) and
discuss how adaptable each effect representation addressed in this paper—sets, multisets, simple
rows, and scoped rows—is for the extensions.

7.1 Lift Coercions

This section shows an extension to lift coercions [Biernacki et al. 2018, 2019] (also known as in-
jection [Leijen 2018] or masking [Leijen 2024]). Given an effect label, a lift coercion forbids the
innermost handler for the label to handle any operation of the label. They can prevent acciden-
tal handling, a situation that an effect handler handles an operation call against the program-
mer’s intention. This paper focuses on how Aga is extended with lift coercions; see the prior
work [Biernacki et al. 2018, 2019; Leijen 2018] for the detail of the accidental handling and how
lift coercions work to address it. We also show that the effect algebras EAge; and EAsimpr are un-
safe in the extension and that EAs.pr and a new effect algebra for multisets are safe. Note that
Biernacki et al. [2019] introduce coercions in other forms. We do not support them because they
can be encoded with lift coercions (if label polymorphism is not used) [Biernacki et al. 2018, 2019].

7.1.1  Extending Aga to Lift Coercions. We show the extended part of Aga in Figure 6. Expressions
and evaluation contexts are extended with lift coercions [-];. To define the semantics of lift co-
ercions, we generalize 0-freeness to n-freeness for an arbitrary natural number n by following
Biernacki et al. [2018]. The predicate n—free(L, E) is defined by the rules in Figure 6 in addition to
the ones given previously (Figure 4). Intuitively, n—free(L, E) means that, for an operation op of L,
the operation call in E[op; T7 v] will be handled by the (n+ 1)-th innermost enclosing handler for
L. For example, 1-free(L, [O];) and 0—free(L, handle; [O]; with h;) hold. Because the semantics
of the effect handling (specifically, the reduction rule R_HANDLE2 in Figure 4) requires the label of
the handled operation call to be 0-free in the evaluation context enclosing the operation call, the

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2023.



1:20 Takuma Yoshioka, Taro Sekiyama, and Atsushi Igarashi

e u= ---|[e]lL (expressions) E == ---|[E]L (evaluation contexts)
Freeness of labels | n—free(L, E)
(n+1)—free(L, E) n—free(L, E) n—free(L,E) L#L
n—free(L, handle; E with h) n+ 1-free(L, [E]r) n—free(L, [E]r)
Reduction |er— ¢ Typing
— R LT . ’ . Tm o
[V — v F'te:Ale TrL:Lab (L)' G¢ ETLIFT
IF'-le]p:Ale -

Fig. 6. The extension for lift coercions.

operation call in handle; handle; [op; v]; with h; with h; will be handled by h,. If a lift coercion
is given a value, it returns the value as it is (R_LIFT). The type-and-effect system is extended with
the rule T_L1rT, which allows the information ¢’ of effects of an expression e to pass through the
innermost effect handler for a label L by prepending L to ¢’.

7.1.2  Safety Conditions and Type-and-Effect Safety. To ensure the safety of programs in the pres-
ence of lift coercions, we introduce a new safety condition in addition to the ones given in Section 5.

Definition 7.1 (Safety Condition for Lift Coercions). The safety condition added for lift coercions is:
BFL)Toe ~ (L) o--o(L) (L) 0eyandL ¢ {Ly,...,L,}, theney ~ (L)To---0(Ly) 0.

This new condition can be understood as follows. First, let ¢, be an effect of an expression e. Then,
the effect of the expression [--- [[e].]r, -+ 1, is given as (L) ©---©(L,)T O(L)T © £,. Assume
that the expression is handled by an effect handler for L and the remaining effect is ;. Then, ¢
should retain the information that e is surrounded by lift coercions for Ly, - - - , L, because the han-
dling expression may be enclosed by effect handlers for Ly, - - -, L,. Such information is described
by (L) ---0(L,)T © &. Thus, safety condition (3) requires &; ~ (Ly)T ©---0(L,)! 0 ¢,.

To see the importance of the new safety condition more concretely, we show that the effect
algebras EAget and EAgimpr violate this new condition and then present how they make some
unsafe programs typeable.

Theorem 7.2 (Unsafe Effect Algebras with Lift Coercions). The effect algebras EAse; and EAsimpr
do not meet safety condition (3). Furthermore, there exists an expression that is well typed under EAge;
and EAsimpr and gets stuck.

Proor. We consider only EAs.; here; a similar discussion can be applied to EAsimpr. Recall that
the operation © in EAg,; is implemented by the set union, so it meets idempotence: {L} U {L} ~ {L}.
Furthermore, we can use the empty set as the identity element, so {L} U{L} ~ {L} U {}. If safety
condition (3) was met, {L} ~ {} (where {L}, {}, and 0 are taken as ¢, &, and n, respectively, in
Definition 7.1). However, the equivalence does not hold.

As a program that is typeable under EAg,, consider handleg,, [raisegyc Unit ()]exc with & where
Exc :: {raise : Ya : Typ.Unit = «a}. This program can be typechecked under an appropriate
assumption as illustrated by the following typing derivation:

0 raisepxc Unit () : A | {Exc} {Exc}U {Exc} ~ {Exc}
{Exc} U {} ~ {Exc} 0 + [raisegxc Unit ()]exc : A | {Exc}
0 + handlegy. [raisegyc Unit ()]gxc with h: B | {}

_L1FT

T_HANDLING
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Freeness of label names | n—free(L E)

n—free(l, E) n—free(LE) 1#/l
0—free(l,0) n—free(l,letx = Eine) n—free(l, handle, ¢ E with h)

Reduction |e+— ¢

opBl:KIpkseeh ven =Azhandle,g E[z] withh 0—free(L E)
handle, g E[op, g1 T? v] with h +— €[T7/B7][v/p] [ veont/ K]

R_HANDLE2’

Fig. 7. Type-erasure semantics.

However, the call to raise is not handled as it needs to be handled by the second closest handler.
| |

In contrast, the effect algebra EAsyr for scoped rows satisfies safety condition (3). The point
is that Oscpr in EAgepr is not idempotent. Therefore, they can represent how many lift coercions
are used and how many effect handlers are necessary to handle expressions as the information
of effects. This observation gives us a new effect algebra with multisets. Multisets can have multi-
ple instances of the same element and their sum operation is also nonidempotent. Thus, we can
expect—and it is the case—that the algebra for multisets meets safety condition (3) as well as the
other conditions.

Example 7.3 (Effect Multisets). The effect signature Zz’éfset of effect multisets is given by {} : Eff,
{-} : Lab — Eff, and — U — : Eff X Eff — Eff (which is the sum operation for multisets). An
effect algebra EApser for multisets is defined by (ZQ’?“, —U—{}, {-}, ~Mset) Where ~pset is the
least equivalence relation satisfying the same rules as ~ge; except for the idempotence rule.

Theorem 7.4. The effect algebras EAscpr and EAniser meet safety conditions (1)-(3).

The type-and-effect safety of Apa with lift coercions is proven similarly to Theorem 5.8 provided
that an effect algebra meets safety conditions (1)—(3).

Theorem 7.5 (Type-and-Effect Safety). Assume that a given effect algebra meets safety condi-
tions (1)-(3). If 0+ e: A| 0 and e —* € —/>, then € = v for some v.

7.2 Type-Erasure Semantics

This section shows an adaption of Aga to type-erasure semantics, which is different from those
given in Sections 4 and 7.1 in that it does not rely on type arguments of label names in seeking effect
handlers matching with called operations. Type erasure semantics is helpful to develop efficient
implementations of effect handlers with parametric effects [Biernacki et al. 2019].

7.2.1  Formal Definition of Type-Erasure Semantics. The part modified to support the type-erasure
semantics is shown in Figure 7. The label freeness in the type-erasure semantics refers only to label
names, while the original definition in Figure 4 refers to entire labels. The only change in the se-
mantics is that the reduction rule R_HANDLE2 is replaced by R_HANDLE2’ presented in Figure 7. For
instance, consider an expression handlesate nt (handlestate ool (Setstate 4 v) With ;) with hy. In the
original semantics, it depends on the type argument A which of h; and h, handles the operation
call. By contrast, in the type-erasure semantics, the handler h; will be chosen regardless of A. The
type-and-effect system is not changed.
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7.2.2  Safety Conditions and Type-and-Effect Safety. To ensure the safety in the type-erasure se-
mantics, we need an additional safety condition.

Definition 7.6 (Safety Condition for Type-Erasure). The safety condition added for the type-erasure
semantics is: (4) If 1S, @ e and (1S,1)T © ¢’ ~ ¢, then $; = S,

To understand this condition, assume that an operation of label name [ is called with typelike
parameters S;7 and some effect ¢; such that (18,)T © ¢ is assigned to the operation call via sub-
typing. When the operation call is handled by an effect handler for effect label 1S,, the typelike
parameters S;” for the operation call and S, for the handler must be matched. None of the effect
algebras EAget, EAsimpr, EAscpr, and EAyse; presented thus far meets this new condition, and, even
worse, they can accept some programs unsafe in the type-erasure semantics.

Theorem 7.7 (Unsafe Effect Algebras in Type-Erasure Semantics). The effect algebras EAget, EApset,
EAsimpr, and EAscpr do not meet safety condition (4). Furthermore, there exists an expression that is
well typed under these algebras and gets stuck.

Proor. Here we focus on the effect algebra EAg.t, but a similar discussion can be applied to the
other algebras. Recall that © in EAg, is implemented by the union operation for sets, and therefore
it is commutative (i.e., it allows exchanging labels in a set no matter what label names and what
type arguments are in the labels). Hence, for example, {!Int} U {IBool} ~ge {IBool} U {lInt} for
a label name [ taking one type parameter. It means that EAg; violates safety condition (4).

To give a program that is typeable under EAge but unsafe in the type-erasure semantics, consider
the following which uses an effect label Writer :: Va : Typ.{tell : « = Unit}:

handlewiter int handlewiter Bool
tellwriterint 42
with { return x - 0} W {tell pk > if pthen 0 else 42}
with { return x — x} W {tell pk — p}

This program is well typed because
o the operation call tellyiter int 42 can have effect {Writer Bool} U {Writer Int} via subeffecting
{Writer Int} @ {Writer Bool} U {Writer Int} (which holds because Writer Int and Writer Bool
are exchangeable),
o the inner handling expression is well typed and its effect is {Writer Int}, and
o the outer one is well typed and its effect is {}.
Note that this typing rests on the fact that the inner handler assumes that the argument variable
p of its tell clause will be replaced by Boolean values as indicated by the type argument Bool to
Writer. However, the variable p will be replaced by integer 42 and the program will get stuck. m

The proof of Theorem 7.7 relies on the commutativity of © in each effect algebra. This observa-
tion indicates that an effect algebra with noncommutative © can be safe even in the type-erasure
semantics. In fact, the previous work [Biernacki et al. 2019; Leijen 2017, 2018] has given an instance
of such an effect algebra. By following it, we can adapt the effect algebras defined thus far to be
safe in the type-erasure semantics; we call the effect collections in such effect algebras erasable.

Example 7.8 (Erasable Effect Algebras). An effect algebra EAgg.; for erasable sets is defined simi-
larly to EAset. The only difference is that the equivalence relation ~gset of EAgset is defined as ~set,
but the commutativity rule used in the definition of ~s. is replaced with

L+l
{L Sy U {L S} ~gser {12 S22} U {L 4"}
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Table 2. Comparison of the effect algebras.

| Lift coercions | Adaptable to type-erasure | Multiple effect variables

EAget X v v
EApMset v v v
EASimpR X v X
EAscpr v v X

which only allows exchanging labels with different names. Effect algebras EAgset, EAgmset, and
EAgscpr for erasable sets, multisets, and scoped rows, respectively, are defined similarly.

Theorem 7.9. The effect algebras EAgser, EAgmset, EAgsimpr, and EAgscpr meet safety conditions (1),
(2), and (4).

Note that some equivalence properties holding on nonerasable effect collections do not hold
on erasable ones. For instance, {Writer Int} U {Writer Bool} ~ {Writer Bool} U {Writer Int} and
p1U ps ~ pa U pq do not hold in erasable sets. The latter equivalence is not allowed because p; and
p2 may be replaced with, e.g., {Writer Int} and {Writer Bool}, respectively. This limitation could
be relaxed by supporting qualified types [Jones 1992].

Finally, we can prove the type-and-effect safety of Aga with the type-erasure semantics as The-
orem 5.8 provided that an effect algebra meets safety conditions (1), (2), and (4).

Theorem 7.10 (Type-and-Effect Safety). Assume that a given effect algebra meets safety condi-
tions (1), (2), and (4). If O+ e: A| 0 and e —" € —/>, then € = v for some v.

7.3 Mixing Lift Coercions and Type-Erasure Semantics

It is easy to extend Aga with both lift coercions and type-erasure semantics and prove its type-and-
effect safety if a given effect algebra is assumed to meet safety conditions (1)-(4). Among the effect
algebras presented in the paper, only EAgsq,r satisfies these conditions, and so Aga instantiated
with it is type-and-effect safe. See the supplementary material for the detail of the combination.

8 COMPARISON OF EFFECT ALGEBRAS

In this section, we discuss how different the effect algebras EAse, EAmset, EAsimpr, and EAscpr
are; it is summarized in Table 2. The first column in Table 2 presents whether the effect algebras
are safe in the presence of lift coercions. As shown in Section 7.1, EAse; and EAgimpr are unsafe
and EApser and EAgpr are safe. The second column indicates whether the effect algebras can be
adapted to the type-erasure semantics. As discussed in Section 7.2, none of the compared effect
algebras is safe as it is, but all of them become safe if we can admit restricting the commutativity of
the concatenation on effect collections. The third column shows whether each effect algebra allows
multiple effect variables to appear in one effect collection. While EAsjmpr and EAsepr disallow it
because effect variables can appear only at the end of rows, neither EAget nor EAjset has such a
restriction.

Allowing multiple effect variables in one effect collection in EAge; and EApset leads to more pow-
erful abstraction of effect collections. For example, consider a module interface IntSet for integer
sets, which is given using EAge;:

Jo: Typ.3p :Eff{ empty:a, add:Int—>y a—ga -+, choose: a —, Int,
accumulate : Vf3 : Typ.Vp’ : Eff.(Unit —,y, B) —, PList }

In this type, type variable & is an abstract type representing integer sets, and the fields represent
the operations on integer sets. The interface IntSet requires modules to implement, in addition to
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the basic operations on sets (e.g., the empty set empty and the addition of integers to sets add),
two additional functions for nondeterministic computation. Function choose takes an integer set,
performs some abstract effect p, and returns one element of it. Intuitively, the abstract effect p has
a role of notifying that choose is called. The other function accumulate is a higher-order function,
taking a function that may perform effects p and p’. Thus, the argument function may call choose.
Intuitively, function accumulate collects all the results of the computation that the argument func-
tion performs with some value in a set passed to choose during its execution. The argument func-
tion may invoke any effect p’, which leaks to the call side of accumulate. The type of the argument
function represents that it may invoke two abstract effects p and p’ using the union operation U
in EAge;. The use of effect variable p enables abstracting module implementations over not only
what effect labels are used in the implementations but also how many labels are used there. We
provide some implementation examples of IntSet with different numbers of effect labels in the
supplementary material. Note that the type interface IntSet cannot be expressed in EAsjmpr nor
EAscpr because only one effect variable may appear in a row.

However, this is not the end of the story: some existing works have discussed benefits of using
rows as effect collections. Hillerstrom and Lindley [2016] demonstrated that simple rows with row
polymorphism in the style of Rémy [1994] are useful to solve the unification occurring in the
composition of effect handlers. Leijen [2017] implemented a sound and complete type inference for
the effect system with polymorphism by utilizing scoped rows. The current form of our theoretical
framework, effect algebras, does not provide a means to discuss unification and type inference for
algebraic effects and handlers, and it is left open how we can address it in an abstract manner.

9 RELATED WORK

We have explained the existing effect systems for effect handlers in Section 2, compared some of
them with the instances of our effect system in Section 6. We will also discuss what aspect of effect
handlers our framework does not support in Section 10.

Although, as far as we know, there is no prior work on abstracting effect systems for effect
handlers with nor without algebraic structures, the research on generic effect systems that can
reason about the use of a wide range of effects (such as file resource usage, memory usage and
management, and exception checking) has been conducted. Marino and Millstein [2009] proposed
a monomorphic type-and-effect system that tracks a set of capabilities (or privileges) to perform
effectful operations such as memory manipulation and exception raising. Their effect system is
generic in that it is parameterized over the forms of capabilities as well as the adjustments and
checkings of capabilities per context. It assumes that capabilities are gathered into a set and its
typing discipline relies on the set operations (e.g., the subeffecting is implemented by set inclu-
sion). Rytz et al. [2012] generalized Marino and Millstein’s effect system by allowing the use of a
join semilattice to represent collections of capabilities and introducing effect polymorphism. Join-
semilattices are underlying structures of effects in effect systems for may analysis. In such a system,
the join operation LI and the ordering relation C in a join semilattice are used to merge multiple
effects into one and to introduce effect overapproximation as subeffecting, respectively. As C can
be induced by Ll (x E y &= x Uy = y), we define the subeffecting © using © in an effect
algebra (¢ © €, & Je. £ O ¢ ~ ). Thus, the role of © is similar to that of L, but © is not re-
quired to be commutative nor idempotent, unlike LI (note that join operations are characterized by
associativity, commutativity, and idempotence). In fact, © in the effect algebra EAscpr or EApset is
nonidempotent, which is key to support lift coercions (Section 7.1.2), and © in each of the effect
algebras being safe in the type-erasure semantics is noncommutative (Section 7.2.2).

Recent developments of generic effect systems have focused on sequential effect systems [Atkey
2009; Gordon 2017, 2021; Katsumata 2014; Mycroft et al. 2016; Tate 2013], which aim to reason
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about the properties where the order of effects matters (e.g., whether no closed file will be read
nor written). An approach common in the prior work on sequential effect systems is to introduce
sequential composition », an operation to compose effects happening sequentially. For example,
given expressions e; with effect ¢; and e, with ¢, the effect of a let-expression let x = e; ine; is
given by & > £;,. The sequential composition can be characterized as a (partial) monoid. Thus, it
might look similar to ® in an effect algebra, but their roles are significantly different: © is used
to expand (i.e., overapproximate) effects and remove specific labels from effects, whereas the se-
quential composition > is used to compose the effects of expressions executed sequentially. In
fact, if we were use © to sequence effects, the safety of Aga in the type-erasure semantics would
not hold even in the effect algebra EAgscpr for erasable scoped rows. For example, assume that

an expression letx = ejine; is given effect ¢; © ¢, if the effects & and ¢, are assigned to e

. def .
and e;. Then, the expression e = letx = tellwyiter Bool true in tellyriterint 1 could have the effect

{Writer Bool} LI {Writer Int} under EAgscpr. Thus, the expression handlewyriter int (handlewriter gool € With hy) w
would be well typed (for some appropriate effect handlers h; and hy), although it may get stuck

in the type-erasure semantics because the operation call tellyyiterint 1 Will be handled by the effect

handler h for Writer Bool. Readers might wonder why © cannot work as a sequential composition

despite the fact that join operations, which are also used to overapproximate effects, can. We think

that this is because the assumptions on © are weaker than those on join operations as discussed

above. Making O in effect algebras and » in sequential effect systems coexist is a promising future

direction, motivated by the recent study on sequential effect systems for control operators [Gordon

2020; Sekiyama and Unno 2023; Song et al. 2022].

10 CONCLUSION AND FUTURE WORK

In this paper, we give Aga equipped with the abstract effect system that can be instantiated to
concrete effect systems, define safety conditions on effect algebras, and prove the type-and-effect
safety of Aga by assuming that a given effect algebra satisfies the conditions. As far as we know, no
research formalizes the differences among effect systems for effect handlers nor the requirements
for the effect systems to prove safety properties. We reveal these essences via the abstraction
of effect systems by effect algebras, and the formalization of the safety conditions. The safety
conditions added for lift coercions or type-erasure semantics clarify the differences among effect
algebras. In the rest of the paper, we discuss possible directions for future work.

Abstraction of handling mechanisms. Although the framework in the paper targets deep effect
handlers, adapting it to shallow effect handlers is easy. In fact, we have provided this adaption and
proved its safety under the same safety conditions as the ones given in the main paper; interested
readers are referred to the supplementary material. In the literature, there are other proposals of
the effect handling, especially for resolving the problem with accidental handling without relying
on lift coercions. For instance, local effects [Biernacki et al. 2019], tunneling [Zhang and Myers
2019], and lexically scoped effect handlers [Biernacki et al. 2020; Brachthiuser et al. 2020] have
been proposed. These approaches can be applied to address the accidental handling, but they em-
ploy significantly different styles. For example, lexically scoped effect handlers can enable a new
notion of effect polymorphism, called contextual polymorphism [Brachthiuser et al. 2020]. Explor-
ing abstraction to accommodate all of these mechanisms is a challenging but interesting direction.

Abstraction for unification and type inference. As mentioned in Section 6, our framework has
not yet exposed the essential roles of rows in their main application—unification and type in-
ference. One of our ambitious goals for future research is to give a theoretical framework that
can discover differences among effect representations in unification and type-inference, which
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have been well explored with concrete effect representations, such as sets [Pretnar 2014], simple
rows [Hillerstrom and Lindley 2016], and scoped rows [Leijen 2017], but not in an abstract manner.

Abstraction of constrained effect collections. Another interesting direction is to abstract constrained
effect collections. For example, Hillerstrom and Lindley [2016] introduce Rémy’s row polymor-
phism, which can state that some labels are present or absent in row variables, for effective unifi-
cation and Tang et al. [2024] propose an effect system that allows type abstraction over subtyping
constraints on row variables. Row constraints have been extensively studied for programming
with records and variants [Cardelli and Mitchell 1989; Harper and Pierce 1991; Jones 1992; Rémy
1994]. Morris and McKinna [2019] proposed a type system which treats rows and constraints on
them abstractly. Integrating the idea of their work with our framework is a promising approach.

Abstraction of implementation techniques. One approach to implementing effect handlers is to
apply type-directed translation into an intermediate language [Hillerstrom et al. 2017; Leijen 2017;
Schuster et al. 2022; Xie et al. 2020]. Exploring the type-directed translations and optimization
techniques proposed thus far, such as a selective translation into continuation passing style (CPS) [Leijen
2017], in an abstract manner may lead to a common implementation infrastructure for languages
with different effect systems or give an insight into the influence of effect representations on effi-
ciency.
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1 Definitions

Remark 1.1 (Notation). We write o for a finite sequence v, . . ., a, with an index set I = {0,...,n}, where
« is any metavariable. We also write {al} for the set consisting of the elements of al.

Definition 1.2 (Kinds). Kinds are defined as K == Typ | Lab | Eff.

Definition 1.3 (Signatures). Given a set S of label names, a label signature Y1,y s a functional relation whose
domain dom(X,y,) is S. The codomain of Yiap is the set of functional kinds of the form I;c; K; — Lab for
some I and Kfel (if I = 0, it means Lab simply). Similarly, given a set S of effect constructors, an effect
signature Yeg is a function relation whose domain dom(Xeg) is S and its codomain is the set of functional kinds
of the form Il;c1 K; — Eff for some I and Kiie]. A signature X is the disjoint union of a label signature and
an effect signature. We write IIK' — K, and more simply, IIK — K as an abbreviation for ;e K; — K.

Remark 1.4. We write C : IIK — K to denote the pair (C,IIK — K) for label name or effect constructor C.

Definition 1.5 (The Syntax of Aga). Given a signature ¥ = 31,5 W g, the syntaz of Aga is defined as follows.

I1,J,N (index sets) i, ], M, T (indices)
fy9,2,y,2,p,k (variables) a, By, Ty Ly p (typelike variables)
op (operation names) I € dom(Zpap) (label names)
F € dom(Zeqr) (effect constructors) C € dom(Xjap) U dom(Eeg)
K == Typ|Lab|Eff (kinds)
S, T == A|L|e (typelikes)
A B,C = 7|A—.B|Va:K.A® (types)
L == .|18' (labels)
e u= p|FS! (effects)
o = {}|ow{op:V8’': K’ A= B} (operation signatures)
2 u= 0|Z1:Val: Ko (effect contexts)
I' == Q|T,z:A|T,a: K (typing contexts)
e = v|vuv|vS|letz =e¢ ine; | handle; gr ewithh (expressions)
v = z|fun(f,z,e)|Aa:K.e|op,g T’ (values)
h u= {returnz— e} |hw{opB’ : K’ pk— e} (handlers)
E == [0O|letz = Fine | handle; g Ewithh (evaluation contexts)

Remark 1.6. We write Az.e for fun (f,z, e) if variable f does not occur in expression e.

Definition 1.7 (Free Variables). The notion of free variables is defined as usual. We write FV (e) for the set
of free variables in expression e.

Definition 1.8 (Free Typelike Variables). The notion of free typelike variables is defined as usual. We write
FTV(e) and FTV(S) for the sets of free typelike variables in expression e and typelike S, respectively.

Definition 1.9 (Value Substitution). Substitution e[v/z] and h[v/z] of value v for variable x in expression e
and handler h, respectively, are defined as follows:

z[v/z
ofel=y (fz4y)
fun (f,y, e)[v/x —fun(f y.efv/a]) (f f,y ¢ FV(v) U{z})
(Aa: K.e)[v/z] = Aa: K.e[v/z] (if a ¢ FTV(v))
OPls’T]

(v1 w)[v/x

)

(v'S)

(handle; gv e with h)
)

(lety = e1ineg)[v/x

v/z] = (v'[v/2]) S
v/z] = handle; gv e[v/z] with (h[v/z])
lety = e;[v/z]in ez[v/x]

(if y # 2 and y ¢ FV(0))
(lep)lv/z] = [e[v/z]lL

{returny — e, }[v/z] = {returny — e.[v/z]}

[v/z] =
ylo/z] =
[v/z]
[v/z] =
[v/z] = op; g1 T’
[v/x] =
[v/x] =
[v/x]
[v/z] =
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(if y # z and y ¢ FV(v))
(hw{opB’ : K' pk s e})v/z] = hlv/z]w{opB’ : K/ pk s e[v/z]}
(if z # p, k and p, k ¢ FV(v) and {8/} NFTV(v) = ()
Definition 1.10 (Typelike Substitution). Substitution e[S/a], h[S/a], T[S/a], and T[S/a] of typelike S for

typelike variable o in expression e, handler h, typelike T, and typing context I, respectively, are defined as
follows:

z[S/a] =
(fun (f,fv e))[S/a] = (fw e[S/a])
(AB: K.e)[S/a] = AB: K.(e[S/a]) (if a# [ and § ¢ FTV(S))
(oprg T)[5/] — 0py gy T1S /]’
(v w)[S/a] = (Ul [S/e]) (v2[S/e])
(vT)[S/a] = (v[S/al) (T[S/a])
(handle; v e with h)[S/a] = handle; g/q v €[S/a] with (h[S/a])
(let z = e in e2)[S/a] = let z = €1[S/a] in e3[S/ ]
([e]r)[S/a] = [e[S/a]Lis/a
{returnz — ¢,}[S/a] = {returnz — e,[S/a]}
(hw{opB” : K'pk s e})[S/a] = h[S/a] W {opB’ : K’ pk > e[S/al}

(if {87} N ({a} UFTV(S)) = 0)

alS/al =S
BlS/el =B (if a # B)
(A = B)[S/a] = (A[S/a] els/a) (B[S/a])
(VB : K.A%)[S/a] = VB : K.A[S/a]5/o)

(1f a# B and g ¢ FTV(S))
CThH[S/a] =CT[S/a)’

{}S/al = {}
(cw{op:VB’ : K’.A = B})[S/a] = o[S/a] & {op: VB’ : K’.A[S/a] = B[S/a]}
(if {87} NFTV(S) = 0)
0iS/a] =0
T,z : A)[S/a] =T[S/al,z : A[S/a]
(0.6 K(SJo] —TIS/al.8: K (o)

Definition 1.11 (Typelike Extraction Function). A typelike context A(T") extracted from a typing context T is
defined as follows:

Ad)=0 AT,z : A)=A) AT a: K)=AMl),a: K .

Definition 1.12 (Domains of Typing Contexts). The set dom(T") of variables and typelike variables bound by
a typing context T is defined as follows:

dom(P) =0 dom(T,z : A) = dom(T") U {z} dom(T, v : K) = dom(T") U {«} .

Definition 1.13 (Context Well-formedness and Kinding Rules).
Contexts Well-formedness

d I') THA:T FT d r
— C_EmMPTY z ¢ dom(T) yP C_VAR o ¢ dom(T)

C_TVAR
-0 FD, 7 A Fla: K




Kinding |I'FS: K kS K'| < Viel.(I'+S;:K;)

FT a:Kel FT C:IIK' - Kex T'+S':K!
———  K_VAR 7 K_Cons
I'Fa: K '-CS': K
'FA: Typ T'kHe:Eff T'HB:Typ lNa:KFA: Typ TI'a:KFe:Eff
K_Fun K_Pory
I'HA—¢B:Typ I'-Va: K.A®: Typ

Definition 1.14 (Proper Effect Contexts). An effect context = is proper if, for any | :: Va! : Ko e =, the
following holds:
o [:IIK' — Lab € Zj,;

o for any ap™, Ko, and oy, if 1 Vol : Ko .00 €2, then a! : K! = ap : Ko™ and 0 = 0¢; and
o for anyop:V3’ : Ko’ A= B eo,

o K',B7  Ky/HA:Typ and o' : K!8/ :Ky/+FB:Typ.

Definition 1.15 (Well-Formedness-Preserving Functions). Given a signature 3, a (possibly partial) function

V[, 51, ..., Sp. TS KG A AT S, Ky A f(S1,...,8:,) € K(X) = T'F f(S1,...,5,): K .
Similarly, f € K(X) preserves well-formedness if Tk f: K for any T.

Definition 1.16. We write « — T F S : Ko for a quadruple (o, T, S, Ko) such that 301, K, T5. (VSp € S. T, :
K,FQ FSO : KO)/\F1 FT:K.

Definition 1.17 (Effect algebras). Given a label signature Y1, an effect algebra is a quintuple (Xeg, ©,0, (—)T, ~
) satisfying the following, where we let ¥ = Xjp W Xegr.

e © € Eff(Y) x Eff(X) — Eff(2), 0 € Eff(X), and (—)" € Lab(X) — Eff(X) preserve well-formedness.
Furthermore, ~ is an equivalence relation on Eff (X) and preserves well-formedness, that is, Ve1,e9.€1 ~
gg = (VI.TF e : Eff < Tt ey Eff).

o (Eff(X),®,0) is a partial monoid under ~, that is, the following holds:

— Ve e Eff(X£).e@0~cA0Ge ~¢e; and
— Vep,e9,63 € EfF(E)
(81 @EQ) ®es € EH(Z) Veéer @(52 ®E3) S EH(Z) — (51 @Eg) Oeg~er @(52 ®53).

o Typelike substitution respecting well-formedness is a homomorphism for ®, (=)', and ~, that is, the
following holds:

— Va,S,e1,e0.a0— Ste,e0 : Eff Aoy @eg € Ef(B) = (61 ©e2)[S/a] = e1[S/a] ®e2[S/a;
— Vo, S, L.a+ S+ L:Lab = (L)'[S/a] = (L[S/a])T; and
— Vo, S e1,60. = Ster,eq: Eff Aey ~ea = £1[S/a] ~ ¢[S/q].

Remark 1.18. For readability, we introduce the following abbreviations.

o £ Qe def de.e1 ©e ~eg9 and
e 'Fe1 ey défﬂa.q@aw@/\(%z' € {e1,eq,e}.T'F &' : Eff).

Remark 1.19 (Parameters of Aga). Aga takes a label signature in Definition 1.3, an effect algebra over that
label signature in Definition 1.17, and an effect context as parameters.

Example 1.20 (Effect Signature for Effect Sets). The effect signature $55¢ for effect sets consists of the pairs
{}: Eff, {—} : Lab — Eff, and —U — : Eff x Eff — Eff.

Example 1.21 (Effect Signature for Effect Multisets). The effect signature S35t for effect multisets consists
of the pairs {} : Eff, {—} : Lab — Eff, and — U — : Eff x Eff — Eff.

Example 1.22 (Effect Signature for Rows). The effect signature ng?w for both simple rows and scoped rows
consists of the pairs () : Eff and (— | —) : Lab x Eff — Eff.



Example 1.23 (Effect Sets). An effect algebra EAge for effect sets is defined by (25¢°, — U —, {}, {—}, ~set)
where ~get is the least equivalence relation satisfying the following rules:

eU{} ~set e e1Uen ~gereaUer eUe~vger € (e1Ue2) Uesg ~ger €1 U (€2 Ues)

€1 ~Set €2 €3 ~Set €4

€1Ues ~get €2UeEy

Example 1.24 (Effect Multisets). An effect algebra EAyses for effect multisets is defined by (M5t — 14—, {},
{=1}, ~Mset) Where ~\iget 1s the least equivalence relation satisfying the following rules:

€1 ~MSet €2 €3 ~YMSet €4

eU{} ~mset € e1ler ~mser e2ler (e1Uer) Ues ~mset €1 U (e2Ues) e1les ~Mset €2 ey

Example 1.25 (Simple Rows). An effect algebra EAgimpr for simple rows is defined by (B2, ©gimpr, (), (— |
()); ~simpr) where

f (Li [ (- (L [ 2))) (ifer = (Lo | (- (Ln [ ())))
€1 OSimpR €2 = €1 (ifer = (L1 | (- (Ln | p))) and €5 = ())
undefined (otherwise)

and ~gimpr is the least equivalence relation satisfying the following.

€1 ~SimpR €2 Ly # Ly
(L|e1) ~simpr (L] e2) (L1 |(La]€)) ~simpr (L2 | (L1 |€))  (L]€) ~simpr (L|(L]e))

Example 1.26 (Scoped Rows). An effect algebra EAgcpr for scoped rows is defined by (S28%, Ogcpr, (), (— |
(), ~sepr) where

(L[ (- ALn [ e2)))  (ifer= (Lo | (- (Ln | O))
£1Osepr 2 = { €1 (if &1 = (L | (- (Ln | p))) and &5 = ())
undefined (otherwise)

and ~gcpr is the least equivalence relation satisfying the following.
€1 "™~ScpR €2 Ll # L2
(L|e1) ~sepr (L] e2) (L | (L2]€)) ~sepr (L2 | (L1 | €))
Example 1.27 (Erasable Sets). An effect algebra EApse; for effect sets is defined by (25¢°, — U — {}, {—}, ~Eset
) where ~gget is the least equivalence relation satisfying the following rules:
L # b
{81} U{l 82} ~pser { S22 U{lh S1""} {1817 U{182"} ~pset {1817} eU{} ~mser €

€1 ~YESet €2 €3 "~YESet €4
{}Ue ~gset ¢ (e1Ue2)Ues ~Eget €1U (e2Ues) €1U€Es ~Eget E2UEy

Example 1.28 (Erasable Multisets). An effect algebra EAgpses for effect multisets is defined by (S35t — 1 — {},
{=}, ~EMset) Where ~gpset is the least equivalence relation satisfying the following rules:
h#b

{ll Slh}g{lg 5212} ~EMSet {ZQ SQIZ}Q{ll Slh} EQ{} ~EMSet € {}QE ~EMSet €

€1 ~YEMSet €2 €3 ~YEMSet €4

(e1Ueg) Ues ~mMmset €1 U (62U es) €1Ueg ~EMSet 2L E4

Example 1.29 (Erasable Simple Rows). An effect algebra EAgsimpr for erasable simple rows is defined by
<E§ﬂ(‘)wa QESimpR; <>a <_ | <>>; NESimpR) where

(Lo [ (- (L [ 2))) (ifer = (Lo [ (- (La [ ()
€1 Orsimpr 2 € { €1 (if e1 = (Lo | ¢ (Ln | p))) and e = ()
undefined (otherwise)



and ~gsimpr is the least equivalence relation satisfying the following.

€1 ~SimpR €2 h#b
(L|e1) ~simpr (L | €2) (h 81 | (I 82" | €)) ~simpr (2 S2™ | (L S1™ | €))

(181 | €) ~simpr (181 | (182" | &)
Example 1.30 (Erasable Scoped Rows). An effect algebra EAggcpr for scoped rows is defined by (S52%, Opscpr.,

(0, (= 1)), ~Escpr) Where

(BT (e = (L] (Ea | OD))
€1 OBseprE2 = { €1 (if &1 = (Ly | (- (Lo | p))) and e2 = ()
undefined (otherwise)

and ~gscpr is the least equivalence relation satisfying the following.

€1 ~EScpR €2 h#bh
(L]er) ~msepr (L]e2) (b 81" | (b S2" | €)) ~Escpr (b2 S2" | (h S1™ | €))
Definition 1.31 (Freeness of Labels).
Freeness of labels |n—free(L, F)

n—free(L, E) n+ 1—free(L, E) n—free(L,E) L#1L
0—free(L,0) n—free(L,letx = Eine)  n—free(L,handle; Ewithh)  n—free(L,handle; F withh)

Definition 1.32 (Operational Semantics).

Reduction |e+— ¢’

R_App R_TApp
fun (f,z,e) v — e[fun (f, z, e)/f][v/x] (Aa: K.e) S — e[S/a]
returnz — e, € h
- R_LET " R_HANDLEL
letz = vine — e[v/z] handle; gr v with h — e,.[v/z]

opB’ K7 pk e€h veon = Az.handle, g1 E[z] withh 0—free(1 ST, E)
handle, g1 Efop, g1 T v] with h — e[T” /8”7 |[v/p][veont /]

R_HANDLE2

Evaluation |e — ¢’

el —— €y
E[el] — E[eg]

Definition 1.33. We write —* for the reflexive, transitive closure of —. We also write e —/~ to denote that
there is no e’ such that e — ¢'.

Definition 1.34 (Typing and Subtyping Rules).

Typing [['Fe:Ale

E_EvAL

FT z:Ael If:A—-.B,x:Ate:B|e
——FFF  T_VAR T_ABS
FFxz:A|0 I'Ffun(f,z,e): A—. B |0
T'Foyy:A—-.B|0 ThHu:A]0 MNa:KkFe: A
Ul =51 vidl T_App @ c:dle T_TABS
F'Fuvw:Ble F'FAa:K.e:Va: K.A|0
F'tv:Va: K.A*|0 THS: K 'te:Ale Tha:Abe:Ble
T_TAPppP - T_LET
F'kFoS: AlS/a] | elS/q] F'kletz =eine: Ble
l:vVa' :KloeZ op:v8': K' . A= Beo[S/a]
TFe:Ale TFHA|e<: A |¢ FT ST K THT! K
— T_SuB v 7 — T_Op
Pke:A" e L'Fopy g T : (AIT"/B7]) =usiy (BT /B°]) | 0

F'ke:A|e l:Va' :K'oexE r-s’: k!
Fl—a’[sl/af] h:AiEB (ZSI)TGENEI

- T_HANDLING
'+ handle; g ewithh: B | e




Handler Typing [, h:A=°B|

I'z:AFe.:Ble

H_RETURN
[k {returnz e} : A= B

c=0ow{op:V8’: K’.A' = B'}
I'booh:A=B I8/ :K’,p: A k:B —».BrFe:B|e
I, hw{opB’ : K/ pk—e}: A=°B

H_Op

Subtyping |['FA<: B

FI—A:Typ 'k Ay < Ay F}—B1|51<:B2|52
——— ST_REFL
'A< A FFA14)5131<2A24)52BQ

F,QSKFA1|€1<:A2|€2 ST PoLy I'FA1<:B ThteQeq ST Comp
I'FVa: K.A:®' <:Va: K.A5®? h PHAle; <:B|eg h

ST_FuN

Definition 1.35 (Semantics of Shallow Handlers). The semantics for shallow handlers consists of the reduction
and evaluation relations defined by the following rule R_SHANDLE and those in Definition 1.32 except for
R_HANDLE2.

opB’ K’ pkrse€h veons = A2.E[z] 0—free(1S', E)

7 - =7 R_SHANDLE
handle; g E[op, g1 T” vl with h — ¢[T" /B”|[v/p][vcont /K]

Definition 1.36 (Typing of Shallow Handlers). The typing rules of shallow handlers consist of the rules
defined by the following rules T_.SHANDLING, SH_RETURN, and SH_OP, and those in Definition 1.34 except
for T_.HANDLING, H_RETURN, and H_OP.

Typing [['Fe:Ale

F'te:A|e l:Va" KN oexE r+sy. k¥
FFO’[SN/OLN] h: AE/ =B (lSN)TQENEJ

- T_SHANDLING
'+ handle; gy ewithh: B | e

Shallow Handler Typing ‘F o h: A5 = B ‘

I'z:AFe :Ble T'He :Eff

; SH_RETURN
'ty {returnz — e} : A° =° B

o=c w{op:V8’: K’.A' = B'}
Tho h: A =B 0,8 K’ p:Ak:B —. Are:B|e
b, hw{opB’ : K/ pks e} : A% =° B

SH_Op

Definition 1.37 (The Syntax of Aga with Lift Coercions). The syntax of Aga extended by lift coercions is the
same as Definition 1.5 except for the following.

e u= ---|[e]r (expressions) E = -.-|[E]L (evaluation contexts)

Definition 1.38 (Freeness of Labels with Lift Coercions). The rules of freeness of labels for Aga extended by
lift coercions consist of the rules in Definition 1.31 and the following rules.

Freeness of labels |n—free(L, F)

n—free(L, E) n—free(L,E) L#1IL
n + 1—free(L, [E]L) n—free(L, [E]L/)

Definition 1.39 (Semantics with Lift Coercions). The semantics for Aga extended by lift coercions consists of
the reduction and evaluation relations defined by the following rule R_LIFT and those in Definition 1.32 except
for RCHANDLE2.

Reduction |e+— ¢’

— R_LIFT
[v]p — v



Definition 1.40 (Typing of Lift Coercions). The typing rules of Aga extended by lift coercions consist of the
rules in Definition 1.34 and the following rule.

I'Fe:A|e THL:Lab (L))o ~¢

T_LIFT
Thlelp:A|e
Definition 1.41 (Freeness of Label Names).
Freeness of label names |n—free(L, F)
n—free(l, ) n + 1—free(l, E)

0—free(l,d) n—free(l,letz = Fine) n—free(l,handle;gr F withh)

n—free(l,E) 1#1
n—free(l, handle, g1 E with h)

Definition 1.42 (Operational Semantics with Type-Erasure). The type-erasure semantics consists of the re-
duction and evaluation relations defined by the following rule R_HANDLE2’ and those in Definition 1.32 except
for RCHANDLE2.
opB’ K’ pk— e€h veont = Az.handle, g E[z]withh 0—free(l, E)
handle, g1 E[op, g: T’ v] with h +— e[T”/B”][v/p][Veont /K]
Definition 1.43 (Freeness of Label Names with Lift Coercions).

The rules of freeness of label names for Aga extended by lift coercions consist of the rules in Definition 1.41
and the following rules.

R_HANDLE2’

Freeness of label names |n—free(l, E)

n—free(l, E) n—free(l,E) L#18'
n+ 1—free(l, [E]; g1) n—free(l, [E]1)

Definition 1.44 (Semantics with Lift Coercions and Type-Erasure). The semantics for lift coercions consists
of the reduction and evaluation relations defined by the rule R_HANDLE2’ defined in Definition 1.42 and those
in Definition 1.39 except for R_HANDLE2.

Definition 1.45 (Safety Conditions).
(1) For any L, (L)' © 0 does not hold.

(2) If (L)' @ and (I')'©e' ~e and L # L', then (L)T ©¢'.

Definition 1.46 (Safety Condition for Lift Coercions). The safety condition added for lift coercions is the
following:

(3) If (L)T ®ep ~ (Ll)T [OREE @(Ln)T @(L)T ®eg and L ¢ {Ll, ey Ln}, then €1 ~ (Ll)T ®--- @(Ln)T ®es.
Definition 1.47 (Safety Condition for Type-Erasure). The safety condition added for the type-erasure semantics
is the following:

(4) If (181" @c and (18:2)T @ ¢, then S17 = Sy,

Example 1.48 (Unsafe Effect Algebras).
Effect algebra violating safety condition (1) Consider an effect algebra such that () - ()T © 0 holds
for some [. Clearly, this effect algebra violates safety condition (1). In this case, § - op;v : A | 0 can

be derived for some A (if op, v is well typed) because op, v is given the effect (I)T and the subeffecting
0+ (1)T © 0 holds. However, the operation call is not handled.

Effect algebra violating safety condition (2) Consider an effect algebra such that safety condition (1),
(O)Te ()T, and (I')T ®0 ~ (I')T hold for some [ and I’ such that [ # I’. This effect algebra violates safety
condition (2): if safety condition (2) is met, we would have (I)T © 0, but it is contradictory with safety
condition (1).

This effect algebra allows assigning the empty effect 0 to the expression handle; op; v with h as illustrated
by the following typing derivation:
Drop,v: Al (DT OFA| (DM < A| ()
(oo~ 1) Btop, v:A|()
¢ + handley op; vwithh: B |0

T_SuB

T_HANDLING

However, the operation call in it is not handled.
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1 Definitions

Remark 1.1 (Notation). We write ol for a finite sequence v, . . ., a, with an index set I = {0,...,n}, where
« is any metavariable. We also write {al} for the set consisting of the elements of al.

Definition 1.2 (Kinds). Kinds are defined as K == Typ | Lab | Eff.

Definition 1.3 (Signatures). Given a set S of label names, a label signature Xy,p is a functional relation whose
domain dom(Xap) is S. The codomain of Yyap is the set of functional kinds of the form Il;c; K; — Lab for
some I and Kfel (if I = 0, it means Lab simply). Similarly, given a set S of effect constructors, an effect
signature Seg is a function relation whose domain dom(Zeg) is S and its codomain is the set of functional kinds
of the form Il;c; K; — Eff for some I and KiiEI. A signature X is the disjoint union of a label signature and
an effect signature. We write TK' — K, and more simply, 1K — K as an abbreviation for ;e K; — K.

Remark 1.4. We write C : IIK — K to denote the pair (C,IIK — K) for label name or effect constructor C.

Definition 1.5 (The Syntax of Aga). Given a signature ¥ = Xy, W3, the syntax of Aga is defined as follows.

I,J,N (index sets) i,J,n,r (indices)
f,9,z,y,2,p,k (variables) o, By, Ty Ly p (typelike variables)
op (operation names) I € dom(Zpap) (label names)
F € dom(Zeq) (effect constructors) C € dom(X),p) U dom(Zeg)
K == Typ|Lab|Eff (kinds)
S, T == A|L|e (typelikes)
A,B,C = 71|A—:B|Va:K.A® (types)
L == |18 (labels)
e uw= p|FS! (effects)
o = {}|ow{op:V8’': K’ A= B} (operation signatures)
2 u= 0|Z1:Val: Ko (effect contexts)
I' == Q|T,z:A|T,a: K (typing contexts)
e = v|vnuv|vS|letz =e ine; | handle; gr ewithh (expressions)
v = z|fun(f,z,e)|Aa:K.e|op,g T’ (values)
h i= {returnz— e} |hw{opB’ : K' pk s e} (handlers)
E == [0O|letz=Fine | handle; g Ewithh (evaluation contexts)

Remark 1.6. We write Az.e for fun (f,z, e) if variable f does not occur in expression e.

Definition 1.7 (Free Variables). The notion of free variables is defined as usual. We write FV(e) for the set
of free variables in expression e.

Definition 1.8 (Free Typelike Variables). The notion of free typelike variables is defined as usual. We write
FTV(e) and FTV(S) for the sets of free typelike variables in expression e and typelike S, respectively.

Definition 1.9 (Value Substitution). Substitution e[v/z] and h[v/z] of value v for variable x in expression e
and handler h, respectively, are defined as follows:

zlv/z] =
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(if z # y)
fun(f,y,e)[v/z —fun(f y,elv/a]) (if f,y ¢ FV(v) U{z})

v/x

(Aa: K.e)[v/z] = Aa: K.e[v/z] (if a ¢ FTV(v))
op, st T’ [v/z] = op; gt T’
(111 U2
v/x "v/a]) S

(handle; gy ewith h)[v/z

(lety = erines)[v/z

ylo/z] =
[v/z]
[v/z] =
[v/z] =
)v/z] = (v[v/z]) (v2[v/z])
(v' S)[v/z] = (v
[v/z] = handle; g~ e[v/z] with (h[v/z])
Vv/x] =lety = e1[v/x]in ex]v/x]
(if y # 2 and y ¢ FV(v))
(lelo)[v/z] = [e[v/z]]L
{returny — e, }[v/z] = {returny — e.[v/z]}
(if y # 2 and y ¢ FV(v))
(hy {opﬁ‘] K7 pk— eNv/z] = hlv/z] W {op,@‘] K pk— e[v/z]}
(if z # p, k and p, k ¢ FV(v) and {8/} NFTV(v) = ()
Definition 1.10 (Typelike Substitution). Substitution e[S/a], h[S/a], T[S/a], and T[S/a] of typelike S for

typelike variable o in expression e, handler h, typelike T, and typing context I, respectively, are defined as
follows:

S/al =letx = e;[S/a]in ex[S/a]

S/al = [e[S/allLis/a

/

(hw{opB’ : K/ pk— e})[S/a] = h[S/a]w{opB’ : K’ pk — e[S/a]}
(if {87} N ({a} UFTV(5)) = 0)

([e]z

{returnz — ¢, }[S/a] = {returnz — e.[S/a]}

z[S/a] =
(fun (f T, 6))[5/a] = (f z, e[S/al)
(A5 [S/a] = AB: K.(e[S/a]) (if a7 B and § ¢ FTV(S))
(oplSzT [S/a] = op, S/azT[S/a]
(01 )([S/a] = (w[S/a]) (e2[/ )
(vT)[S/a] = (v[S/al) (T[S/a])
(handle; ;v e with h)[S/a] = handle, (g o~ €[S/a] with (h[S/a])
[S/a] =
[S/a] =
1S/l
[S/e]

K.e)
)
)
)
(letz = e;in ey)
)
}
)

alS/al =S
BlS/el =B (if a # B)
(A —¢ B)[S/a] = (A[S/a]) —<s/a) (B[S/a])
(V6 : K.A%)[S/a] = VB : K.A[S/a]E5/a)

(if « #£ B and B ¢ FTV(S))
CTH[S/a] =CT[S/a]

{}S/al = {}
(cw{op:VB’ : K7.A = B})[S/a] = o[S/a] w{op: VB’ : K’.A[S/a] = B[S/a]}
(if {87} NFTV(S) = 0)
0iS/a] =0
(T,z: A)[S/a] =T[S/a],z : A[S/q]
(0.5 KSJo] —TIS/al.8: K (o )



Definition 1.11 (Typelike Extraction Function). A typelike context A(T") extracted from a typing context T' is
defined as follows:

Ad)=0 A,z : A)=A) AT a: K)=Al),a: K .

Definition 1.12 (Domains of Typing Contexts). The set dom(I') of variables and typelike variables bound by
a typing context I is defined as follows:

dom(P) =0 dom(T,z : A) = dom(T") U {z} dom(T, v : K) = dom(T") U {«} .

Definition 1.13 (Context Well-formedness and Kinding Rules).
Contexts Well-formedness

dom(l') THA:T FT dom(T
_ CEwpry S Fdom®) YP o var o gdom®) o\ ryvan
) Fl,z: A Fl,a: K
Kinding [T+ S: K 8" K'| < Viel(I'+S;:K)
FT a:Kel FI C:UK!' 5 Key T'+S':K!
——— K_VAR 7 K_Cons
I'Fa: K I'-CS': K
'FA: Typ T'kHe:Eff T'HB:Typ lNa:KFA:Typ TI'a:KFe:Eff
K_FuN K_PoLy
I'HA—¢B:Typ I'+Va: K.A®: Typ

Definition 1.14 (Proper Effect Contexts). An effect context = is proper if, for any | :: Va! : K'o ez, the
following holds:
o [:IIK" — Lab € Si;

o for any ap™, Ko, and oy, if 1 Vol : Ko .0y € 2, then a! : K = ap : Ko™ and 0 = 0¢; and
o for anyop:VB’ : Ko/ A= Beo,

o K',B7 Ky HA:Typ and o' : K!8/ . Ky¢/+FB:Typ.

Definition 1.15 (Well-Formedness-Preserving Functions). Given a signature 3, a (possibly partial) function

V[, 51, ..., Spn. TS KG A AT S, Ky A f(S1,...,8:,) € K(X) = T'F f(S1,...,5,): K .
Similarly, f € K(X) preserves well-formedness if T+ f : K for any T.

Definition 1.16. We write « — T F S : Ko for a quadruple (o, T, S, Ko) such that 301, K, T5. (VSp € S.T1, v :
K,FQ |_SQ : KO)/\I‘1 FT:K.

Definition 1.17 (Effect algebras). Given a label signature Y1, an effect algebra is a quintuple (Xeg, ©,0, (—)T, ~
) satisfying the following, where we let ¥ = Sjap W e
e © € Eff(%) x Eff(X) — Eff(2), 0 € Eff(X), and (—)" € Lab(X) — Eff(X) preserve well-formedness.
Furthermore, ~ is an equivalence relation on Eff (X) and preserves well-formedness, that is, Ve1,e9.€1 ~
gg = (VI[.T'F e : Eff < Tt eq: Eff).
o (Eff(X),®,0) is a partial monoid under ~, that is, the following holds:
— Ve e Eff(X£).e00~cA0Ge ~¢e; and
— Vep,e9,e3 € EfF(E)
(e10¢e2)©ez3 e Ef(X) Ve Oea @e3) e Ef(X) = (61 0e2) ®ez ~ g1 O(e2 ®e3).
o Typelike substitution respecting well-formedness is a homomorphism for ®, (=)', and ~, that is, the
following holds:
— Va,S,e1,e0.a0— Ste,e0 : Eff Aoy Oeg € Ef(B) = (61 ©e2)[S/a] = e1[S/a] ®e2[S/a];
— Vo, S, L.aw S+ L:Lab = (L)'[S/a] = (L[S/a))"; and
— Vo, S e1,60. = Ster,eq: Eff Aey ~ea = £1[S/a] ~ ¢[S/q].



Remark 1.18. For readability, we introduce the following abbreviations.
def
0 c1Q¢ey = Jde.e1 ©e ~eg and
e 'Fe1 ey def Je.e1@e ~eg A (Ve € {e1,e0,e}.T'F &' Eff).

Remark 1.19 (Parameters of Aga). Agpa takes a label signature in Definition 1.3, an effect algebra over that
label signature in Definition 1.17, and an effect context as parameters.

Example 1.20 (Effect Signature for Effect Sets). The effect signature %5¢¢ for effect sets consists of the pairs
{}: Eff, {—} : Lab — Eff, and —U — : Eff x Eff — Eff.

Example 1.21 (Effect Signature for Effect Multisets). The effect signature 235t for effect multisets consists
of the pairs {} : Eff, {—} : Lab — Eff, and — L — : Eff x Eff — Eff.

Example 1.22 (Effect Signature for Rows). The effect signature ng?w for both simple rows and scoped rows
consists of the pairs () : Eff and (— | —) : Lab x Eff — Eff.

Example 1.23 (Effect Sets). An effect algebra EAge for effect sets is defined by (25¢°, — U —, {}, {—}, ~set)
where ~get is the least equivalence relation satisfying the following rules:

eU{} ~set e Ee1UEr ~vgere2Uer eUe ~ger € (e1Ue2) Uesg ~vger €1 U (€2Ues)

€1 ~Set €2 €3 ~Set €4

€1Ues ~set E2UEy

Example 1.24 (Effect Multisets). An effect algebra EA s for effect multisets is defined by (SMSet) — 14— {},
{—}, ~mMset) where ~pset is the least equivalence relation satisfying the following rules:

€1 ~MSet €2 €3 ~YMSet €4

eU{} ~mset € €1ler ~Mset 2L € (e1Ueg)Ues ~mser €1 U (€2 U es) e1leg ~Mset 2L ey

Example 1.25 (Simple Rows). An effect algebra EAgimpr for simple rows is defined by (S5, ©gimpr, (), (— |
<>>; NSimpR) where

(L | (- (L | e2))) (fer=(La| ¢ (La | OI))
€1 Osimpre2 = { €1 (if e = (Ly | (-~ (L | p))) and €5 = ())
undefined (otherwise)

and ~gimpr is the least equivalence relation satisfying the following.

€1 ~SimpR €2 Li# Ly
(Lle1) ~simpr (L] e2) (L | (L2 |€)) ~simpr (L2 | (L1 [€)) (L&) ~simpr (L] ({L]e))

Example 1.26 (Scoped Rows). An effect algebra EAgcpr for scoped rows is defined by (S58%, Ogepr, (), (— |
()), ~scpr) Where

(Lo [ (- (L [ 2))) (ifer = (Lo [ (- (Ln [ ()
£1Osepr 2 = { £ (if &1 = (L | (-~ (Ln | p))) and &5 = {))
undefined (otherwise)

and ~gcpr is the least equivalence relation satisfying the following.

€1 "™~ScpR €2 Ll # L2
(L|er) ~sepr (L]e2)  (Ly[ (L2 |€)) ~scpr (L2 | (L1 | €))

Example 1.27 (Erasable Sets). An effect algebra EApse for effect sets is defined by (3558, —U —, {}, {—1}, ~Bset
) where ~gget is the least equivalence relation satisfying the following rules:

L#b
{81 YU{k 82"} ~pset { S22} U{l S1} {181} U{lS2"} ~mset {181} eU{} ~mset €

€1 ~YESet €2 €3 "YESet €4

{}Ue ~gset ¢ (e1Ue2)Ues ~Eget €1U (e2Ues) €1U€Es ~Eget E2UEy



Example 1.28 (Erasable Multisets). An effect algebra EAgpses for effect multisets is defined by (SMSet, — 1 — {},
{—}, ~EMset) Where ~gnrset is the least equivalence relation satisfying the following rules:

L # b
{817} U {lh S22} ~Emser {b S22 U{h S1}  eU{} ~Bumset e {}LE ~BEmset €

€1 ~YEMSet €2 €3 ~YEMSet €4

(e1Uea)Ues ~amset €1 U (€2 U es) e1Ues ~EMset €2 eg

Example 1.29 (Erasable Simple Rows). An effect algebra EAggimpr for erasable simple rows is defined by
(Zef", OEsimpr, (), (— | (), ~Esimpr) Where

(Li | ¢ (Do [ €2))) (ifer = (Ln | (- (Ln | O))))
€1 Opsimpre2 = { €1 (if er = (Lo | (- (Lo | p))) and &5 = ())

undefined (otherwise)

and ~ggimpr is the least equivalence relation satisfying the following.

€1 ~SimpR €2 h#b
(L1er) ~simpr (L]e2) (81" | (b S2" | €)) ~simpr (b S2™ | (h S1" | €))

(181" | €) ~simpr (181 | (182" | €))

Example 1.30 (Erasable Scoped Rows). An effect algebra EAggcpr for scoped rows is defined by (S52Y, Opscpr,

(), (= 1 ()s ~Escpr) where

(T o) (e = (L] (Ea | OD))
€1 OBseprE2 E { €1 (if &1 = (Ly | (- (Lo | p))) and e2 = ()
undefined (otherwise)

and ~ggcpr is the least equivalence relation satisfying the following.

€1 ~YEScpR €2 ll # 12
(Lle1) ~escor (L]e2) (b S1™ [ (L S2" | €)) ~mscpr (RS2 | (W S1" |€))

Definition 1.31 (Freeness of Labels).
Freeness of labels |n—free(L, F)

n—free(L, E) n + 1—free(L, E) n—free(L,E) L#1L
O0—free(L,0) n—free(L,letx = Eine)  n—free(L,handle; Ewithh) n—free(L,handle. F withh)

Definition 1.32 (Operational Semantics).

Reduction |e+— ¢’

R_App R_TApp
fun (f,z,e) v +— e[fun (f, z, e)/f][v/z] (Aa: K.e) S — e[S/a]
returnz — e, € h
- R_LET - R_HANDLEL
letz = vine — e[v/x] handle; gr v with h — e,.[v/z]

opB’ K7 pk e€h veon = Az.handle, g1 E[z] withh 0—free(1S!, E)

7 - =7 R_HANDLE2
handle; g E[op; g1 T” v]with h — e[T" /B”]|[v/p][Veont / k]

Evaluation |e — ¢’

€] —— €3

—— E_EvAL
E[el] — E[eg]

Definition 1.33. We write —* for the reflexive, transitive closure of —. We also write e —/ to denote that
there is no €' such that e — €.



Definition 1.34 (Typing and Subtyping Rules).

Typing [['Fe:Ale

FT z:Ael If:A—=.B,x:AFe:B|e¢

T_VAR T_ABS
Pkz:A|0 Pt fun(f,z,e): A—.B|0
F'Fvy:A—=.B|0 ThHwn:A]|0 Na:KkFe:Ale
T_App T_TABS
F'Fvvw:Ble P'FAa:K.e:Va: K.A°|0
F'tv:Va: K.A*|0 THS: K 'te:Ale Tha:Abe:Ble
T_TAppP . T_LET
F'FovS: A[S/a] | e[S/q] F'Hletz =einex: Bl e
l:Va! i K'oeZ op:V8': K" A= Beo[S'/a']
The:Ale THAJe<:A'|¢ FT ST KD TRT! K
— T_SuB v 7 =7 T_Op
Pke:A"|e LFopygr T : (A[T7/B7]) = sy (B[T'/B]) |0

F'ke:A|e l:Val : Kloe= 8. K!
Fl—a‘[sl/a’] h:Aia B (ZSI)TQENEI
I'F handle; g ewithh: B | e

T_HANDLING

Handler Typing |[['t, h: A=° B ‘

I'z:AFe.:Ble

H_RETURN
[k {returnz e} : A= B

o=cw{op:v8’: K’.A' = B'}
't h:A=B I,B': K’ ,p: A k:B —».BrFe:B|e

= = H_Op
Pk, hw{opB’ : K pk+—e}: A=°B

Subtyping |I'F A<: B

'-A:T I'Ay<: A4, THB <:B
R ST_REFL 2 ! e 2 |2 ST_Fun
T'FA< A F}_Al—)ng1<2A2—)52B2
Ta:KFA |e1<: A | e ''HA;<:B The9e
e i' ! 2| 28 ST_PoLy ! ! 2 ST_Comp
I'EVa: KA1 <:Va: K.A5®? 'FA|ey<:Bles

Definition 1.35 (Semantics of Shallow Handlers). The semantics for shallow handlers consists of the reduction
and evaluation relations defined by the following rule R_SHANDLE and those in Definition 1.32 except for
R_HANDLE2.

opB’ K pks ech veont =A2.E[z] 0—free(18!, E)

- - 7 R_SHANDLE
handle; gr Eop, g1 T’ v]with h — e[T" /B7][v/p][Veont /K]

Definition 1.36 (Typing of Shallow Handlers). The typing rules of shallow handlers consist of the rules
defined by the following rules T_SHANDLING, SH_RETURN, and SH_OP, and those in Definition 1.34 except
for T_.HANDLING, H_RETURN, and H_OP.

Typing [['Fe:Ale

Fke:A|e l:Va" KN oexE resv. k"
FFO’[SN/QN] h: AE/ =B (lSN)TQENEJ

- T_SHANDLING
I' - handle; gy ewithh: B | e

Shallow Handler Typing ‘1" Fo h: A% =¢ B ‘

I'z:AFe :Ble ke Eff

; SH_RETURN
[ty {returnz e} : A =° B

oc=0o"w{op:V8’: K'.A' = B'}
Lhy h:AS =B 0,8 K’ p:Ak:B —. Atre:B|e

¥ ¥ - SH_Op
Pty hw{opB’ : K pk—e}: A° =B




Definition 1.37 (The Syntax of Aga with Lift Coercions). The syntaz of Aga extended by lift coercions is the
same as Definition 1.5 except for the following.

e u= ---|le]r (expressions) E == - |[E]r (evaluation contexts)

Definition 1.38 (Freeness of Labels with Lift Coercions). The rules of freeness of labels for Aga extended by
lift coercions consist of the rules in Definition 1.31 and the following rules.

Freeness of labels |n—free(L, F)

n—free(L, E) n—free(L,E) L# 1T
n + 1—free(L, [E]L) n—free(L, [E]L/)

Definition 1.39 (Semantics with Lift Coercions). The semantics for Aga extended by lift coercions consists of
the reduction and evaluation relations defined by the following rule R_LIFT and those in Definition 1.32 except
for RCHANDLE2.

Reduction |e+— ¢’

— R_LIFT
[v], — v

Definition 1.40 (Typing of Lift Coercions). The typing rules of Aga extended by lift coercions consist of the
rules in Definition 1.34 and the following rule.

I'kFe:A|e THL:Lab (L)'oe ~e

T_LIFT
TkHlelp:A|e
Definition 1.41 (Freeness of Label Names).
Freeness of label names |n—free(L, E)
n—free(l, E) n+ 1—free(l, E)

0—free(l,00) n—free(l,letz = Fine) n—free(/,handle; g F withh)

n—free(l, E) 1#1
n—free(l, handle; gr E with h)

Definition 1.42 (Operational Semantics with Type-Erasure). The type-erasure semantics consists of the re-
duction and evaluation relations defined by the following rule R_HANDLE2’ and those in Definition 1.32 except
for RCHANDLE2.

opB’ K7 pkrs e€h veont = Az.handle, g E[z]withh 0—free(l, E)
handle, g1 Elop, g1 T’ v] with h +— e[T”/B”][v/p][veont /K]

R_HANDLE2’

Definition 1.43 (Freeness of Label Names with Lift Coercions).
The rules of freeness of label names for Aga extended by lift coercions consist of the rules in Definition 1.41
and the following rules.

Freeness of label names |n—free(l, E)

n—free(l, E) n—free(l, E) L#18"
n+ 1—free(l, [E]; g1) n—free(l, [E]1)

Definition 1.44 (Semantics with Lift Coercions and Type-Erasure). The semantics for lift coercions consists
of the reduction and evaluation relations defined by the rule R_.HANDLE2’ defined in Definition 1.42 and those
in Definition 1.39 except for R_HANDLE2.

Definition 1.45 (Safety Conditions).
(1) For any L, (L)T © 0 does not hold.

(2) If (L)' @¢c and (I')T O’ ~¢ and L # I/, then (L)' ©¢'.

Definition 1.46 (Safety Condition for Lift Coercions). The safety condition added for lift coercions is the
following:



(3) If ()T oer ~ (L)' O O(L) " O(L)T ®ey and L ¢ {L1,..., Ly}, then ey ~ (L) O+ &(L,)" ©eg.

Definition 1.47 (Safety Condition for Type-Erasure). The safety condition added for the type-erasure semantics
is the following:
(4) If (181" @c and (1S2™)T @ ¢, then 817 = Sy,

Example 1.48 (Unsafe Effect Algebras).

Effect algebra violating safety condition (1) Consider an effect algebra such that () - ()T © 0 holds
for some [. Clearly, this effect algebra violates safety condition (1). In this case, § - op;v : A | 0 can
be derived for some A (if op, v is well typed) because op, v is given the effect (I)T and the subeffecting
0+ (1)T © 0 holds. However, the operation call is not handled.

Effect algebra violating safety condition (2) Consider an effect algebra such that safety condition (1),
(HTe ()T, and (I')T ®0 ~ (I')T hold for some [ and I’ such that [ # I’. This effect algebra violates safety
condition (2): if safety condition (2) is met, we would have (I)T © 0, but it is contradictory with safety
condition (1).

This effect algebra allows assigning the empty effect 0 to the expression handle; op; v with h as illustrated
by the following typing derivation:

Drop,v: Al ()T OFA| () <A
(oo~ ) Prop, v:A|()
0 - handley op, v withh : B | 0

T_SuB

T_HANDLING

However, the operation call in it is not handled.



Jo: Typ.3p: Eff {
empty : o, add:Int = o=, size:a —gyInt, find 2 Int =y a —y) Bool,
filter : (Int =y Bool) =gy o —p3 o, choose : a =, Int,
accumulate : V3 : Typ.Np' : Eff.(Unit =,y v 8) —, [ List

Figure 1: Module Interface IntSet

pack(Int List, {Selection Int}, {- - -
choose = selectselection Int
accumulate = AB : Typ.Ap' : EfEAf : Unit = (seiectionint} u o B-
handleseiection Int f () with { return z — [z]} W {select zs k — concat (map k xs)}

)

pack(Int List, {Fail} U{Choice}, {- - -
choose = fun(auz, xs, match zs with
| [] = failgai Int ()
| y :: ys — if decidechoice () then y else auzx ys),
accumulate = AB : Typ.Ap" : EfEAf - Unit —= ko U {Choice} up B-
handlecpoice
handleg,;
0
with {returnz — [z]} W {faila: Typ-_+— [}
with {returnz — z} & {decide _k — k true @ k false}

Figure 2: Two implementation of IntSet

2 Example

We present a motivating example of allowing multiple effect variables in one effect collection. In this example,
we use EAge; and offer two modules of type IntSet, which is an interface of implementations for integer sets
defined in Figure 1.

We show two implementations of IntSet in Figure 2. The former implementation assumes the effect context
Selection :: Va : Typ.{select : alist = «a}, and concretizes p by SelectionInt. The latter implementation
assumes the effect context Choice :: {decide : Unit = Bool}, Fail :: {fail : Yoo : Typ.Unit = a}, and concretizes p
by {Fail} U {Choice}. Because the concrete effect of the latter implementation consists of two labels, it needs to
be abstracted by a row variable, not by a label variable.

We define the function search_path using this package as follows.

search_path = Asets : IntSet List.As : Int.\¢ : Int.
fun(auz,p, Apath : Int List.
if p = tthen path
elselet © = choose (filter (\y : Int.not (exists (A\z.z = y) path)) (nth p sets))
in aux z (x :: path))

s[s]



We show the example program using search_path as follows.

graph = [add 1 (add 2 empty); add 0 (add 2 (add 3 empty)); add 0 (add 1 (add 4 empty));

add 1 (add 4 (add 5 empty)); add 2 (add 3 (add 6 empty)); add 3 empty; add 4 empty|
clean (A- : Unit.search_path graph 05)

clean (A- : Unit.search_path graph 05)
The evaluation results are as follows.

[[55 3; 4; 25 1; 0]; [55 35 1; 0]; [55 35 4; 25 0]; [5; 3; 15 2; O]]
[[65 4; 2; 05 1]; [6; 4; 23 1]; [6; 4 3; 1]]
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3 Properties

3.1 Properties with Deep Handlers
This section assumes that the safety conditions in Definition 1.45 hold.
Lemma 3.1 (Well-formedness of context in judgement). IfT'F S : K, then F T.

Proof. By induction on a derivation of I' - S : K. We proceed by case analysis on the kinding rule applied
lastly to this derivation.
Case K_VARr: Clearly.

Case KFuN: S =A4A . B,TFHFA:Typ, ' Fe: Eff, and ' - B : Typ are given. By the induction
hypothesis, we have F T'.

Case K PoLy: S =Va: K.A*, I'Ja: K+ A: Typ, and I'a : K F ¢ : Eff are given. By the induction
hypothesis, we have - I';a : K. Since only C_TVAR can derive - I',a : K, the required result - T" is
achieved.

Case K_Cons: Clearly.

Lemma 3.2.
(1) If =T, then = A(T).

(2) IfT+S: K, then AT)F S : K.

Proof. By mutual induction on the derivations. We proceed by case analysis on the rule applied lastly to the
derivation.
Case C_EMPTY: Clearly because of A(0) = 0.
Case C_VAR: For some I'', z, and A, the following are given:
e I'=T1"z:A and
e I A: Typ.
By the induction hypothesis, we have A(I") = A : Typ. By Lemma 3.1, we have - A(T"). Thus, we get
F A(T) as required because of A(I",z : A) = A(TY).
Case C_TVAR: For some IV, o, and K, the following are given:
eI'=1"0a:K,
e FT' and
o o ¢ dom(IV).
By the induction hypothesis, we have - A(TY). By a ¢ dom(I"), we have a ¢ dom(A(I")) because
dom(A(I)) € dom(I”). Thus, C_TVAR derives - A(I"), o : K as required.

Case K_VAR: FT, a: K €T, and S = « are given for some «. By the induction hypothesis, we have F A(T").
By Definition 1.11, we have « : K € A(T"). Thus, K_VAR derives A(T') F a: K.
Case K_Cons: For some C, ST, and K’ the following are given:
e S=CS’,
o T,
e C:IIK! 5 K e¥, and
e I'-S": K.
By the induction hypothesis, we have - A(T') and A(I') - S§' : K. Thus, K_Cons derives A(T') +C S” :

K as required.

Case K_FuN: For some A, ¢, and B, the following are given:

e S=A—.B,
e K =Typ,
e ' A: Typ,

11



o 'e: Eff and
e ' B :Typ.
By the induction hypothesis, we have
e AT)F A: Typ,
e A(T') Fe: Eff, and
e A(T)F B: Typ.
Thus, K_FUN derives A(T) - A —. B : Typ.

Case K_PoLy: For some a, K’, A, and ¢, the following are given:
e S=Va: K A°
e K =Typ,
el a:K'FA:Typ, and
e I''a: K'Fe:Eff.
By the induction hypothesis, we have
e A(T,a: K')F A: Typ and
e A(T,a: K')F e : Eff.

By Definition 1.11, we have A(T',a: K') = A(T"), o : K'. Thus, K_Povry derives A(T) - Va : K'.A° : Typ
as required.
|

Lemma 3.3.
(1) For anyT and e, if T ke : Eff, then T+ e @ ¢ holds.

(2) For anyT, €1, €2, and €3, if 'k e1 ©@eo and Tk ea @3, then T F &1 @ e3.

Proof.
(1) Clearly because of Lemma 3.2(2) and because 0 is a unit element.

(2) Clearly because © is associative and preserves well-formendness.

Lemma 3.4 (Transitivity of Subtyping).

(1) IfTH A) <: Ag and T+ Ay <: As, then T F Ay <: As.
(2) IfFFA1|€1 <2A2|€2 andFFA2|€2<:A3|€3, thenFFA1|€1 <:A3|€3.

Proof. By the structural induction on the summation of the sizes of A1, Ao, and Ag. If either ' - Ay <: A or
I'F A <: Aj is derived by ST_REFL, then we have I' F A; <: A3 immediately. Thus, we suppose that neither
'k A; <: As nor T'+ Ay <: Az is derived by ST_REFL in the following. We proceed by case analysis on what
form A;j has.

Case Ay = 7: No rules other than ST_REFL can derive I' = A1 <: As.

Case A1 = By —., Cy: Since only ST_FUN can derive I' - By —., O} <: Ay, we have Ay = By —., (s for
some By, €9, and C5 such that
e '+ By <: By and
[ FF01|€1<2 02|€2.

Since only ST_FUN can derive I' = By —., Cy <: A3, we have A3 = B3 —., C3 for some Bs, €3, and Cs
such that

e '+ B3 <: By and
o I'F (Cy|ex<: Cs | es.
Since only ST_COMP can derive ' Cy | g5 <: C3 |eg and T'F C) | &1 <: Cs | £2, we have
o ' (1 <: (5,
o ' (5 <: Cs,
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e 'FeyQeq, and
o ['Feoes.
By the induction hypothesis and Lemma 3.3(2), we have
e ' By <: By,
e 'Fey ©ej3, and
o ' () <: Cs.
Thus, we have I' - A; <: A3 by ST_FUN as required.
Case A1 =Va: K.B;*': Since only ST_PoLY can derive I' - Va : K.B;®! <: Ay, we have A3 = Va : K.B*®?
for some By and ey such that I'ya : K - By | e1 <: By | €2. Since only ST_PoOLY can derive I' F Vo :

K.By*? <: As, we have A5 = Va : K.B3®® for some Bs and e3 such that ', : K + By | e <: B3 | €3.
Since only ST_COMP can derive I'ya: K - By |1 <: Ba|eg and T, : K F By | e3 <: Bs | €3, we have

e 'a: K By <: Bo,
e a:Kte ©eq,
e ''a: K+ By <: Bs, and
e [a:KlFeyQes.
By the induction hypothesis and Lemma 3.3(2), we have
e ''a: K+ By <:Bs and
e a:Ktees.
Thus, we have I' - A; <: A3 by ST_PoOLY as required.

Lemma 3.5 (Weakening). Suppose that - T'1,T'y and dom(I's) N dom(T'3) = .
(1) IfF Fl,Fg, then Fl,rg,rg.

(2) If T1,Ts+S: K, thenT'1,T5,TsF S : K.

(3) If T1,Tst+ A <: B, thenT1,T2, s+ A <: B.

(4) IfT1, T3k Ay |61 <: Ag | &g, then T1,T9, T3 Ay | &1 <: As | ea.
(5) IfT1,Tske: Ale, thenT1, T3, Tske: A|e.

(6) IfT1,Ts Fo h: A=< B, then Ty, T, T3 Fo h: A=< B.

Proof.
(1)(2) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case C_EMPTY: Clearly because of - T';,I'; and 'y = I's = ().
Case C_VAR: If I's = (), then | I'1,I'5, I's holds immediately. If I's # (), then for some I';, z, and A, the
following are given:
— Ty =T%,2: A4,
— = ¢ dom(T'1,T%), and
- I',T4F A: Typ.
Since dom(T'z) N dom(T%) = O holds, we have I'y, I'5,I's = A : Typ by the induction hypothesis. By
z ¢ dom(T'1,T%) and dom(T'2) Ndom(T%,z : A) = 0, we have z ¢ dom(I'y,T'2,T%). Thus, C_VAR
derives - T'1, T2, T%, 2« A.
Case C_TVAR: If I's = ), then I I'1, ' holds immediately. If I's # (), then for some I';, o, and K, the
following are given:

— Ty =T%a: K,
— a ¢ dom(T'1,T%), and
— FT,,T%

Since dom(I'y) Ndom(T%) = 0, we have - I'1, T's, T'4 by the induction hypothesis. By a ¢ dom(I'y,T%)
and dom(I'y) N dom(T%, 0 : K) = @, we have o ¢ dom(I'y,T'2,I'5) Thus, C_TVAR derives
Fl,FQ,Fg,OA K.
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Case K_VAR: For some «, the following are given:

- S=aq,
— "Fl,rg, and
—a: K el I's.

By the induction hypothesis, we have - I';,I'5,I's. Thus, I'1,I'5,T's F « : K holds because of
a: K elq,I'y,'s.
Case K_FuN: For some A, B, and ¢, the following are given:
- S=A-.B,
— K =Typ,
—I'1,I's+ A: Typ,
— I',T's Fe: Eff, and
- I'1,I's+ B: Typ.
By the induction hypothesis, we have
— ', T3+ A: Typ,
— I'1,T9,T'sFe: Eff, and
—I'1,I5, '3+ B: Typ.
Thus, K_FUN derives I'1, '3, I's - A —. B : Typ.
Case K_Pory: Without loss of generality, we can choose a such that a ¢ dom(I's). For some K’, A,
and ¢, the following are given:
— S =Va: K A®,
- K =Typ,
- I'1,T5,a: K'+ A: Typ, and
—TI',T3,a: K'Fe: Eff.
Since dom(I'2) Ndom(I's, v : K') = @), we have
—I', I, T'3,a: K'H A: Typ and
—TI4,T9,T3,a: K'Fe: Eff
by the induction hypothesis. Thus, K_PoLy derives I'y,T's, '3 - Vo : K'.A° : Typ.
Case K_Cons: For some C, S’, and K’ the following are given:
-S=cs’,
- C:IK!' 5 Key,
— FTI4,T'3, and
— Iy, I3+ 87 KL,
By the induction hypothesis, we have F I';,T'5,T's and I'y,T'5, T's = ST : K1, Thus, K_CoNs derives
Iy, To,T3FCS K.

(3)(4) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case ST_REFL: A = B and I';,I's - A : Typ are given. By case (2), we have I'1,I'9,T's = A : Typ.
Thus, ST_REFL derives I'1,T'5,T's F A4 <: A.
Case ST_Fun: For some Ay, €1, By, Ag, €2, and Bs, the following are given:
- A=A =, By,
- B=A; =, By,
— I, '3+ Ay <: Aq, and
—TI'1,Tsk By |1 <: By | ea.
By the induction hypothesis, we have I'1, T2, T's = By | 1 <: Ba | 2. Thus, ST_FUN derives

Fl,rg,rg - Al —er B1 < AQ ey BQ

as required.

Case ST_PoLy: Without loss of generality, we can choose o such that o ¢ dom(T'3). For some K, Aq,
€1, Ag, and &4, the following are given:

— A=Va: K.A,
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— B=Va: K.A>*, and
— Fl,Fg,a K+ A1 | e < AQ | £9.
By the induction hypothesis, we have I'1, T2, s, : K+ A1 | &1 <: Ag | €2. Thus, ST_PoLy derives

Fl,FQ,Fg FVa: K.Alsl <:Va: K.A252

as required.

Case ST_Comp: We have I'1,I's F A; <: Ay and I'1,T'3 F £1 © e2. By the induction hypothesis, we
have T'y,T'5,T's F A; <: As. By case (2), we have I'1,T'3,'s F &1 © e3. Thus, ST_CoMP derives
I',T9, T F Ay | &1 <: Aa | £2 as required.

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case T_VAR: For some z, the following are given:

—e=uz,

— =0,

— FTI4,T'3, and

—x:Ael,Is.
By case (1), we have - I'1,T'9,T's. Thus, T_VAR derives I'1,T'9,T's - z : A | 0 because of z : A €
Iy, o, I's.

Case T_ABs: Without loss of generality, we can choose f and z such that f ¢ dom(I's) and z ¢ dom(T's).
For some e/, A’, B’, and ¢’, the following are given:

— e=fun(f,z,¢),
— A=A —re! B/,
— =20, and
— I, 0s,f: A = Bz: A ke :B|¢.
By the induction hypothesis, we have I'y,T'9,T's,f : A" —o B’z : A’ + ¢ : B’ | ¢ because of
dom(I'y) N dom(T's, f : A —o B,z : A’) = 0. Thus, T_ABS derives I';,I'2,T'3 - fun(f,z,¢’) :
A" —. B'|0.
Case T_App: For some vy, 12, and C, the following are given:
— €= 11 V2,
—I',Iskv: B—: A|0, and
~ I TsF w:B|o.
By the induction hypothesis, we have
—I', I3, Tsk v : B—. A|0and
— I, T2, T3k v B|o.
Thus, T_APP derives I'1, T3, T's - v 10 : A | &.

Case T_TABs: Without loss of generality, we can choose « such that a ¢ dom(T's). For some K, e', B,
and &, the following are given:

—e=Aa: K.¢,
- A:Va:K.A'E,,
— =20, and

— I, T5,a: KFe A €.
By the induction hypothesis, we have I';, T3, I's,ac: K €’ : A’ | €’ because of dom(I'y) Ndom(T's, « :
K) = 0. Thus, T_-TABS derives I'1,I'5,I'3 - A : K.e' : Vo : K.A" | 0.
Case T_TApp: For some v, S, a, A’, ¢/, and K, the following are given:
—e=0S5,
- 4= A[S/al,
—e=¢'[S/a],
— I, sk v:Va: K.A" | 0, and
ST, T3k S: K.
By the induction hypothesis and case (2), we have
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— TIy,T9, T3k v:Va: K.A |0and
— T, T9,T3F S K.
Thus, T_TAPP derives I'1,I'5, T's - v .S : A'[S/a] | €'[S/a].
Case T_LET: Without loss of generality, we can choose z such that z ¢ dom(I'3). For some e;, es, and
B, the following are given:
— e= (letz = e iney),
—I'1,T'sk e : Ble, and
—I'1,T5,2:BFex: Ale.
By the induction hypothesis, we have
—I'1,T5, sk e : B|eand
— I, Ty, T3, z: BFex:Ale
because of dom(I'2) Ndom(I's, z : B) = (). Thus, T_LET derives I'1,I'2, s Fletz = e;iney: A | e.
Case T_SuUB: For some A’ and ¢’, the following are given:
—I'1,I'ske: A | e and
T TsF A < Ale.
By the induction hypothesis and case (4), we have
— I, Ty, sk e: A | and
T T, Ty Al | < Ae.
Thus, T_SUB derives I';,I'3,T's Fe: A |e.
Case T_Op: For some op, I, A’, B/, I, and J, the following are given:
— €= 0p;st! T’,
— A= (AT7B7) Susiy (BT 87)),
— =0,
—l=Val i Klo ez,
—op:VB’: K" A= B €[S /o],
— F T, T,
—Ty,T3+F 8" K', and
~ T, D3 -T K.
By cases (1) and (2), we have
— Iy, T,
—I'1,T, T3+ 87 K7, and
— Ty, I, T5+T7 : K.
Thus, T_OP derives

I,T2,Ts b op s T : (A'[T7/B7)) — 181yt (B'lT’?/B7)) | 0.

Case T_HANDLING: For some N, ¢/, A’, &', 1, 8V, K~ h, and o, the following are given:

— ¢ = handle; g~ ¢/ with h,
- T, Tske: A,
—l:VaV : KV o eE,
— T, T b v jan) b AT =5 A,
—I',Is -8V . K, and
— (18" oen~e.

By the induction hypothesis and case (2), we have
— I, Ty, Tske A | €,
= ', T2, s bygnjqny bt A" =F A, and
— Iy, T, T3+ 8V . KV,

Thus, T_HANDLING derives

I'1, T3, Ts F handle, gn ewithh : A | e.
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Case H_RETURN: Without loss of generality, we can choose z such that z ¢ dom(I'3). For some e,, the
following are given:

— h={returnz — e},
— o ={}, and
—I',I5,2: Ak e : Be.
By the induction hypothesis, we have I'y,I'3,T'5,2 : A - e, : B | e. Thus, H_RETURN derives
1,2, T3 bp {returnz — e} : A =° B.
Case H_Opr: Without loss of generality, we can choose B7 and p and k such that:
— {87} ndom(I'y) =0,
p ¢ dom(T'2), and
— k ¢ dom(T'9).
For some I/, o', op, A’, B’, and e, the following are given:
—h=hw{opB’ : K pkrs e},
—o=0Ww{op:V3’ : K. A = B'},
—TI,T3ks A : A=° B, and
~T,T3,8 :K’,p: A k:B —».BlFe:B|e.
By the induction hypothesis, we have
—I'1,T9,T3ky B : A=° B and
—T1,15,03,8" K’ ,p: A k:B —.BFe:B|e.
Thus, H_OP derives I';, T, T3 -5 h' W {opB’ : K/ pk s e} : A=° B.

Lemma 3.6. For any 'y, T2, S, and K, if A(T'1),I'2 =S : K and F T'; and dom(T';) N dom(T'y) = @, then
Fl,FQ FS:K.

Proof. By induction on the size of I'y. We proceed by case analysis on the rule lastly applied to this derivation.
Case C_EmpTY: Clearly.
Case C_VAR: For some I', z, and A, we have

o' =T,2: A4,

e z ¢ dom(I}), and

e I/ FA: Typ.

By Lemma 3.1, we have - I'}. By Definition 1.11, we have A(T'}),T2 F S : K. By dom(I"}) C dom(T'y),
we have dom(I")) Ndom(T'y) = @. By the induction hypothesis, we have '}, T2 S : K. By Lemma 3.5(2),
we have T,z : A, o S : K as required.

Case C_TVAR: For some I'}, a, and K’ we have
eIy =T, a: K,
e T, and
o a ¢ dom(I).
By Definition 1.11, we have A(T}),a: K, T2 F S : K. By a ¢ dom(I"}) and dom(I"}) C dom(I'y), we have

dom(T)) Ndom(a : K',T%) = (. By the induction hypothesis, we have I'j,a : K/,T'y - S : K as required.
|

Lemma 3.7 (Substitution of values). Suppose that 1+ v : A|0.
(]) Ifl_ Fl, X A,FQ, then 1"1,1"2.

(2) IfTy,0: A,ToF S: K, thenT1,Ts - S: K.

(3) IfTy,: A,ToF B <: C, then Ty, To F B <: C.

(4) If T,z : A\ToF By | &1 <: Ba | &2, thenT'1,Ta - By | &1 <: By | ea.
(5) IfTy,z: AATokFe: B e, thenT1,TaF e[v/z]: B |e.

(6) IfT1,2: A,Toby h:B =< C, thenT1,Ts Fy hlv/z] : B=° C.
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Proof.

(1)(2) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case C_EmpTY: Cannot happen.
Case C_VAR: If 'y = ), then we have I'; = A : Typ. By Lemma 3.1, F I'; holds. If 'y # 0, then we
have
— Ty =TY%,y: B,
— I'y,2: AT, B: Typ, and
— y ¢ dom(Ty,z: A, TY),
for some I'}, y, and B. By the induction hypothesis, we have I'y, ', + B : Typ. Thus, C_VAR derives
FT,T5 because y ¢ dom(T'y, T%).
Case C_TVAR: Since I'y cannot be ), we have
— Ty =T%a: K,
— FTy,z: AT, and
— a ¢ dom(Ty,z : A, TY),
for some I's, a, and K. By the induction hypothesis, we have - I'y,T,. Thus, C_TVAR derives
FT'1,T5 because a ¢ dom(T'y,T%).
Case K_VAR: For some «, the following are given:
- S =q,
— FTI'y,z: A, T, and
—a:Kely,z: AT,
By the induction hypothesis, we have + I'1,T’'s. Thus, K_VAR derives I'y,I's F a : K because of

a: K el .
Case K_FuN: For some B, C, and ¢, the following are given:
- S=B-—=.C,
K =Typ,

—I'y,z: A, I's - B: Typ,
—Iy,z2: AT Fe: Eff; and
—I'y,z: AT F C: Typ.
By the induction hypothesis, we have
- I'1,I'sF B: Typ,
— I'1, Ty Fe: Eff, and
—I'1,I's - C: Typ.
Thus, K_FUN derives I'1,I'os B —. C' : Typ.
Case K_PoLy: For some «, K’, A’, and ¢, the following are given:
- S=Va:K'.A®,
- K =Typ,
—Ty,z: A Tq,a: K'F A" : Typ, and
—Ty,2: A, Tq,a: K'+e: Eff.
By the induction hypothesis, we have
—I',I's,a: K’ A’ : Typ, and
—TI'y,Ty,a: K'Fe: Eff.
Thus, K_PoLy derives I'y,I's - Vo : K'.A’° : Typ.
Case K_Cons: For some C, S’ and K, the following are given:
- S=cs’,
~C:IK' 5 Keyx,
— FTI'y,z: A, T, and
—Iy,z: AT 8T K
By the induction hypothesis, we have + I';,T'y and T'y,Ty + 87 : K!. Thus, K_Cons derives
I, T,-CS" K.
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(3)(4) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case ST REFL: B=C and I'1,z : A,To + B : Typ are given. By case (2), we have I'y,I's - B : Typ.
Thus, ST_REFL derives I'1,I's - B <: B.
Case ST_FuNn: For some Aj1, €1, A12, A21, €2, and Ao, the following are given:
— B = A1 —e, Ai,
— C = A1 —¢, Ao,
—I'y,z: A ToF Ay <: Ajq, and
—Ty,2: A ToF Ao |1 <: Aga | €9,
By the induction hypothesis, we have T';,T'a - Agy <: A1; and T'1,Ta b Ao | &1 <: Aga | €2. Thus,
ST_FUN derives I'1, s = A11 =2, A12 <: Ao1 —¢, Aoa.
Case ST_Povry: For some «, K, Ay, €1, A2, and €9, the following are given:
— B=Va:K.A,
— C =Va:K.A>*?, and
—T,2: ATy, a: KE Ay e <: Ay | ea.
By the induction hypothesis, we have I'1,T's,a : K F A; | &1 <: Ay | €2. Thus, ST_PoOLY derives
I',IoFVa: KA <:Va: K.A5™2.

Case ST_Comp: We have I'y,z : A, Ts F By <: By and I'1,z : A,T's F €1 © e2. By the induction
hypothesis, we have I'1,I's = B; <: Bs. By case (2), we have I'1,I's F €1 © €2. Thus, ST_CompP
derives I'1,T's - By | €1 <: Ba | €2 as required.

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case T_VAR: For some y, the following are given:
—e=Y,
— =0,
— FTI'y,z: A, T, and
—y:Bel,z: A Ts.
By case (1), we have - I'1, T's.
If y=2, then I';,ToF v : A | 0 holds because of 'y F v : A | ® and Lemma 3.5(5).
If y # x, then we have y : B € T';,T's. Thus, T_VAR derives I'y,T's -y : B | 0.
Case T_ABs: Without loss of generality, we can choose f and y such that f,y # = and f,y ¢ FV(v).
For some e/, A’, B’, and ¢’, the following are given:
—e=fun(f,y,e),
— B=A —>e! B/,
— =0, and
-T2 Ao f: A - B y: A e B €.
By the induction hypothesis, we have I'1,T9,g : A" —o B’y : A’ €'[v/z] : B’ | €. Thus, T_ABS
derives 'y, Ty F fun (f, y, ¢'[v/z]) : A =< B’ | 0, and since (fun (f, y, e))[v/z] = fun (f, y, e'[v/x]),
the required result is achieved.
Case T_App: For some v, v2, and C, the following are given:
— € =11 V2,
—Ty,2: A ToF v : C—. B0, and
—Ty,z: ATk w: Co.
By the induction hypothesis, we have
—I',TeFwfv/z]: C —:.B|0
— and 'y, To F wfv/z]: C | 0.
Thus, T_APP derives I'y,T's b (v1[v/2]) (v2[v/z]) : B | €, and since (v; wo)[v/z] = (vi[v/z]) (v2]v/2]),
the required result is achieved.
Case T_TABs: Without loss of generality, we can choose « such that o ¢ FTV(v). For some K, e, B,
and ¢’, the following are given:
—e=Aa:K.¢,
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— B=Va:K.B",

— =20, and

—Ty,2:ATy,a: KFe B |&.
By the induction hypothesis, we have I'1,T's,« : K F ¢€'[v/z] : B’ | €. Thus, T_TABS derives
I',ToF Aa: K.e'lv/z] : Vo : K.B" | 0, and since (Aa : K.e')[v/z] = Aa: K.€e'[v/z], the required
result is achieved.

Case T_TAppr: For some v, S, a, B, €', and K, the following are given:

—e=v'8,
- B=B5/a),
—e=¢'[5/a],

—Ty,2: ATy kv :Va: K.B* |0, and
—Iy,z: AT S: K.
By the induction hypothesis and case (2), we have
— I';,To - v'[v/z] : Vo : K.B’® | 0 and
T, TokS: K.
Thus, T_-TAPP derives I'1,T's b v'[v/2] S : B'[S/a] | €'[S/a], and since (v’ S)[v/z] = v'[v/z] S, the
required result is achieved.
Case T_LET: Without loss of generality, we can choose y such that y # 2 and y ¢ FV(v). For some ey,
ez, and C, the following are given:
—e=(lety = ¢ iney),
—T,2: ATk e : C|e, and
—T,2: ATy, y: Che:Ble.
By the induction hypothesis, we have
—I',T2F efv/z]: C | e and
— I, T,y : CF exv/z]: Be.
Thus, T_LET derives I'1,T'y - let y = e1[v/z]inex[v/z] : B | €, and since (let y = e;inex)[v/z] =
let y = e1[v/x] in ex[v /2], the required result is achieved.
Case T_SuB: For some B’ and ¢’, the following are given:
—T1,z: A Toke: B | e and
—Iy,z: AT+ B |¢ <:B|e.
By the induction hypothesis and case (4), we have I'y,I's - e[v/z] : B’ | ¢ and T, T2 + B’ | &/ <:
B | e. Thus, T_SuB derives I';,I's F e[v/z] : B | €.
Case T_Op: For some op; g T, A’, and B’, the following are given:
— €=0p;gs! T’
- B = (AT7/8") Sysi (BITY/67),
— =0,
—l=Va! :K'oe=
—op:V8’ : K" A= B € o[S? /o],
— T,z AT,
—I'i,z: ATy 8T K and
—Ti,2: AT, T : K.
By cases (1) and (2), we have
— =T, T,
—I',Io - 8T K, and
— T, I, +T7 . K.
Thus, T_OP derives

I, Tokop g T/ (A'[T7/B7]) — 8t (B'lT’/87]) | 0.

Case T_HANDLING: For some N, ¢/, A’, &', 1, 8V, o, K", h, and o, the following are given:
— ¢ = handle; g~ ¢/ with h,
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Di,z: Aok e : A€,
—l:VaV : KN eE,
—Ty,z: AT, -8V KV,
— Ty, A,Te Fyign o) b A" =° B, and
— (18T oen~e.
By the induction hypothesis and case (2), we have
— I,y -8V KV,
— I, Tokefv/z]: A | €, and
— T4, o by jqny hlv/z] + A" =2 A
Thus, T_HANDLING derives

I'1,Ts - handle; gn €'[v/z] withh[v/z] : B | ¢.

Case H_RETURN: Without loss of generality, we can choose y such that y # = and y ¢ FV(v). For some
er, the following are given:

— h={returny — e},

— o ={}, and

—T,2: ATy, y:Ble : C|e.
By the induction hypothesis, we have

— I, To,y: BFefv/z]: C|e.
Thus, H_RETURN derives

[y, e bpy {returny — e.[v/z]} : B =° C.

Case H_Op: Without loss of generality, we can choose 37 and p and k such that:
- pF,
— k # oz,
—p ¢ FV(v),
— k¢ FV(v), and
~{B'}NFTV(v) = 0.

For some b/, o', op, A’, B’, and e, the following are given:
—~h=0w{opB’ : K’ pk s e},
—o=0cWwW{op:V8’': K’.A' = B'},

—Ty,2: A Tyko A : B=°C, and
~T,z:ATy,8 K’ p: A k:B —».Cke:Cle.

By the induction hypothesis, we have
—I',To ko B v/z]: A=° B and
~ T, 19,8/ K’ p: A k:B —.BlFefv/z]:B|e.

Thus, H_OP derives

I, To b, W[v/z)W{opB’ : K/ pk s e[v/z]}: B=°C

|
Lemma 3.8 (Well-formedness of contexts in subtyping judgments).
o [fT'F Ay <: Ay, then T
o IfTH Ay |e1 <: Ay |eq, then FT.
Proof. Straightforward by mutual induction on the subtyping derivations with Lemma 3.1. |

Lemma 3.9 (Well-formedness of contexts in typing judgments).
o IfTFe:Ale, thenT.

o [fT'F, h:A=° B, thentT.
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Proof. Straightforward by mutual induction on the derivations with Lemma 3.1. |

Lemma 3.10 (Substitution of Typelikes). Suppose that Ty F ST : K.
(1) If =Ty, : K1\ Ty, then T, T[S’ /a’].

(2) IfTy,al : K' Ty T : K, then T'1,T5[S" /a!| F T[S'/a!] : K.
(3) IfTy,al : K', Ty A <: B, then T'1,T5[S”/a!| F A[S! /a!] <: B[S!/al].

(4) IfFl,aI : KI,FQ F Al | e < AQ | €2, then Fl,Fg[SI/aI] - Al[SI/aI] | El[SI/OéI] <: AQ[SI/OéI] |
e[S /al].

(5) IfT,al - K' Tyt e: A|e, then Ty, To[S" /al| F e[ST/al] : A[ST/a!] | €[S!/a].
(6) IfT1,al - KT Toby h: A=< B, then T1,T5[87 /a’] Fois/a) hS/a] : A[STJa!] =<15"/2"] B[ST/aT].

Proof.
(1)(2) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivations.

Case C_EmpTY: Cannot happen.

Case C_VAR: Since I'y cannot be (), for some I'y, z, and A, the following are given:
—Iy=T%,2: A,
— z ¢ dom(T'y, ! : K’ T%), and
~T,al : K T, A: Typ.
By the induction hypothesis, we have I'y, (T[S’ /a!]) F A[S’ /a!] : Typ. By z ¢ dom(I'y, (T4[S’/a’])),
C_VAR derives - T'y, (T4[S?/al]),z : A[ST/al], and since T2[S’/a!] = T4[S/a!],z : A[S!/a']
holds, the required result is achieved.
Case C_TVAR: If I's = ), we have
—al:Kl'=a’ :KJ,ozi:Ki
—FI,a’ : K7, and
— a; ¢ dom(I'1,a” : K7),
for some J, a”, K'], 1, o, and K;. By the induction hypothesis, we have - I';.
If Ty # 0, for some I's, 3, and K’, the following are given:
- Ty =T%,8: K,
— Ty, al : KT, and
— B¢ dom(Ty,a! : KT, T%).
By the induction hypothesis, we have - I'y, (T4[S? /a!]). Thus, C_TVAR derives - I'y, (T4[S* /al]), B :
K’, and since

I, To[S /o] =T, (T%[ST/al]), 8 : K’

holds, the required result is achieved.

Case K_VAR: For some 3, the following are given:
- T=5,
— FTIy,al : K1 Ty, and
— B:KeTl,a : K T,.
By the induction hypothesis, we have - I'1,I'3[S?/a’].
If B = o for some i € I, then I'y, T5[S” /a!] F B[S’ /al!] : K holds because of the following:
- +8T: KT,
Lemma 3.5(2),
—~ 8, =B[8"/a'], and
- K, =K.
If 8 # «; for any i € I, then K_VAR derives I';, '5[S” /a!] F 8 : K because of 3 : K € T'1,I'5[S'/al].
Since 3 = B[S’ /a’], the required result is achieved.

Case K_FuN: For some A, B, and ¢, the following are given:
- S=A4-.B,
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- K =Typ,
—TI,al : KI.TyF A: Typ,
~I'i,a! : K' Ty e: Eff, and
~I'i,a! : K' Ty B : Eff.
By the induction hypothesis, we have
— Ty,T5[8T /ol ]+ A[ST/al] : Typ,
— Ty,19[8"/a! ]+ ¢[ST/a!] : Eff, and
— Ty, 19[S /a!] - B[S'/a!] : Eff.
Thus, K_FUN derives

I, To[S" /a1 - (A[S"/a')) =51 /a1 (BIS"/a']) : Typ,
and since
(A —c B)[S'/a!] = (A[S"/a']) —=.(s1jan (B[S /a'])

holds, the required result is achieved.
Case K_PoLy: For some 3, K’, A, and ¢, the following are given:

- S=Vg3: K'A°
— K =Typ,
~ Ty, : KI Ty, 8: K'+ A: Typ, and
—TI',ol : K Ty,8: K'+c: Eff.

By the induction hypothesis, we have
— T, 19[S /a!],B: K' - AlS'/a!] : Typ and
— I, T9[8"/a!),8: K' e[S /al] : Eff.

Thus, K_PoLy derives

T1,T5[S" /o' VB K. A[ST /ol )18/« D  Typ .
Since we can assume that 8 does not occur in 87 and a! without loss of generality, we have
(VB : K'.A%)[S" Ja!] =V : K'.A[ST Ja!|EIS"/'D)

Therefore, the required result is achieved.
Case K_Cons: For some C, 8’7, and K’/ the following are given:
- 5=cs",
- C: K" 5 Key,
— FTIy,al : K1 Ty, and
~Ty,al : K Ty 8" . K"’
By the induction hypothesis, we have - 'y, T5[S?/al] and T'y,T2[S’/a’] F S'[SI/aI]J . K.

Thus, K_CoNs derives 'y, To[S? /a!] - C S'[SI/aI]J (K.

(3)(4) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
Case ST_REFL: A =B and I'1,a! : KI,I,+ 4 : Typ are given. By case (2), we have 1"1,1"2[.5'1/0/] -
A[S8'/a!] : Typ. Thus, ST_REFL derives

Iy, 5[87 /a1 A[ST /al] <: A[S!/a]].

Case ST_FuN: For some Aq1, €1, A12, Ao1, €2, Bao, the following are given:
— A=Ay =, Ag,
— B = Ay =, A,
—I'i,a!l : K' Ty Ay <: Ayq, and
—T,al iK' Dok A | &1 <: Aoy | €9
By the induction hypothesis, we have
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— Fl,FQ[SI/OéI] - A21[SI/(11] <: All[SI/aI] and
- Fl,I‘Q[SI/aI] = Alg[SI/aI] | sl[SI/aI] <: AQQ[SI/QI] | EQ[SI/QI].
Thus, ST_FUN drives

I, To[S" /o' - (An[ST/a']) = (51 /a1 (A12[S"/a']) <: (An[S'/a']) =151 /a1 (A22[ST/a'])

and since, for any i € {1,2},
(Ail —e; Aig)[SI/aI] = (Ail[SI/aI]) _>E¢[Sj/al] (AiQ[SI/aI])

holds, the required result is achieved.
Case ST_Pory: For some 3, K, Ay, €1, Az, and e4, the following are given:
— A=V3:K.A ™,
— B=VpB:K.A5?, and
~T,al K ' Ty, B: KF Ay |el <: Ay e

By the induction hypothesis, we have I'1,[2[S” /a!], 3 : K + A1[S!/a!] | £1[ST/a’] <: A5[S! /o] |
£9[S?/a’]. Thus, ST_PoLy derives

T, T5[S /a!] F VB K.A[ST /ol |8/ < yp : K Ay[ST Jal](e218"/a])

and since
— (V8: K.A")[S!Jal] =V : K.A[S! Jal)=:18/']) and
— (V8 : K.A,")[S! /@] = VB : K.45[S! /al]E18"/a)
hold, the required result is achieved.

Case ST_CoMp: We have I'1,af : K',Ty F Ay <: Ay and Ty, : KI5 F €1 © 5. By the induction
hypothesis, we have I'1, T2[S? /a!] - A4,[8"/a’] <: A3[S?/a’]. By Lemma 3.8, - T'1,a! : K Ty,
Then, by case (2) and the fact that a typelike substitution is homomorphism for ® and ~, we have
Iy, T5[8" /o] F (1[87/al]) @ (e2[S” /al]). Thus, ST_Comp derives I'y,I5[S”/a!] F 4,[87/a’] |
e1[ST/al] <: Ag[ST /o] | e2[ST /o).

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case T_VAR: For some z, the following are given:

- e=nu,
— =0,
— FTIy,al : K1 Ty, and
—z:Ael,al : K1 T,.
By case (1), we have - T';, T'5[S”/a].
Case z: A €Ty: Since z: A € T'1,I5[S"/a'] and A[S'/a'] = A hold, T_VAR derives

I, To[8T /ol F o A[ST/a!] | 0.

Case z: A€ o' : K': Cannot happen.
Case z: A € Ty: Since z: A[S"/a!] € T1,T2[S"/al] holds, T_VAR derives

[, To[8T /ol F o A[ST/a!] | 0.

Thus, the required result is achieved because of z[S’/a!] = =.
Case T_ABs: For some f, z, ¢/, A’, B’, and ¢’, the following are given:
— e=fun(f,z,¢),
- A=A"—>. B,
— =0, and
~Ty,al :K' Ty, f: A" - B z:AFe:B|¢.
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By the induction hypothesis, we have
[, To[ST/al], f: (A" = B[S /al],z: A[ST/a!]F ¢'[ST/al]: B'[ST/al] | '[ST/al].
Since
(4" = B)[S"/a!] = (A'[8"/a]) =ois1/an (B'[ST/a'])
holds, T_ABS derives
L1, T2[S"/a!] F fun (f, 2, ¢'[S"/a']) : (A'[S"/a]) —os1/ar (B[S /a]) | 0.
Thus, the required result is achieved because
(fun (f,2, ¢))[S"/a'] = fun (f, 2, ¢'[S"/a'])

holds.
Case T_App: For some vy, vz, and B, the following are given:

— e = v vy,
~T,al iK' TyFu:B—. A0, and
~Ty,al iK' TyFw:B|o.

By the induction hypothesis, we have
— Ty, I5[87 /el - v [ST/al]: (B —. A)[ST/a’] | 0[S!/a’] and
— Ty, I5[S7/a! ]+ w[ST/al] - B[S'/a!] | 0[S /al].

Since
— (B - A)[S/a!] = (B[S!/a']) =51 jar) (A[S'/a]) and
—0[S'/al] =0

hold, T_APp derives
L1, To[S" /@l F (0 [S7/a']) (va[S"/a']) - A[ST /'] | e[ST/a]

as required.

Case T_TABs: Without loss of generality, we can choose 8 such that 8 # «; and 8 ¢ FTV(S;) for any
1 € I. For some K, ¢/, A’, and &', the following are given:

—e=AB:K.¢,
— A=VB:K.A",
— =20, and

~Ty,al K Ty,B:KFe: A |,
By the induction hypothesis, we have

[y, To[ST/al],8: K - '[ST/a']: A'IST/a'] | £'[S! /']
Thus, T_TABS derives
T, To[S"/a! | AB: K.(e'[S"/a']) : VB : K.A'[ST Ja!]'18"/2']) | g
and since
(AB: K. )8 /a!] = AB: K.(¢'[S" /')

holds, the required result is achieved.

Case T_TAppr: Without loss of generality, we can choose 8 such that 8 # a; and 8 ¢ FTV(S;) for any
1 € I. For some v, T, 3, A’, ¢/, and K, the following are given:

—e=0vT,
~ A= A[1/p),
—e=¢£[T/p],

- Fl,al:KI,FQFv:Vﬂ:K.A’E, | 0, and
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—TI,al :KIThFT: K.

By the induction hypothesis, we have
— Ty, T5[S /o] - v[ST/al]: (VB : K.A¥)[ST/al] | 0[S /a!] and
— I, T8 /! F T[S /a!] : K.

Since
— (Vﬁ - KLAE )[Sl/al] =Vp: K_A/[Sl/a[](al[sl/aj]) and
- 0[8'/al]=0

hold, T_TAPP derives
D1, Do[S7/al] - (o[ST/a!]) (T[S /a']) - (A'[ST /DTS /a']/6] | ('[ST/a'))T[S"/a']/5].

Finally, we have
~ (vD)[S" /'] = (v]S"/a']) (T[S /a'),
— (ST [a)TIS" Jad)/8] = (A[T/8))[S" /a!], and
— ([8" /" )IT(S" /a')/8] = (£'[T/6])S" /']
because Vi € I.(8 ¢ FTV(S;)). Thus, the required result is achieved.
Case T_LET: For some z, €1, ez, and B, the following are given:
—e=(letz = e iney)
~T,a! : K' Ty e : B|e, and
~T,al iK' Ty,z:BFe:Ale.
By the induction hypothesis, we have
—T1,15[8" /ol 1+ e[S /a!] : B[ST/a!] | €[S /a!] and
— Ty, 15[8"/al],z: B[S'/a!]F e[ST/al]: A[ST/a!] | ]8T /al].
Thus, T_LET derives

I, To[S' /ol Fletz = e[S /al]in (ex[ST /al]) : A[S!/al] | £[ST/a]
and since
(letz = e;inep)[S'/al] = letz = ,[S” /a']in (e[S’ /)

holds, the required result is achieved.
Case T_SuUB: For some A’ and ¢’, the following are given:
~T,a! iK' Ty e: A'| & and
~T,al iK' ToF A | < Ale.
By the induction hypothesis and case (4), we have
— Ty, 0587/l ]t e[S /al] : A[ST/al] | £'[8 /al] and
— Ty, T[S /al] - A'[S8T/al] | €'[ST /al] <: A[S!/a!] | £[ST/al].
Thus, T_SUB derives

I, e[S /ol F e[ST/al]: A[ST/a!] | e[ST/al]

as required.
Case T_OP: For some op, I, So™, T”, o, ao™, Ko™, 87, K", A’, and B’, the following are given:

— € =0pP; 85,00 TJ,
A= (AT 18%) =g sy (BT /87,
— =0,
— [ Vagph : Koo € 2,
—op:VB7 K" A = B € 0[S /ap],
—FT,al K1 Ty,
—T,al : KI Ty So™ : Ko, and
~Ty,al :K' Ty T . K"/,

By cases (1) and (2), we have
— Ty, T[S /al],
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— T, T[S /ol F So[ST/al]™ : Ko™, and
— Iy, Tu[87 /el - T[S /ol - K77,

Since
B ((ZSOIO)T)[SI/GI] = (lSO[SI/aI]IU)T and
- @[Sl/al] = ®,

T_OP derives

J J J
Fl; FQ[SI/aI] + oplSQ[SI/aI]IO T[SI/aI] : AB[T[SI/QI] //3]] _>(150[51/a1]’0)T B(I)[T[SI/aI] //3]] | 0

where
op: VB’ : K”J.A6 = B € U[SO[SI/aI]IU/a()I“].
Without loss of generality, we can assume that, for any ¢ € I, «; ¢ FTV(4') UFTV(B'), and
({i} UFTV(S:)) N ({ao™} U{B’}) = 0. Then,
— AT /37)[ST Ja!) = A T[S /')’ /7] and
- B'T/B7)[S" ja!) = By[T[ST o]’ /8]
hold. Therefore, the required result is achieved.
Case T_HANDLING: For some N, ¢/, A’, €', 1, So™, oo™, Ko™, h, and o, the following are given:
— e = handle; g v ¢/ with h,
~Tal iK' Tyke A€,
— [ Vao : Koo e E,
— Il KL Ty 8o Ko,
—Tr,af KN To b ygyvjaen) h i A =° A, and
— (1SeM)T e n~e.
By the induction hypothesis, case (2), and the fact that a typelike substitution is homomorphism for
® and ~,we have
— Ty, T[S /ol F So[ST/a’]" : KoV,
— T, To[ST/a! ] e'[ST)al] - A'[ST/a’] | €'[S8T /al],
— T, Da[S" /o] yisov jaomist jar HIST /1] : A'[S! Jal] 515"/ A[S! /aT], and
— (18087 /a1 ) ©elST Jal] ~ &[S al].
Now, because we can assume that
— {a’} N {ao™} =0 and
— {aoV}NFTV(ST) =0
without loss of generality, we have

Iy, T[S /al] - | B[ST/al]: A8 Jal) =E18 /) AlS! jal].

o[So[S /oMY Jao¥
Thus, T_HANDLING derives

I'1,T5[S"/a'] - handle, o] e[S?/al|with h[ST/al] : B[S /a!] | ¢[S!/al].

E
Case H_RETURN: For some z and e,, the following are given:
— h={returny — e},
— o={}, and
~ Ty, iK' Ty,z:AkFe.:B|e.
By the induction hypothesis, we have
— Ty, I5[8"/a!],z: A[ST /o] F e[S /a!] : B[S!/a!] | £[ST/al].
Thus, H_RETURN derives

1, Ty by {returnz — . [S7/a’]} : A[ST/a!] =15"/*"] B[S /a]].

Case H_Op: Without loss of generality, we can choose 37 such that:
- {B7}n{a’} =0 and

27



— {87} nFTV(S) =0.
For some b/, o', op, A’, B’, and e, the following are given:
—h=hw{opB’ : K’ pk s e},
~o=0cw{op:V8’' : K’.A = B'},
—TI,al : K Tyby B+ A= B, and
~Ty,al :K' 19,8/ :K’,p: A k:B —».BlFe:B|e.
By the induction hypothesis and Definition 1.10, we have
—ol8T/a!) = o'[ST /o'W {op: VB’ : K. A'[ST/a’] = B[S /a’]},
— I, Da[S" /] st jan WST/al] + A[ST ja!] =¢15"/2'1 B[S /aT], and
- T1.,T2[8"/a!],B87 : K7 p: A'[S" /o], k: B'[S" /o] =151 a1 B[S' /a!] - e[S"/al] : B[S /al] |
e[S /al].
Thus, H_OP derives

D1, T2[87 /o] b st jar [ST /a6 {opB” : K7 pk s ¢[ST/al]} - A[ST Jal] =187/« B[ST /o).

|
Lemma 3.11 (Well-kinded of Subtyping).
o [fTHFA<: B, thenl'A:Typ and '+ B : Typ.
o IfTH Ay |e1<:As|e, thenTF A;: Typ and T'F¢; : Eff for i € {1,2}.
Proof. Straightforward by mutual induction on the subtyping derivations with Lemma 3.6. |

Lemma 3.12 (Well-kinded of Typing).
(1) IfTHe: Ale, thenTH A: Typ and T+ ¢ : Eff.

(2) If Tty h: A= B, thenTH A: Typ and '+ B : Typ and T' ¢ : Eff.

Proof. By mutual induction on derivations of the judgments. We proceed by cases on the typing rule applied

lastly to the derivation.

Case T_VAR: We are given e = 0 and F ' and ' = T'y,z : A, Ty for some z, I'1, and I's. Because - T, it is
easy to prove that 'y F A : Typ using Lemma 3.1. Then, by Lemma 3.5, I'y,z : A,T's - A : Typ. We
also have I' - 0 : Eff because 0 is well-formedness-preserving.

Case T_ABs: For some f, z, ¢/, B, C, and &, the following are given:

hd ezfun(f,x, 6/),
e A=21H —re! C,
e £ =0, and
e f:B—., Ciz:BkFe:C|¢e.
Since 0 is well-formedness-preserving, we have I' - 0 : Eff. By the induction hypothesis, we have T, f :
B —. C,xz:BF C:Typ. By Lemma 3.1, we have - T", f : B —. C,z : B. Since only C_VAR can derive
FI,f:B—o C,x:B,wehave',f : B—. CF B:Typ. By Lemma 3.1, we have F I, f : B —. C.
Since only C_VAR can derive FI', f : B —. C, we have ' - B —. C : Typ.
Case T_App: For some vy, 12, and B, the following are given:
® € = U1 Vg,
e'Fwv:B—.A|0, and
eI'Fuw:B|O.
By the induction hypothesis, we have ' B —. A : Typ and I' - 0 : Eff. Since only K_FUN can derive
I'kB—.A:Typ,we have ' A: Typ and I' F ¢ : Eff as required.
Case T_TABs: For some a, K, ¢/, B, and ¢’, the following are given:
e e=Aa: K.é,
e A=Va:K.B,

e £ =0, and
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el a:KFeée:B|¢€.
Since 0 is well-formedness-preserving, we have I' - 0 : Eff. By the inducti,on hypothesis, we have I', « :
KFB:TypandT'a: K+ &' : Eff. Thus, K_PoLy derives I' - Vo : K.B® : Typ.
Case T_TApp: For some v, S, A’, ¢/, a, and K, the following are given:
eec=105,
o A= A'[S/a],
o ¢ =¢'[S/al,
o Iku:Va:K.A® | 0, and
e 'S K.
By thse induction hypothesis, we have I' - Vo : K. A’ < Typ. Since only K_PoLy can derive I' F Va :
K.A® : Typ, we have I''a : K - A’ : Typ and I',a : K - ¢ : Eff. By Lemma 3.10(2), we have
' A'[S/a] : Typ and T' - €’'[S/a] : Eff as required.
Case T_LET: For some z, e, ez, and B, the following are given:
o e = (letz =ejiney),
e I'Fe :Be, and
el z:BlFe:Ale.
By the induction hypothesis, we have I'yz : B+ A: Typ and ' b ¢ : Eff. By A,z : B) = A(T') and
Lemma 3.2(2) and Lemma 3.6, we have I' - A : Typ as required.
Case T_SuB: For some A’ and €', the following are given:
eI'Fe:A'|e and
e I'HA | < Ale.
By Lemma 3.11, we have ' - A : Typ and I' F ¢ : Typ.
Case T_Op: For some op, I, ST, T o, a!, K!, 87, K"], A’, B’, the following are given:
o« c—ops T,
A= (W[T7187) >qsim (BT 187),
o l:Va! :Kloez,
e op:VB’: K" A= B €o[S!/a]],

o FT,
e I'+S": K’ and
e T+HT': K.

Since 0 is well-formedness-preserving, we have I' - 0 : Eff. Without loss of generality, we can assume that
a! and 87 do not occur in I'. Then, because there exist some A” and B” such that

eal:K' B/ K'" + A" : Typ,
e al :K' 3’ . K"+ B": Typ,
e A"[S'/al] = A’ and
° BI/[s]/a]] — BI7
Lemma 3.5 and 3.10(2) imply I - A’[T7/B8”] : Typ and T + B/[T” /3] : Typ. Thus, K_FUN derives
U+ (A[T7/B7]) = a sy (B'[T7/B7]) : Typ.
Case T_HANDLING: For some A’, o, N, a”, and SV, we have
I lfo.[sN/aN] h . A/ :>€ A
By the induction hypothesis, we have ' = A : Typ and I' F ¢ : Eff.
Case H_RETURN: For some z and e,, we have

I'z:AF e :B|e.

By the induction hypothesis, we have
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e z:AF B:Typ and
o I''z: Al e: Eff.
By Lemma 3.2(2), we have
e A(T)F B: Typ and
e A(T)Fe: Eff.
By Lemma 3.6, we have
e ' B: Typ and
e I'Hc: Eff.
Now, we have - I', z : A by Lemma 3.9. Since only C_VAR can derive - I",z : A, we have I' - A : Typ.

Case H_Op: For some b’ and ¢/, we have ' -, b’ : A =° B. By the induction hypothesis, we have ' - A : Typ
and '+ B:Typand I' ¢ : Eff.

Lemma 3.13 (Inversion of Subtyping).
(1) IfTH C <: Ay —¢, By and T H0: Eff, then C = Ay —, By such that '+ A; <: A2, T'F By <: By, and
I'Fey e,

(2) If T+ C <:Va: K.A1** and T + 0 : Eff, then C = Vo : K.A5" such that T,a : K - Ay <: Ay and
INa:KFey©ey.

Proof.

(1) By induction on a derivation of T' = C' <: Ay —., B;. We proceed by case analysis on the subtyping rule
applied lastly to this derivation.

Case ST_REFL: ' A7 —¢, By : Typ and C = A; —., Bj are given. Because only K_FUN can derive
' A -, Bi:Typ, wehave I' - A; : Typ, ' F e; : Eff, and I' - B; : Typ. By ST_REFL,
'+ A; <: Ay and T'F By <: By hold. By Lemma 3.3(1), T' F &1 © ¢1 holds.

Case ST_Fun: Clearly.
Case others: Cannot happen.
2) By induction on a derivation of I' - C' <: Va : K.A:°*. We proceed by case analysis on the subtyping rule
yping
applied lastly to this derivation.

Case ST_REFL: '+ Va : K.A1°' : Typ and C = Va : K.A1°! are given. Because only K_POLY can
derive ' - Vo : K.A1°' : Typ, we have I',a: K+ A; : Typ and I',a : K - ¢; : Eff. By ST_REFL,
Ia: K+ A; <: A; holds. By Lemma 3.3(1), Ia: K e ©e;.

Case ST_PoLy: Clearly.

Case others: Cannot happen.

Lemma 3.14 (Inversion).
(1) IfTFv:Ale, thenTFv:AJ0.

(2) If T+ fun(f,z,e) : Ay =, Bi| e, then I',f : Ay =, Ba,x: Ao b e : By | g2 for some As, €2, and Ba
such that T'F Ay —¢, Bs <: A1 —¢, B1.

(3) IfTFAa: K.e:Va: K.A% | e, thenT,a: KFe: Ay |es.

(4) IfTtop, gt T? : Ay —., Bi| ¢, then the following hold:
o l:Vao! :Kloez,
e op:VB8’: K" A= BeolS/al],

o T,
e I't ST K!,
e T'+T’: K"/,

I+ A <: AT /B87],
'+ B[T’/87] <: By, and
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e TH(ISH o¢
for some &!, K', o, 87, K'J, A, and B.

(5) IfT'F vy w2 : B | e, then there exists some type A such thatT'F vy : A —. B |0 and T v : A]0.

Proof.
(1) By induction on a derivation of I' - v : A | e. We proceed by cases on the typing rule applied lastly to

(4)

this derivation.
Case T_VAR: Clearly because of € = 0.
Case T_ABs: Clearly because of ¢ = 0.
Case T_TABs: Clearly because of ¢ = 0.
Case T_Op: Clearly because of ¢ = 0.
Case T_SuB: For some A’ and ¢’, the following are given:

eI'Fwv:A"|¢ and

e I'HA "< Ale.

By the induction hypothesis, I' - v : A’ | 0. Since only ST_CoMP derives ' = A’ | &/ <: A | €, we

have ' H A’ <: A and '+ ¢’ © . Because of Lemma 3.3(1), I' - 0 © 0 holds. By T_SuB, we have
I'kwv:A| 0 as required.

Case others: Cannot happen.

By induction on a derivation of I' + fun (f,z, e) : A1 —., B1 | e. We proceed by cases on the typing rule
applied lastly to this derivation.
Case T_ABs: I',f : Ay =, Bi,x: A1 b e: By | ey is given. By Lemma 3.12, we have I' - A; —., By :
Typ. Thus, ST_REFL derives I' - A; —¢, By <: A1 —¢, By.
Case T_SuUB: For some C and €', the following are given:
e I'Hfun(f,z,e): C| & and
° F"C|€I<2A1—)51 Bllff.
Since only ST_ComP derives I' F C | & <: 47 —., B | &, we have I' F C <: A1 —, Bi.

By Lemma 3.13(1), C = Ay —., By for some As, €2, and B;. By the induction hypothesis and
Lemma 3.4, the required results are achieved.

Case others: Cannot happen.

By induction on a derivation of I' - Aa : K.e : Vo : K.A1®! | e. We proceed by cases on the typing rule
applied lastly to this derivation.

Case T_TABs: Clearly.

Case T_SuB: For some B and &', the following are given:
e I'-Aa:K.e:B|¢& and
e 'F Bl <:Va: K.A® |e.
Since only ST_CoMmP derives I' - B | &/ <: Vo : K.A1®' | &, we have ' - B <: Vo : K.A;°'. By
Lemma 3.13(2), we have B = Va : K.A45%2 for some Ay and €5 such that
e [a: K+ Ay <: Ay and
e a: KFey©ey.
By the induction hypothesis, we have I';a: K F e : Ay | 2. Thus, T_SUB derives ', : K Fe: A4y |
€1, because ST_COMP derives I, oo : K F Ay | g9 <: Ap | £1.

Case others: Cannot happen.

By induction on a derivation of I' - op; g1 T/ : Ay —¢, B1 | . We proceed by cases on the typing rule
applied lastly to this derivation.
Case T_Op: For some o!, K!, o, 87, K'J, A, and B, the following are given:

o l:Val . Kloez,

e op:V3’: K'" A= Beo[S/a],

o T,

eI+ ST K,
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re1’: K",

.
o A1 =A[T7/B7],
e B, = B[T’/B’], and
o = (18N
By Lemma 3.12, we have I' - A; —., B; : Typ. Since only K_FUN can derive I' - A; —., By : Typ,
we have

o I'A[T7/B]: Typ,
o T (18H)!: Eff, and
e ' B[T’/B]: Typ.
Thus, the required results are achieved by ST_REFL and Lemma 3.3(1).
Case T_SUB: For some C and &', the following are given:
e TFop,gT/:C e and
eT'HC|e' <Ay —¢ B e
Since only ST_CoMP can derive I' - C | &’ <: Ay =, By | &, wehave ' F C <: Ay —., B;. By
Lemma 3.13(1), we have C' = Ay —., Bs such that
o I'F A <: Ay,
e ' By <: By, and
e 'Feg ey,
By the induction hypothesis,
o l:Val i Kloeg,
op:VB’ : K" A= Beo[S/a],

o T,
eI+ ST K,
e I'+-T': K",

I+ Ay <: AT /B7],
'+ B[T?/B7] <: By, and
e TH (IS8 @ey.
By Lemma 3.4 and Lemma 3.3(2), the required result is achieved.

Case others: Cannot happen.

(5) By induction on a derivation of T' - v; v2 : B | . We proceed by cases on the typing rule applied lastly to
this derivation.
Case T_App: Clearly.

Case T_SuUB: For some B’ and &', the following are given:
e'Fuwwv: B |e and
e I'FB'|e < B|e.
By the induction hypothesis, we have
el'Fuv:A—. B |0and
eI'Fuwy:A|0
for some A. By Lemma 3.12, we have ' F A : Typ and I' - 0 : Eff. Thus, ST_REFL derives

' A <: A and Lemma 3.3(1) derives I' F 0 © 0. Therefore, by ST_FuN and ST_Comp, I' - A —/
B'|0<:A—.B|0. Then, by T_.SuB, '+ v, : A —. B|0.

Case others: Cannot happen.

Lemma 3.15 (Canonical Form).
(1) If 0+ v: A —. B|€, then either of the following holds:

e v =fun(f,z,e) for some f, z, and e, or

® v =o0p;g! T’ for some op, 1, ST, and T”.
(2) If 0 v:Va: K.A%| €, then v=Aa: K.e for some e.
Proof.
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(1) By induction on a derivation of I' - v : A —. B | /. We proceed by cases on the typing rule applied lastly
to this derivation.

Case T_VAR: Cannot happen.

Case T_ABs: Clearly.

Case T_SuB: For some C, the following are given:
el'Fwv:(C|e"” and
eT'HC|e"<:A—.B|¢.

By Lemma 3.13(1), we have C' = A; —., By for some Ay, £1, and B;. By the induction hypothesis,
the required result is achieved.

Case T_Op: Clearly.
Case others: Cannot happen.
(2) By induction on a derivation of ' - v : Vo : K.A® | /. We proceed by cases on the typing rule applied
lastly to this derivation.
Case T_VAR: Cannot happen.
Case T_TABs: Clearly.

Case T_SuB: For some B, the following are given:
eI'v:B|e& and
e I'FBle’ <:Va: K.A%| €.

By Lemma 3.13(2), we have B =Va : K.A4;°* for some A; and ;. By the induction hypothesis, the
required result is achieved.

Case others: Cannot happen.
|
Lemma 3.16 (Inversion of Handler Typing).
(1) If T+, h: A=* B, then there exist some x and e, such that returnz — e, € h andT,z: At e, : B|e.
(2) If Ty h: A=° B andop:YB’ : K’.A' = B' € 0, then
eopB’ K pkechand
e I,8/ K’ p: A k:B —.Bte:Ble
for some p, k, and e.
Proof. (1) By induction on a derivation of I' -, h : A =¢ B. We proceed by cases on the typing rule applied
lastly to this derivation.
Case H_RETURN: Clearly.
Case H_Op: Clearly by the induction hypothesis.
(2) By induction on a derivation of ' -, h : A =% B. We proceed by cases on the typing rule applied lastly
to this derivation.
Case H_RETURN: Clearly because there is no operation belonging to {}.
Case H_Op: For some b/, o/, op’, ﬁ"],, K'J/, A" B" p', k', e”, the following are given:
e h=nwiopB’ K7 pr ),
e o =0c"W{op: V,B’J/ (KA = B},
e I', A : A=° B, and
o 1,87" K" p A" K B"5.BFe:B|e.
If op = op’, then clearly.
If op # op’, then clearly by the induction hypothesis.
|

Lemma 3.17 (Independence of Evaluation Contexts). IfT' - Ee] : A | e, then there exist some A’ and &' such
that

e'Fe: A&, and
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o TV F E[e/]: A| e holds for any ¢ and T such that T,T" e : A" | £.

Proof. By induction on a derivation of I' - Fle] : A | e. We proceed by cases on the typing rule applied lastly
to this derivation.
Case T_LET: If E =0, then the required result is achieved immediately.

If £ # 0O, then we have
o = (letz =FE'iney),
e I'F FE'le]: B | e, and
el x:Bhle:Ale,
for some z, E’, e3, and B. By the induction hypothesis, there exist some A’ and &’ such that
eT'Fe:A|e, and
e for any e’ and I such that I'\TV I ¢’ : A" | ¢/, typing judgment I', TV - E’[¢] : B | € is derivable.
Let €’ be an expression and I” be a typing context such that T', TV - ¢’ : A’ | /. Without loss of generality,
we can assume ¢ ¢ dom(I"”). The induction hypothesis result implies I',I" F E’[¢/] : B | e. By Lemma 3.5
and T_LET, it suffices to show that - I, T, which is implied by Lemma 3.9.
Case T_SUB: For some A’ and €', given are the following:
e ' Ele]: A'| ¢ and
e I'HA | < Ale.
By the induction hypothesis, there exist some A” and €” such that
eI'Fe:A"|e" and
o for any ¢’ and I such that T',TV F ¢’ : A” | £”, typing judgment I', TV F E[e’] : A’ | ¢’ is derivable.
Let e’ be an expression and I be a typing context such that I', TV - ¢’ : A” | ¢”. Since only ST_COMP can
derive ' A" |’ <: Ale,wehave ' A’ <: Aand 'k &' ©@ec. Wehave I'\TVF A’ <: Aand I, V&' ©¢
by Lemma 3.9, Lemma 3.5(2), and Lemma 3.5(3). Thus, because I, T - E[e’] : A’ | ¢’ by the induction
hypothesis result, ST_CoMP and T_SUB derive I',\ TV - E[e] : A | e.
Case T_HANDLING: If E' = [, then the required result is achieved immediately.
If £ # O, then we have
e F = handle; gv F’ withh,
o ' E'le] : A" | ¢, and
e IS oen~e,
for some [, S, E’, h, A’, and £’. By the induction hypothesis, there exist some A” and &” such that
eI'Fe:A"|e", and
e for any e’ and I such that I\ TV I ¢’ : A” | £, typing judgment T', TV - E’[e] : A" | ¢’ is derivable.
Because the premises of T_HANDLING other than the typing of handled expressions are independent of

the handled expressions, the required result is achieved by Lemma 3.9, Lemma 3.5, and Lemma 3.2(2).

Case others: Clearly because £ = [.
|

Lemma 3.18 (Progress). If 0+ e: A | €, then one of the following holds:
e ¢ is a value;

e There exists some expression e’ such that e — €’; or
e There exist some op, |, ST, T, v, E, and n such that e = Elop; g1 T’ v] and n—free(lSI, E).

Proof. By induction on a derivation of ) - e : A | e. We proceed by cases on the typing rule applied lastly to
this derivation.
Case T_VAR: Cannot happen.

Case T_ABs: e is a value because of e = fun (fi, 21, e1) for some fi, 21, and ;.

Case T_App: For some vy, vz, and B, the following are given:
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® ¢ = v o,
e kv :B—.A|0, and
e ) w:B|oO.
By case analysis on the result of Lemma 3.15(1) on @ - vy : B —. A | 0.
If v; = fun (fi, 21, e1) for some fi, z1, and e1, then R_APP derives e — e;[fun (f1, 21, e1)/fi][v2/x].
If v = op;gr T for some op, I, 8’7, T, then the required result is implied by Lemma 3.14(4) and the
fact that e = Ofop, g1 T va].

Case T_TABs: e is a value because of e = Aa : K.ey for some «, K, and e;.

Case T_TApp: For some v, a, S, K, A1, and &1, the following are given:
e c=1u0S,
o A= A4[S/a],
o ¢ = i[S/al,
e fFv:Va:K.A®* |0, and
e )FS:K.
By Lemma 3.15(2), we have v = Aa: K.e; for some e;. Thus, R_TAPP derives e — ¢1[S/a].

Case T_LET: For some z, e, e, and B, given are the following:
o e = (letz =ejiney),
e )Fe :Ble, and
e z:BlFe:Ale.
By the induction hypothesis, we proceed by cases on the following conditions:
(1) e is a value,
(2) There exists some ef such that e; — ef,
(3) There exist some op, [, ST, T7, v, E, and n such that e; = Elop; g1 T7 v] and n—free(1 S”, E).
Case (1): R_LET derives e — ex[v1 /2] because e is a value ;.

Case (2): Since only E_EVAL can derive e; — ef, we have
e ¢ = Eilern],
e ¢] = Ei[ers], and
® €11 — €12,

for some Ei, e11, and ejs. Let E = (letz = Ejiney). E_EvAL derives e — E[e12] because of
€ = E[en].

Case (3): Clearly because e = (let z = E[op; gt T” v]in e) and n—free(l S’ let z = Einey).
Case T_SuB: Clearly by the induction hypothesis.
Case T_OP: e is a value because of e = op; g1 T for some op, I, S', and T"”.

Case T_HANDLING: For some e, b, [, SV, oV, KV, Ay, and &1, given are the following:
e ¢ = handle; gv e with h,
o Dke: Ay e,
o[ :VaV : KN oeE,
e 0 SV . KV,
o Ok isv/qn) b A = A, and
° (ZSN)TQE ~ £].
By the induction hypothesis, we proceed by cases on the following conditions:
(1) € is a value,
(2) There exists some ef such that e; — ef,

(3) There exist some op’, I/, S'N/, T7, v, E, and n such that e; = Elop’,, ginr T’ v] and n—free(l’ S'N/, E).
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Case (1): By Lemma 3.16(1), there exists some z and e, such that returnz — e, € h. Thus,
R_HANDLE]L derives e — e,.[v1/z] because e; is a value vy.

Case (2): Since only E_EVAL can derive e — e}, we have
e ¢ = Eylern],
(] ei = El[elg], and
® €11 — €12,
for some E, e11, and ejo. Let £ = handle; gv Ey with h. E_EvAL derives e — E[e1a] because of
€ = E[en].
Case (3): 1f1SY # ' 8", then ¢ = (handle, gv E with h)[op,, gx T” v] and n—free(I’ S, handle, g E with ).
i8N =1 S'N/, then by Lemma 3.17 and 3.14(4), we have
o 'V K'Y o' € = and
o op V3" K} A =B ¢ 0'[.5”1\[//0/1\[/]7

N’ N’ J . N’
for some o’ , K’V | o/, 8’7, A, and B’. Therefore, since I 8" =1’ S"" , we have

e 0=0,

o oV = a’N/, and

o« KV = KoV
By 0 Fopgvjany h i Ar =° A and op’ : V,B'J : Ké'J.A’ = B’ € 0[8"/a] and Lemma 3.16(2), we
have

o' B’ K pkse eh

for some p, k, and ¢’. If n = 0, the evaluation of e proceeds by R_.HANDLE2. Otherwise, there exists
some m such that n = m + 1 and m—free(l S~ , handle, gv E with h).

Lemma 3.19 (Preservation in Reduction). Ifte: A|c and e— ¢/, then Dk ¢’ : A|e.

Proof. By induction on a derivation of I' - e : A | e. We proceed by cases on the typing rule applied lastly to
this derivation.

Case T_VAR: There is no €’ such that e — ¢’.
Case T_ABS: There is no e’ such that e — €’.

Case T_Aprp: Since only R_APP can derive e — €', we have
o ¢ = (fun(fi,z1,e1)) vo,
o OFfun(fi,m,e1): Ay = A0,
o fFwy: A0, and
o ¢ =elfun (fi, 1, e1)/fi][v2/m1]
for some fi, x1, €1, v2, and A;. By Lemma 3.14(2), we have
o fi: Ay —., Bo,x: Aok €1 : By | ey and
o Ok Ay —., By <: A1 —. A.

for some As, €2, and By. Thus, T_ABs derives () - fun (fi, 1, €1) : Ay —¢, Bo | 0. By Lemma 3.13(1), we
have

° @l—Al <:AQ7
e ) By <: A, and
e Feyoe.

By Lemma 3.9 and Lemma 3.5(3), we have fi : Ay —., Bo, 21 : A2 F By <: A. Because Lemma 3.5(2),
ST_CoMP derives f : Ay =, Ba, 21 : Ao b By | g2 <: A | e. Therefore, T_SUB derives f : Ay —., Ba, 21 :
Ao b e : A e. Since T_SUB derives ) - vp : Ay | 0, Lemma 3.7(5) makes O b e;[fun (f1, 21, e1)/fi][v2/71] :
A | € hold as required.

Case T_TABS: There is no ¢’ such that e — e€’.
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Case T_TApp: Since only R_TAPP derives e — €', we have
o e=(Aa:K.ep) S,

A= A1[S/a],

e =e¢1[5/al,

o fFAa:K.ep :Va: K.A1*t |0,

e )-S5:K,and

o ¢ =e[S/a]

for some «, K, e;, S, A1, and 1. By Lemma 3.14(3), we have o : K F ¢; : A1 | 1. Thus, Lemma 3.10(5)
makes O F e1[S/a] : A1[S/a] | £1[S/a] hold as required.

Case T_LET: Since only R_LET derives e — €', we have
e e=(letz =vine),
e )Fwv:B|e,
e z:BlFe:Ale, and
o ¢ =e[v/1]

for some z, v, €1, and B. By Lemma 3.14(1) and Lemma 3.7(5), we have § - e;[v/z] : A | € as required.

Case T_SuB: For some A’ and €', we have
e Pe: A | and
e A< Ale.
By the induction hypothesis, we have @ - ¢’ : A’ | /. Thus, T_SUB derives § - ¢’ : A | € as required.

Case T_Op: There is no e’ such that e — €’.

Case T_HANDLING: We proceed by cases on the derivation rule which derives e — ¢'.
Case R_HANDLEL: We have
e ¢ = handle, gr v with h,
e returnz — e, € h,

e )Fv:B|¢,
o l:Val . Kloeg,
eI+ ST K,

o OF,s1/a11 b B=° A4,
(18T ®e~¢, and
o ¢ =e¢.fv/x]
for some I, 8*, a!, K', o, v, h, B, and ¢’. By 0 Foistjal) b B =° A and returnz — e, € h and
Lemma 3.16(1), we have

z:BFe :Ale.

By Lemma 3.14(1), we have @ F v : B | 0. Thus, Lemma 3.7(5) makes § - e.[v/z] : A | € hold as
required.
Case R_HANDLE2: We have
e ¢ = handle, gv Elopy, gv T’ v] with h,
l:VaV : KN.oeg,
o 0+ SV . KV,
o opo By’ : Ko’ poko— e € h,
o 0—free(I SN, E),
e - Elopo,;gv T’ v]: B | ¢,
(] (Z)l_a'[SN/aN] h: B =*¢ A,
o IS ®e~¢, and
o ¢ =e[T?/Bo”|[v/po][\z.handle, gv E[z] with h/k]
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for some I, SN, E, opy, T, v, h, o, K", o, Bo”, Ko”’, po, ko, €y, B, and &’. By Lemma 3.17,
there exist some B; and €1 such that

e Ot opo;gv T? v: By | &1, and

o for any ¢” and I'”, if I - €” : By | €1, then IV + E[e’] : B | €'.
By Lemma 3.14(5), we have ) F opo, g T” : A} —., B |0 and @ - v : A; | 0 for some A;. By
Lemma 3.14(4) and 3.16(2), we have

e opg: By’ : Ko’ . Ay = By € o[SY /],

e O+ SV: K"V,

o 0T’ : Ko,

o 0 Ay <: Ao[T7/B,7],

e O+ By[T’?/By”] <: By, and

e D (18N ee.
for some Ag and By. Thus, T_SuB with () - 0 © 0 implied by Lemma 3.3 derives

O w: A[T7/By”] ] 0.

By Lemma 3.11, we have 0 - Bo[T”/B,”] : Typ. Thus, C_VAR derives F z : Bo[T’/By’]. By
O+ 0:Eff, ) e : Eff implied by Lemma 3.12, and 0 ® &1 ~ 1, we have ) - 0 © £1. Since T_VAR
and T_SuB derives z : Bo|[T” /Bo”| F 2 : By | €1, we have

2: Bo[T?/By’] - handle, gv E[z] withh: A | ¢
by the result of Lemma 3.17, Lemma 3.5, and T_HANDLING. Thus, T_ABS derives
) - Az.handle, gv E[z] with h : By[T”/B¢”] —. A | 0.

Since

,30‘]:KOJ,pO:Ao,ko:BoﬁgAFeo:st

by 0 Fyenjqn b B =° A and opg : V8o’ : Ko’ Ay = By € 0[S"/a’] and Lemma 3.16(2),
Lemma 3.10(5) and Lemma 3.7(5) imply

O eo[T’ /By’ |[v/po][\z.handle, gv E[z] withh/ko]: A | e

as required.

|

Lemma 3.20 (Preservation). If0Fe: A|e ande — ¢, then Dk e : A]e.
Proof. Since only E_EVAL derives e — ¢/, we have

e c = E[el],

o ¢/ = Eles], and

® ¢ —— €9.
By Lemma 3.17, there exist some A’ and &’ such that

e ke :A|¢e, and

o forany ef and IV, if IV Fef : A’ | &/, then TV - E[ef] : A | .
By Lemma 3.19, we have 0 - eg : A’ | ¢’. Thus, 0 - E[ez] : A | € holds as required. [ ]
Lemma 3.21. If n—free(L, E), then n = 0.
Proof. Straightforward by the induction on the derivation of n—free(L, F). |

Lemma 3.22. IfI'F Elop;: T’ v] : A | ¢ and n—free(1S8’, E), then (18")T @¢.

Proof. By induction on a derivation of T' - E[op; g T’ v] : A | e. We proceed by case analysis on the typing
rule applied lastly to this derivation.
Case T_App: For some B, we have

o =[]
e Ttop,gtT/:B—.A|0,and
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eI'Fv:BJo0.
By Lemma 3.14(4), we have I' - (1 87)" @ e. Thus, the required result is achieved.

Case T_LET: For some z, F1, e, and B, we have

o = (letz =FEjine),

e T'+ Eyfop,g: T’ v]: B | e, and

el z:Ble:A|e

By n—free(l st F1) and the induction hypothesis, we have (I .S’I)T © € as required.

Case T_SuB: For some A’ and €', we have

o Tt Elop, gt T? v]: A’ | ¢ and

e I'FA < 4.

Since only ST_COMP can derive ' - A’ | &’ <: A | ¢, we have I' - ¢’ © e. By the induction hypothesis, we
have (187)" @ ¢’. By the associativity of ®, we have (1 87)T @ ¢ as required.

Case T_HANDLING: For some !, S’I/, Ey, h, B, and €', we have
e E =handle, o, Ey withh,
o T'+ Eyfop, gt T' v]: B| ¢, and
o« ('S o~

By Lemma 3.21, we have [ ST # I s and 0—free(1S’, E1). By the induction hypothesis, we have
(18")T @ &', Thus, safety condition (2) makes (I.87)T @ ¢ hold as required.

Case others: Cannot happen.

Lemma 3.23 (Effect Safety). If '+ Elop, gt T” v] : A | e and n—free(1S', E), then € = 0.

Proof. Assume that & ~ 0. By Lemma 3.22, we have (I S7)" @ e. Therefore, we have (187)T ©¢’ ~ 0 for some
¢’. However, this is contradictory with safety condition (1). |

Theorem 3.24 (Type and Effect Safety). If 0t e: A|0 and e —* ¢’ and ¢’ —/+, then €' is a value.

Proof. By Lemma 3.20, ) F ¢’ : A | 0 (it is easy to extend Lemma 3.20 to multi-step evaluation). By Lemma 3.23,
¢’ # Elop,gn T’ v] forany E, I, SV, op, T”, and v such that n—free(l S’ E) for some n. Thus, by Lemma 3.18,
we have the fact that e’ is a value. |

3.2 Properties with Shallow Handlers

This section assumes that the safety conditions in Definition 1.45 hold.

Lemma 3.25 (Weakening). Suppose that - I'1,T's and dom(I's) N dom(I's) = 0.
(1) IfF Fl,Fg, then Fl,rg,rg.

(2) IfT1,Ts+ S: K, then T1,T5,T5 - S : K.

(3) IfT1,Ts - A <: B, then T'1,T'5, T3 - A <: B.

(4) If T1, T3t Ay | e1 <: Ay | eg, then T'1, T2, Ts - Ay | &1 <: Ag | 3.
(5) IfT1,Tse: Ale, thenT1, T3, Tske: A|e.

(6) IfT1,Ts by h: A = B, then T'1,T9, T3 ko h: A = B,

Proof.
(1)(2) Similarly to Lemma 3.5(1) and (2).

(3)(4) Similarly to Lemma 3.5(3) and (4).

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
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Case T_SHANDLING: For some N, ¢/, A’, ¢/, 1, S¥, K", h, and o, the following are given:

— e = handle; gv ¢’ with h,
DL Tsk e A€,
—l=vVaV KN oez,
—Iy,Is-8Y . KV,
— T1,Ts Fyignjam h: A’ =% A, and
— (18T oen~e,

By the induction hypothesis and case (2), we have
— DT, Tsbk e s A | &,
— I'1,I9, T3 - 8V : KV, and
— T1,T2, T3 Fyigjqm b AF = A,

Thus, T_.SHANDLING derives

I'1,T3,Ts F handle, gn ewithh : A | e.

Case SH_RETURN: Without loss of generality, we can choose = such that z ¢ dom(I'z). For some e,
the following are given:

— h={returnz — e,},
—o={}
—I',T'5,2: Ak e : B¢, and
- I, T3+ € : Eff.
By the induction hypothesis, we have I'1,T'3,T's,2 : A+ e, : B | . By Lemma 3;25(2), we have
I'1,I2, 3 k&' : Eff. Thus, SH_.RETURN derives I'1, 'y, T's gy {returnz — e} : A =° B.
Case SH_Op: Without loss of generality, we can choose B7 and p and k such that:
— {B’Yndom(I'y) =0,
— p ¢ dom(T'2), and
— k ¢ dom(T'9).
For some I/, o', op, A’, B’, and e, the following are given:
—h=nw{opB’ K’ pkrs e},
—o=0cWwW{op:V8': K’.A' = B},
— I1,T3bo B 2 A5 =¢ B, and
~TI,T3,8 :K’,p: A k:B —. BFe:B|e.
By the induction hypothesis, we have
— 1,19, T3 ko b+ A5 =¢ B and
—T1,19,03,8" K7, p: A k:B —. BtFe:B]e.
Thus, SH_OP derives ', 5, Ts Fo b/ W {opB’ : K/ pk s e} : A< =< B.
Case others: Similarly to Lemma 3.5(5) and (6).

Lemma 3.26 (Substitution of values). Suppose that T'y v : A|0.
(]) Ifl_ Fl, X A,FQ, then 1"1,1"2.

(2) IfTy,0: A,ToF S: K, thenT1,Ts k- S: K.
(3) IfTy,z: A,ToF B <: C, then Ty, To F B <: C.
(4) If T,z : A\ToF By | &1 <: Ba | &2, thenT'1,Ta - By | &1 <: By | e2.
(5) IfT'y,z: ATy e: B e, thenT1,ToF e[v/z]: B | e.
(6) IfT1,z: A,To b, h: BE = C, then T'1,To k4 hlv/z] : B =¢ C.
Proof.(1)(2) Similarly to Lemma 3.7(1) and (2).
(3)(4) Similarly to Lemma 3.7(3) and (4).
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(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
Case T_SHANDLING: For some N, ¢/, A', ¢/, 1, S¥, a¥, KV, h, and o, the following are given:
— ¢ = handle; g~ ¢/ with h,
— Tz ATokFe A€,
—l:Va KN o eg,
—Iy,z: ATy 8Y . KN,
~ Tra: A,To b ypgn jony h: A =7 B, and
— (18T oen~e.
By the induction hypothesis and case (2), we have
— I, Tokefv/z]: A €,
— I, T+ SY KV, and
— T, T2 v jan hlv/a] s AF =7 AL
Thus, T_.SHANDLING derives

I'1,To - handle, gn €'[v/z] withh[v/z] : B | e.

Case SH_RETURN: Without loss of generality, we can choose y such that y # z and y ¢ FV(v). For
some e, the following are given:

— h={returny — e},

-o={}

—Ty,2: AT, y:BFe.: Cle, and

—Ty,z: ATy ¢ : Eff.
By the induction hypothesis, we have I'1,T's,y : B F e [v/z] : C | e. By Lemma 3.26(2), we have
I'1,Ts F ¢’ : Eff. Thus, SH_RETURN derives

Iy, Tabp {returny — e.[v/z]}: B == (.

Case SH_Op: Without loss of generality, we can choose 87 and p and k such that:
- p#u,
— k#
—p ¢ FV(v),

k ¢ FV(k), and

{B/YNFTV(v) = 0.

For some I/, o', op, A’, B’, and e, the following are given:
—~h=0w{opB’ : K’ pk s e},
—o=0cwW{op:V8': K’.A' = B},

—Ty,z: ATy B : B =€ C, and
~T,z:AT9,8" K’ p: A k:B -, Clke:C]|e.

By the induction hypothesis, we have
— Ty, Ty For W [v/z] : A5 =¢ B and
~ T, 19,8/ : K’ ,p: A k:B —. BFev/z]: B|e.

Thus, SH_OP derives

Iy, Toby Wv/z]w{opB’ : K’ pk s e[v/a]}: BS =° C

Case others: Similarly to Lemma 3.7(5) and (6).
Lemma 3.27 (Substitution of Typelikes). Suppose that T'y - st K.
(1) If F Ty, af : K1, Ty, then - T1,T5[S"/a’].
(2) IfTy,al : K' Ty T : K, then T'1,T5[S" /a!| F T[S'/a!] : K.
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(3) IfTy,al - K', Ty A <: B, then T'1,T5[S”/a!| F A[S! /'] <: B[S!/a!].

(4) IfFl,aI : KI,FQ F Al | e < AQ | €2, then Fl,Fg[SI/aI] - Al[SI/aI] | El[SI/OéI] <: AQ[SI/OéI] |
e[S /al].

(5) IfT1,al - K'Y\ Tyt e: A|e, then Ty, To[S/al| F e[S'/al] : A[ST/a!] | [S!/a].

(6) If T1,al : K'\Ty by b A =< B, then T1,T2[S"/a!] Fyis/a) h[S/a] : A[ST /al]'18"/a'] SelS'/e]
B[S!/al].

Proof.(1)(2) Similarly to Lemma 3.10(1) and (2).
(3)(4) Similarly to Lemma 3.10(3) and (4).

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
Case T_SHANDLING: For some N, e/, A, ¢/, 1, So¥, ao®, Ko", h, and o, the following are given:
— e = handle,; g v ¢ with 7,
~Tal iK' Tyke A€,
— [ Vool : K()N.O' €=,
— Il KT Ty So™ : Ko,
—Ti,al s K1 Tobygon jagn b AF =€ A, and
— (l S()N)T ©en~ e
By the induction hypothesis, case (2), and that a typelike substitution is homomorphism for ® and
~, we have

— I, Do[S!/al] e[S /a!]: A'[ST/al] | £'[S! /'),
— T, 158" /a!] F So[S"/at]" : Ko™,
- Fl,FQ[SI/aI] l_a[SoN/aoN][SI/a’] h[SI/aI] : AI[SI/GI]E/[S Jed] :>E[S fed] A[Sl/al], and
— (18o[ST/ad)¥ ) @ e[S al] ~ £'[8T Jal].
Now, because we can assume that
—{a’}n{ao™} =0 and
—{aoV}NFTV(ST) =0
without loss of generality, we have

’ I I I I
D1, TolS" /el b g ot an® jaon HIS'/a] - A'1ST/al]? [S7/e’] SelST/e] A18T /al].

Thus, T_SHANDLING derives

I, 0[S /al]+ handle, g o1/, 1y~ e[S'/al|with h[ST/a!] : B[S /a!] | ¢[8!/al].
Case SH_RETURN: For some z and e,, the following are given:
— h={returny — e},
- 0= {}7
~Ty,al - K' Ty,z: Ak e.: B¢, and
— I, : K' Tyt ¢ : Eff.
By the induction hypothesis, we have
— T, 19[S /al],z : A[S" /o] F e.[S"/al] : B[ST/al]|e[S!/al].
By Lemma 3.27(2), we have
— ', T8 /al| F&'[ST/al] : EfF.
Thus, SH_RETURN derives

1,Ts by {returnz — e,[S7/a’]} : A[ST/al]*'[87/a] 52187/a) pIgl ja ],
Case SH_Op: Without loss of generality, we can choose B7 such that:

- {B7}n{a’} =0 and
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— {87} nFTV(S) =0.
For some I/, o', op, A’, B’, and e, the following are given:
—h=hw{opB’ K’ pkrs e},
~o=0cw{op:V8’' : K’.A = B},
—Ty,al i K Tyt b 2 A5 =¢ B, and
~T,0! :K' 13,8 K’ p: A k:B —. Bre:B]|e.
By the induction hypothesis and Definition 1.10, we have
— o[S'/al] =d'[S'Ja!|w{op: VB’ : K’ .A'[S"/a!] = B'[S'/al]},
— T, Do[8" /el ] F g1 jan W[ST/l] - A[ST @l 15" /o'l 218"/e] B[S /1], and
- T1.,T2[8"/a’],8” + K'.p : A[S"/al],k : B'[S"/a] —. 51,01 BIS'/al] - e[S'/al] :
B[S'/a!] | ¢[ST/al].
Thus, SH_OP derives

D1, To[ST/al] Fyist jar ST /el W {opB” : K7 pk = ¢[ST/al]} : A[ST /o] 187/a'] 52187/ BIsT /o).

Case others: Similarly to Lemma 3.10(5) and (6).

|
Lemma 3.28 (Well-formedness of contexts in typing judgments).
o I[fTHe:Ale, thentT.
o IfTF, h:A¥ =¢ B, then+T.
Proof. Straightforward by mutual induction on the derivations. |

Lemma 3.29 (Well-kinded of Typing).
o I[fTHe:Al|e, thenTHA: Typ and '+ ¢ : Eff.

) Ifl"l—ah:AE,:V?B, thenTHA:Typ and € :Eff andTF B : Typ and I'+ ¢ : Eff.

Proof. By mutual induction on derivations of the judgments. We proceed by cases on the typing rule applied
lastly to the derivation.
Case T_SHANDLING: For some A, ¢/, o, N, oV, and 8V, we have

I FG[SN/QN] h: A/EI =° A.
By the induction hypothesis, we have ' A : Typ and ' - ¢ : Eff.

Case SH_RETURN: For some z and e,, we have

el z: At e : B|eand
o I'¢ : Eff.

By the induction hypothesis, we have
el z:AF B: Typ and
o I''z: Al e: Eff.

By Lemma 3.2(2), we have
e AT)F B: Typ and
e A(T)Fe: Eff.

By Lemma 3.6, we have
e ' B: Typ and
e I'Hc: Eff.

Now, we have - I, z : A by Lemma 3.28. Since only C_VAR can derive - I',z : A, we have I' - A : Typ.

Case SH_OP: For some h' and o/, we have I' F, h/ : A5 =° B. By the induction hypothesis, we have
F'FA:TypandT'He :Eff andTH B: Typ and ' F¢ : Eff.
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Case others: Similarly to Lemma 3.12(1) and (2).

Lemma 3.30 (Inversion).
(1) IfTFv:Ale, thenTHov:AJO.

(2) If T+ fun (f,z,e) : Ay =, Bi | e, then I',f : Ay —, Ba,x : Ao b e : By | g2 for some As, €2, and Bs
such that I' = Ay —., Ba <: A1 —¢, Bi1.

(8) fTHFAa: K.e:Va: K.A1"' |e, thenT,a: Kt e: Ay e;.

(4) IfT Fop,gi T? : Ay =, By | ¢, then the following hold:
e l:Vao!l :Kloez,
e op:VB8’: K" A= BecolS/al],
o FT,
e I'+S': K,
e T+T': K",

I+ A < AlT/B87],

'+ B[T’/87] <: By, and

o TH(SH o¢
for some a!, K, o, 37, K'’, A, and B.

(5) If Tk vy v2 : B | e, then there exists some type A such that T vy : A=, B|0 andTF v : A]0.

Proof. Similarly to Lemma 3.14; Lemmas 3.28 and 3.29 are used instead of Lemmas 3.9 and 3.12, respectively.

|
Lemma 3.31 (Canonical Form).
(1) If 0 v : A —. B|&, then either of the following holds:
e v =fun(f,z,e) for some f, z, and e, or
e v =o0p;g! T for some op, I, ST, and T”.
(2) If 0 v:Va: K.A% | €, then v=Aa: K.e for some e.
Proof. Similarly to Lemma 3.15. |

Lemma 3.32 (Invt/ersion of Handler Typing).
(1) If T’k h: A =° B, then there exist some z and e, such thatreturnz — e, € h andl,z: At e.: B |e.
(2) If Ty h: A =< B andop: V3" : K’.A' = B’ € 0, then
eopB’ K pkech and
o183 K’ p:Ak:B —. Bre:B|e
for some p, k, and e.
Proof. (1) By induction on a derivation of ' F, h : A =€ B. We proceed by cases on the typing rule applied
lastly to this derivation.
Case H_RETURN: Clearly.
Case H_Op: Clearly by the induction hypothesis.
(2) By induction on a derivation of ' -, A : A¥ = B. We proceed by cases on the typing rule applied lastly
to this derivation.
Case H_.RETURN: Clearly because there is no operation belonging to {}.
Case H_Op: For some b/, o/, op’, ﬁ"],, K'J/, A", B" p', k', €, and &', the following are given:
e h=nwiopB’ K7 pr ),
e o =0 W{op: Vﬁ"ﬂ (KA = B"},
e 'ty W : A5 =° B, and

44



. F,ﬁ"], : K'J/,p’ A" K :B”" - BFe:B|e.
If op = op’, then clearly.
If op # op’, then clearly by the induction hypothesis.
[ |

Lemma 3.33 (Independence of Evaluation Contexts). IfT' - Ee] : A | ¢, then there exist some A’ and &' such
that

e'Fe: A&, and
o TV E[e/]: A| e holds for any ¢’ and T such that T,T" e : A" | £.
Proof. Similarly to Lemma 3.17; Lemmas 3.25 and 3.28 are used instead of Lemmas 3.5 and 3.9, respectively. W

Lemma 3.34 (Progress). If 0 e: A | e, then one of the following holds:

e ¢ is a value;
e There exists some expression e’ such that e — €’; or
e There exist some op, 1, 8, T’, v, E, and n such that e = E[op; g1 T’ v] and n—free(1 S', E).

Proof. Similarly to Lemma 3.18; Lemmas 3.30, 3.31, and 3.32 are used instead of Lemmas 3.14, 3.15, and 3.16,
respectively. |

Lemma 3.35 (Preservation in Reduction). If0te: A|e and e — ¢/, then D¢ : A e.

Proof. By induction on a derivation of ' F e : A | e. We proceed by cases on the typing rule applied lastly to
this derivation.

Case T_SHANDLING: We proceed by cases on the derivation rule which derives e — ¢’.
Case R_HANDLEL: We have
e ¢ = handle, gr v with h,
e returnz — e, € h,
e )Fv:B|¢,
o l:Val i Kloez,
e 0+ 8T K,
o Obysi/an b BS =° A,
e (18"TGe~¢, and
o ¢ =e¢.fv/x]
for some I, ST, a’, K, o, v, h, B, and ¢’. By 0 Folsijal] bt B¢ =¢ A and returnz — ¢, € h and
Lemma 3.32(1), we have

z:BFe :Ale.

By Lemma 3.30(1), we have ) - v : B | 0. Thus, Lemma 3.26(5) makes @ - e.[v/z] : A | € hold as
required.
Case R_HANDLE2: We have
e ¢ = handle, gv E[opy; gv T’ v] with h,
l:VaV : KN.oeg,
e O+ SV . KV,
o opo B’ : Ko’ poko — eo € h,
o 0—free(l S™, E),
e - Elopo,gv T’ v]: B | ¢,
° (Z)l_o'[SN/OLN] h: BE/ =° A,
e IS ®e~e, and
o ¢ = [T’ /Bo"][v/po] [Nz Bl2]/ ko]

for some I, SV, E, opo, T”, v, h, o™, K", o, ,6'0'], Ko7, po, ko, e, B, and €. By Lemma 3.33,
there exist some By and &1 such that

[ (Z)I—opolSNTJU:Bl|€1,and
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o for any ¢” and I'”, if I - e” : By | €1, then IV + E[e’] : B | €'.

By Lemma 3.30(5), we have 0 - opg,gv T’ : Ay =, By |0 and 0 F v : A; | 0 for some A;. By

Lemma 3.30(4) and 3.32(2), we have
e opg: VB, : Ko’ . Ay = By € a[SY /],
o O+ SV . KV,
e 0T’ : Ko,
o O F Ay <: Ao[T/B,7],
e O+ By[T’/By”] <: By, and
e 0F (18T oe.
for some Ag and By. Thus, T_SuB with () - 0 © 0 implied by Lemma 3.3 derives

O w: A[T7/By7] ] 0.

By Lemma 3.11, we have 0 - By[T”/By”’] : Typ. Thus, C_VAR derives - z : By[T’/B,”]. By
0+ 0:Eff, ) e, : Eff implied by Lemma 3.12, and 0 ®&; ~ 1, we have ) - 0 © £;. Since T_VAR

and T_SUB derives z : Bo[T” /By”| F 2 : By | €1, we have
2: Bo[T? By’ 1F Elz]): B| €
by the result of Lemma 3.33. Thus, T_ABS derives
O+ \z2.E[2] : Bo[T’ /By’ =< B | 0.

Since

,BOJ:KO‘],pO:AO,kO:BO%E/BFeO:A|5

by B F (v jan) bt BS =€ Aandopy : V3o’ : Ko”.Ag = By € o and Lemma 3.32(2), Lemma 3.27(5)

and Lemma 3.26(5) imply

0+ eolT? /By ][v/po]\z-El2]/ko] : A | e

as required.

Case others: Similarly to Lemma 3.19; Lemmas 3.30, 3.25, 3.28, 3.29, 3.26, and 3.27 are used instead of

Lemmas 3.14, 3.5, 3.9, 3.12, 3.7, and 3.10 respectively.

Lemma 3.36 (Preservation). If)Fe: A|ec ande —> ¢, thenDk e : Ale.

Proof. Similarly to Lemma 3.20; Lemmas 3.33 and 3.35 are used instead of Lemmas 3.17 and 3.19.
Lemma 3.37. If '+ Efop,g: T' v]: A | ¢ and n—free(1S’, E), then T+ (18" ©¢.

Proof. Similarly to Lemma 3.22; Lemma 3.30 is used instead of Lemma 3.14.

Lemma 3.38 (Effect Safety). If '+ Elop, gt T” v]: A | e and n—free(1S*, E), then € = 0.

Proof. Similarly to Lemma 3.23; Lemma 3.37 is used instead of Lemma3.22.

Theorem 3.39 (Type and Effect Safety). If 0t e: A|0 and e —* ¢’ and €' —/+, then €' is a value.

Proof. Similarly to Theorem 3.24; Lemmas 3.36, 3.38, and 3.34 are used instead of Lemmas 3.20, 3.23, and

3.18, respectively.

3.3 Properties with Lift Coercions

This section assumes that the safety conditions in Definition 1.45 and the safety condition for lift coercions in

Definition 1.46 hold.

Lemma 3.40 (Weakening). Suppose that - T'1,Ts and dom(I's) N dom(I'3) = 0.
(1) IfF Fl,Fg, then Fl,rg,rg.

(2) IfFl,Fg FSZK, then Fl,FQ,FQ,FSZK.
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(3) IfFl,Fg FA<: B, then Fl,FQ,Fg FA<:B.
(4) IfFl,Fg F A1 | e < AQ | €2, then Fl,FQ,Fg F A1 | e < AQ | £9.
(5) IfT1,Tske: Ale, thenT1,T5, T3k e: Ale.
(6) IfFl,Fg Fo h: A =€ B, then Fl,FQ,Fg Fo h: A =°¢ B.
Proof.(1)(2) Similarly to Lemma 3.5(1) and (2).
(3)(4) Similarly to Lemma 3.5(3) and (4).
(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
Case T_LIFT: For some €', L, and &', the following are given:
— e=1[¢]L,
-1, Tske A€,
- 1"1,1"3 FL: Lab, and
— (D)o ~e.
By the induction hypothesis and case (2), we have
— 1"1,1"2,1"3 - 6’ | | E/ and
— Fl,rg,rg F L : Lab.
Thus, T_L1FT derives I';, T2, T3 F[e]L: 4| €.
Case others: Similarly to Lemma 3.5(5) and (6).

Lemma 3.41 (Substitution of values). Suppose that Ty - v : A | 0.
(1) IfF Fl, T A,FQ, then Fl,FQ.

(2) If T,z : A,To - S: K, thenT1,ToF S : K.
(3) If T,z : A,To - B <: C, thenT1,Is F B <: C.
(4) If Ty, : A,To b By | &1 <: By | €9, thenT'1,T'a b By | &1 <: By | €a.
(5) IfT1,z: A,Tobe: B¢, thenT1,I'sF e[v/x]: B |e.
(6) If T,z : A,To b, h: Be =¢ C, then T'1,To k4 hlv/z] : B =£ (.
Proof.(1)(2) Similarly to Lemma 3.7(1) and (2).
(3)(4) Similarly to Lemma 3.7(3) and 3.7(4).

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
Case T_LIFT: For some €', ¢/, and L, the following are given:
— e=1[¢]L,
—T,z: ATaF e :B|é,
—I'y,z: A, T2 F L: Lab, and
- (D)Tod ~e
By the induction hypothesis and case 3.41(2), we have
— I', Iy €v/z]: B|e and
~TI,,Ty+ L: Lab.
Thus, T_L1FT derives I';, o F [e'[v/z]]L : 4| e.
Case others: Similarly to Lemma 3.7(5) and (6).

Lemma 3.42 (Substitution of Typelikes). Suppose that Ty + ST : K.
(1) If Ty, el : K1, Ty, then T, T5[S"/al].
(2) IfTy,al : K' Ty T : K, then T'1,T5[S" /a!| F T[S' /a!] : K.
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(3) IfTy,al - K', Ty A <: B, then T'1,T5[S”/a!| F A[S! /'] <: B[S!/a!].

(4) IfFl,aI : KI,FQ F Al | e < AQ | €2, then Fl,Fg[SI/aI] - Al[SI/aI] | El[SI/OéI] <: AQ[SI/OéI] |
e[S /al].

(5) IfT,al - K' Tobe: Ale, then Ty, To[S/al| - e[S'/al] : A[ST/a!] | ¢[S!/a].
(6) IfT1,a’ - K1 To by h: A=< B, then T'1,T2[S"/al] Fors/a) h[S/a] : A[ST/al] =<187/2] B[ST/a]].
Proof.(1)(2) Similarly to Lemma 3.10(1) and (2).
(3)(4) Similarly to Lemma 3.10(3) and 3.10(3).

(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.
Case T_LIFT: For some €', ¢/, and L, the following are given:
— e =[e']1,
~ Tl iK' Toke:A|e,
— Ty, : K', Ty + L: Lab, and
- (D)Ted ~e
By the induction hypothesis, case 3.42(2), and the fact that a typelike substitution is homomorphism
for ® and ~, we have

— Ty, 128" /a1 F ¢'[S"/al] - A[S'/a!] | £'[S" /al],
— Ty, I[8"/a!] + L[S’ /a'] : Lab, and
— (D'8" /a8 /al] ~ [s'/a].
Thus, T_LIFT derives I'y, T2[S' /a!] - [e'[SI/aI]]L[Sz/az]  A[ST/al] | e[ST/al].
Case others: Similarly to Lemma 3.10(5) and (6).

|
Lemma 3.43 (Well-formedness of contexts in typing judgments).
o I[fTHe:Ale, thentT.
o IfTH,h:A=°B, thentT.
Proof. Straightforward by mutual induction on the derivations. |

Lemma 3.44 (Well-kinded of Typing).
o IfTFe:Ale, thenT'H A: Typ and 't ¢ : Eff.

) Ifl"l—ah:AE/:V?B, thenTHA:Typ and T € :Eff andTF B : Typ and I'+ ¢ : Eff.

Proof. By mutual induction on derivations of the judgments. We proceed by cases on the typing rule applied
lastly to the derivation.
Case T_LIFT: For some €', ¢/, and L, the following are given:

e e=[e]L,
eT'He A€,
e ' L : Lab, and
o (L)Toe ~e.
By the induction hypothesis, we have I' - A : Typ and I' - ¢’ : Eff. (—)T, ®, and ~ preserve well-

formedness, we have I' F ¢ : Eff.

Case others: Similarly to Lemma 3.12(1) and (2).

Lemma 3.45 (Inversion).
(1) IfTFv:Ale, thenTHov:AJO.

(2) If T+ fun(g,z,e) : Ay =, Bi|e, thenT,g: Ay =, Ba,x : Ao b e: By | g9 for some As, €2, and B
such that I' = Ay —., Ba <: A1 —¢, Bi.
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(3) IfTFAa: K.e:Vo: K.A% | e, thenT,a: KFe: Ay |e.
(4) IfT'Fop; g1 T’ : Ay —., By | €, then the following hold:

e l:Vao! :Kloez,

. op:V,@J:K"J.AéBEJ,

o T,
e I't 8T K!,
e IFT': K",

T+ 4, <: A[ST/a!)[T? /8],
'+ B[ST/a!][T?/B’] <: By, and
e TH(ISH o¢
for some a!, K, o, 37, K'’, A, and B.

(5) If Tk vy v2 : B | e, then there exists some type A such that Tk vy : A —. B|0 andTF v : A]0.

Proof. Similarly to Lemma 3.14; Lemmas 3.43 and 3.44 are used instead of Lemmas 3.9 and 3.12, respectively.

|
Lemma 3.46 (Canonical Form).
(1) If 0 v : A —. B| &, then either of the following holds:
e v =fun(g,z,e) for some g, x, and e, or
e v=o0p; g T’ for some op, I, 8T, and T”.
(2) If 0 v:Va: K.A%| €, then v=Aa: K.e for some e.
Proof. Similarly to Lemma 3.15. |

Lemma 3.47 (Independence of Evaluation Contexts). IfT' - Ee] : A | ¢, then there exist some A’ and &' such
that
eThHe: A&, and

o "I+ E[e] : A| e holds for any €' and T' such that T, TV F e’ : A" | €.

Proof. By induction on a derivation of I' - Fle] : A | e. We proceed by cases on the typing rule applied lastly
to this derivation.
Case T_LirT: If E =0, then the required result is achieved immediately.

If £ # 0O, then we have
o F=[FL,

' E'le]: A]¢€,

e ' L : Lab, and

o (D)ToE ~e,

for some E’, L, and &'. By the induction hypothesis, there exist some A’ and &” such that
eT'Fe: A e and
e for any e’ and I such that I'\TV I ¢’ : A’ | ", typing judgment I',T" - E'[¢'] : A | ¢’ is derivable.

Let e’ be an expression and I be a typing context such that I', TV ¢’ : A’ | ¢’. The induction hypothesis
gives us IV = E'[¢/] + A | €. By Lemma 3.40(2), we have I,T” I L : Lab. Thus, T_LI1FT derives
I,TVF [E'[e']]L : A € as required.

Case others: Similarly to Lemma 3.17; Lemmas 3.40 and 3.43 are used instead of Lemmas 3.5 and 3.9,
respectively.
|

Lemma 3.48 (Progress). If 0+ e: A | €, then one of the following holds:

e ¢ is a value;

e There exists some expression e’ such that e — €’; or
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o There exist some op, |, ST, T, v, E, and n such that e = Elop, g1 T v] and n—free(1S', E).

Proof. By induction on a derivation of ) - e : A | e. We proceed by cases on the typing rule applied lastly to
this derivation.
Case T_L1rT: For some e;, L and €1, the following are given:

e ¢=[el]r,
e PFe :Aley, and
o ) (L)TOe ~e.
By the induction hypothesis, we proceed by cases on the following conditions:
(1) € is a value,
(2) There exists some e] such that e; — ef,
(3) There exist some op, I, S*, T’, v, E, and n such that e, = E[op, g T’ v] and n—free(l S”, E).
Case (1): R_LIFT derives [e1], — €1 because e; is a value.

Case (2): Since only E_EVAL can derive e — ef, we have
e ¢ = Fifen],
e ¢| = Ei[ers], and
® €11 — €12,
for some Ei, e11, and ejo. Let E = ([E1]r). E_EVAL derives e — FE[e1a] because of e = E[eq].
Case (3): If L# 18’ then we have n—free(l S', [E].).
If L=18", then we have n + 1—free(l S’ [E]L).

Case others: Similarly to Lemma 3.18; Lemmas 3.45 and 3.46 are used instead of Lemmas 3.14 and 3.15,

respectively.
|

Lemma 3.49 (Preservation in Reduction). If0te: A|e and e — ¢/, then D¢’ : A e.

Proof. By induction on a derivation of T'F e : A | e. We proceed by cases on the typing rule applied lastly to
this derivation.
Case T_LIFT: Since only R_LIFT derives e — ¢’, we have

o e =[v]L,

e DFwv:Aley,

e )~ L:Lab,

o (L)' ®ey ~e¢, and

o ¢ =u.
for some v, L, and ¢;. By Lemma 3.45(1), we have 0 - v : A | 0. By 00e ~¢e, wehave 0 v : A | ¢ as
required.

Case others: Similarly to Lemma 3.19; Lemmas 3.45, 3.40, 3.43, 3.44, 3.41, and 3.42 are used instead of
Lemmas 3.14, 3.5, 3.9, 3.12, 3.7, and 3.10 respectively.
|

Lemma 3.50 (Preservation). IfQFe: A|e ande —> ¢, then Dk e : A]e.
Proof. Similarly to Lemma 3.20; Lemmas 3.47 and 3.49 are used instead of Lemmas 3.17 and 3.19. |

Definition 3.51 (Label Inclusion).

Label Inclusion

Lo™ €1 (L)T®€1N€2

5 LI_EmpPTY pra LI_HANDLING
Leve Lo €9
Lem )t ~ L+TL
© & ( ) ©Oe1~ e 7 LI_NOHANDLING
Lem" ey
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Lemma 3.52. If L™ e1 and 1 ® &g ~ €3, then L Q" e3.

Proof. By induction on a derivation of L ©™ ¢;. We proceed by case analysis on the rule applied lastly to this
derivation.

Case LI_LEMPTY: We have n = 0. LI_LEMPTY derives L @° 3 as required.
Case LI_HANDLING: We have

en=n"+1,

o [ @"I €4, and

[ (L)T®€4 ~ &1,

for some n’ and 4. By the induction hypothesis, we have L o" g5 such that e4 ey ~ e5. Thus,
LI_HANDLING derives L @™ *! 3 as required.

Case LI_NOHANDLING: We have
o [ O" ey,
o (I')T®eq ~ e, and
o LA,

for some L' and 4. By the induction hypothesis, we have L @™ e5 such that ¢4 ®es ~ e5. Thus,
LI_NOHANDLING derives L Q™ €3 as required.

||
Lemma 3.53. If Lo ey and (L)T ©e; ~ eq, then L O™ ¢;.

Proof. By induction on a derivation of L&" ! e5. We proceed by case analysis on the rule lastly applied to this
derivation.

Case LI_EmMPTY: Cannot happen.
Case LI_HANDLING: We have

e Lo™¢) and

o (D)TOE] ~ey

for some €. By safety condition (3), we have e; ~ ¢|. By Lemma 3.52 and ¢/ © 0 ~ &1, we have L ©@" &,
as required.

Case LI_NOHANDLING: We have
o Lomt!les,
o (I'T®e3 ~ ey, and
o LA,

for some L' and e3. By safety condition (2) and L # L', we have (L)' ®e4 ~ e3 for some e4. By

safety condition (3), we have ¢; ~ (L/)T ®e4. By the induction hypothesis, we have L ©" g4. Thus,
LI_NOHANDLING derives L @™ 1 as required.

||
Lemma 3.54. If Le" ey and (I')' ©e; ~e9 and L # L', then L@" ¢;.

Proof. By induction on a derivation of L ©™ e5. We proceed by case analysis on the rule lastly applied to this
derivation.

Case LI_EMPTY: We have n = 0. LI_LEMPTY derives L ©° ¢; as required.
Case LI_HANDLING: We have

e n=n+1,

o Lo €3, and

o ()T Oes~ ey,

for some n’ and e3. By safety condition (2) and L # L', we have (L')T ®e4 ~ 3 for some 4. By safety

condition (3), we have e; ~ (L)T ® g4. By the induction hypothesis, we have Le™ ;. Thus, LI_HANDLING
derives L™ T1 ¢y as required.
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Case LI_NOHANDLING: We have
o LO"es,
o (L") ®e3 ~ g9, and
o LAL",
for some L” and e3.
If I = L”, then we have 1 ~ e3 by safety condition (3). Thus, Lemma 3.52 gives us L&" ¢ as required.

If I’ # L”, then we have (L')T ® &4 ~ e3 for some g4 by safety condition (2) and L’ # L”. By safety condi-
tion (3), we have 1 ~ (L)T ®¢4. By the induction hypothesis, we have L&" 4. Thus, LI_NOHANDLING
derives L @™ €1 as required.

|
Lemma 3.55. If ) - Elop,;g: T’ v] : A| e and n—free(1S’, E), then 1 ST @™ ¢.

Proof. By induction on a derivation of @ - Eop; g T’ v] : A | e. We proceed by case analysis on the typing
rule applied lastly to this derivation.
Case T_Aprp: For some B, we have

e =[]
e Pop,g: T/ : B—. A0, and
e fFv:B|O.
By Lemma 3.45(4), we have ) - (1 8')" @ e. Thus, the required result is achieved.

Case T_LET: For some z, F1, e, and B, we have
o = (letz =Ejine),
e O+ Eifop, gt T' v]: B | e,
o n—free(1S’ E;), and
ez:BlFe:Ale.

By the induction hypothesis, we have [ ST @71 ¢ as required.

Case T_SuB: For some A” and &”, we have
o O+ Elop, gt T? v]: A’ | & and
e DA < Ale.
By the induction hypothesis, we have [ ST @"*1 &/, Since only ST_CoMPp can derive () - A" | &' <: A | ¢,
we have 0 - ¢/ © e. Thus, Lemma 3.52 derives [ 87 ©"t1 ¢ as required.
Case T_LIFT: For some L, ¢/, and E’, we have
* E=I[EL
e OF E'lop,gr T v]: A €,
e ) L:Lab, and
o (D)o ~e.

If 18T +# L, then n—free(l 87, E’). By the induction hypothesis, we have [ 87 @"*! ¢/. LI_.NOHANDLING
derives 1 8T @™t ¢ as required.

If 1S’ = L, then there exists some m such that n = m + 1 and m—free(I S’, E’). By the induction
hypothesis, we have { 87 @™*! ¢/, LI_HANDLING derives | 87 ©™%2 ¢ as required.
Case T_HANDLING: For some [’, S'I,, Ey, h, B, and €', we have
o | = handlel, ot FEy with h,
e O Ejop,g: T? v]: B| ¢, and
o« ('S e~
If18t £ S’I/, then n—free(l S’, E;). By the induction hypothesis, we have | §’©"t!'¢’. By Lemma 3.54,
we have [ ST @+l ¢,

It 187 = I'S'", then n + 1—free(IS’, Ey). By the induction hypothesis, we have [ S’ @"+2 ¢'. By
Lemma 3.53, we have [ 87 @"t1 ¢,
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Case others: Cannot happen.

Lemma 3.56 (No Inclusion by Empty Effect). If L&" ¢ and ¢ ~ 0, then n = 0.

Proof. By induction on the derivation of L @™ . We proceed by case analysis on the rule applied lastly to this
derivation.
Case LI_EmpTY: Clearly.

Case LI_HANDLING: This case cannot happen. If this case happens, we have (L)T ®¢’ ~ ¢ for some m and &’.
Thus, we have (L)T ® &’ ~ 0 by & ~ 0. However, it is contradictory with safety condition (1).

Case LI_.NOHANDLING: This case cannot happen. If this case happens, we have (L')T ©®¢’ ~ ¢ for some L/
and ¢’. Thus, we have (L')T ©® &’ ~ 0 by € ~ 0. However, it is contradictory with safety condition (1).

]
Lemma 3.57 (Effect Safety). If 0 - E[op, gt T’ v] : A | & and n—free(1S', E), then ¢ = 0.

Proof. Assume that ¢ ~ 0. By Lemma 3.55 and Lemma 3.52, we have [ ST @1 0. However, it is contradictory
with Lemma 3.56. |

Theorem 3.58 (Type and Effect Safety). If 0t e: A|0 and e —* ¢’ and ¢’ —/+, then €' is a value.

Proof. Similarly to Theorem 3.24; Lemmas 3.50 , 3.57, and 3.48 are used instead of Lemmas 3.20 , 3.23, and
3.18, respectively. [ ]

3.4 Properties with Type-Erasure Semantics

This section assumes that the safety conditions in Definition 1.45 and the safety condition for type-erasure
semantics in Definition 1.47 hold, and that the semantics adapts R_LHANDLE2 instead of R_HANDLE2.

Remark 3.59. The change of semantics only affects Lemma 3.18, Lemma 3.19, Lemma 3.20, Lemma 3.22,
Lemma 3.23, and Theorem 3.24. Therefore, we can use other lemmas in this type-erasure setting.

Lemma 3.60 (Progress). If 0+ e: A | €, then one of the following holds:

e ¢ is a value;
e There exists some e’ such that e — ¢’; or
e There exist some op, I, 8, T’, v, E, and n such that eE[op, gr T” v] and n—free(l, E).

Proof. By induction on a derivation of @ - e : A | e. We proceed by case analysis on the typing rule applied
lastly to this derivation.
Case T_HANDLING: For some [, S, h, e, A1, e1, &, KV, o, given are the following:

e ¢ = handle; gv e with h,
o Dke: Ay e,
e l:VaV : KN oeE,
e 0 SV . KV,
o Ok isv/qn) b A1 = A, and
° (ZSN)TQENEL
By the induction hypothesis, we proceed by case analysis on the following conditions:
(1) € is a value,
(2) There exists some e] such that e; — ef, and
(3) There exist some op’, I’, S’N/, T, v, E, and n such that e = E[op’l, Y T’ v] and n—free(l’, E).
Case (1): By Lemma 3.16(1), there exists some z and e, such that returnz — e, € h. Thus,
R_HANDLE] derives e — e, [v1/z] because e; is a value v;.

Case (2): Since only E_EVAL can derive e; — e}, we have
e ¢ = Eilenn],
[ ] 6{ = E1[612], and
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® €11 — €12,
for some Ej, e11, and ej2. Let F = handle; gv E; with h, E_EVAL derives ¢ — Fl[ej2] because
e = Elen].
Case (3): If I # I, then e = (handle; gv E'withh)[op’,, o/n T’ v] and n—free(!’, handle; gv E with h).
If | =1, then by Lemma 3.17 and 3.14(4), we have
o ' Vo K"V o' € = and
o op' V37 : K} A =B ¢ o158 jarN],

N’ N’ J .
for some o’ , K’ |, o/, 3’7, A’, and B’. Therefore, since | = I’, we have

N/
o« oV =o'V

N/
e KYN = K"  and
o 0 =270.

By 0 Forgnjan) b+ A1 =5 A, op’: Vﬁ'J : K(')J.A” = B" € o[SY Ja] for some A” and B”, and
Lemma 3.16(2), we have

op’,B'J:K(',kaHe'Eh

for some p, k, and ¢’. If n = 0, the evaluation of e proceeds by R_.HANDLE2’. Otherwise, there
exists some m such that n = m + 1 and m—free(l, handle, gv E with h).

Case others: Similarly to Lemma 3.18.

Lemma 3.61. If n—free(l, F), then n = 0.
Proof. Straightforward by the induction on the derivation of n—free(l, F). |
Lemma 3.62. IfT'+ Efop,g: T v]: A | ¢ and n—free(l, E), then (18')t @¢.

Proof. By induction on a derivation of I' = E[op; g T v] : A | e. We proceed by case analysis on the typing
rule applied lastly to this derivation.
Case T_App: For some B, we have

e =[]
. FFoplszTJ:B%EAMD, and
e'Fuv:BJo0.
By Lemma 3.14(4), we have I' - (1 87)T @ ¢. Thus, the required result is achieved.

Case T_LET: For some z, Fy, e, and B, we have
o F=(letz = Fyine),
e T'+ Eifop, gt T’ v]: B | e, and
el z:BlFe:A|e
By the induction hypothesis, we have (I S I )T @ ¢ as required.

Case T_SUB: For some A’ and €', we have
e '+ Elop,g: T? v]: A’ | & and
e I'FA < 4.
Since only ST_CoMP can derive I' - A’ | ¢/ <: A | ¢, we have T' - ¢’ © e. By the induction hypothesis, we
have (1 87)T @ ¢’. By the associativity of ®, we have (1 8')T @ ¢ as required.
Case T_HANDLING: For some !, S’I/, Ey, h, B, and €', we have
e E =handle, ., Ey withh,
e T'+ Eyfop, gt T' v]: B| ¢, and
o (I S'I/)TQE ~e.

By Lemma 3.61, we have [ # I’ and O—free(l, B}). By the induction hypothesis, we have (1. 87)T & ¢’.
Thus, safety condition (2) makes (I S)" @ e hold as required.
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Case others: Cannot happen.

Lemma 3.63 (Preservation in Reduction). If0te: A|e and e — ¢/, then D€' : A|e.

Proof. By induction on a derivation of T' - e : A | e. We proceed by case analysis on the typing rule applied
lastly to this derivation.
Case T_HANDLING: We proceed by case analysis on the derivation rule that derives e — ¢’.

Case R_HANDLEL: Similarly to Lemma 3.19.
Case R_HANDLE2’: For some I, SV, E, op, S'N, T v, h, oV, K", o, Bo”, Ko’, Ao, By, po, ko, eo,
B, and &', we have
e ¢ =handle, gv Elopy, v T” v] with h,
o l:VaV KN oeE,
o O+ SV . KV,
° opO,BOJ : Konoko — ey € h,
o 0—free(l, ),
o O+ Elopo,gv T’ v]: B | €,
o () FU[SN/QN] h:B=* A,
o (IS ®e~e, and
o ¢ =e[T? /By |[v/po][Az.handle, gv E[z] with h/k].
By Lemma 3.62, we have (l.S"N)T © . Thus, we get S = SV by (18T ®e ~ & and safety
condition (4). By Lemma 3.17, there exist some B; and &7 such that
e O Fopo,gn T’ v: By | e, and
o for any ¢ and IV, if IV - ¢’ : By | &1, then IV - E[e’] : B | €.
By Lemma 3.14(5), we have ) F opo,gn T7 : A} —., By |0 and @ - v : A; | 0 for some A;. By
Lemma 3.14(4) and 3.16(2), we have
e opy: VB’ : Ko’ . Ay = By € o[SY /al],
e )+ SV:. KNV,
o 0T’ : Ko”,
o O Ay <: Ao[T/B,7],
e 0+ By[T’/B,”] <: By, and
e D (1SN ge,
for some Ag and By. Thus, T_SUB with () - 0 © 0 implied by Lemma 3.3 derives

O v: Ao[T?/B,7] ] 0.

By Lemma 3.11, we have () - Bo[T”/B,”] : Typ. Thus, C_VAR derives - z : Bo[T’/By’]. By
0+ 0:Eff, ) e : Eff implied by Lemma 3.12, and 0 ® &1 ~ 1, we have ) - 0 © £1. Since T_VAR
and T_SUB derives z : Bo[T”? /By”| F 2 : By | €1, we have

z: By[T?/By’] - handle, gv E[z] withh: A | ¢
by the result of Lemma 3.17, Lemma 3.5, and T_HANDLING. Thus, T_ABS derives
0 - \z.handle, gv E[z] with h : By[T’ /B,'] =< A | 0.

Since

,30‘]:KOJ,pO:Ao,ko:BoﬁgAFeo:st

by 0 F,isn/an) b2 B = A and opo : V8o’ : Ko’ A9 = By € o[SY /a] and Lemma 3.16(2),
Lemma 3.10(5) and Lemma 3.7(5) imply

0 eo[T? /By |[v/po][Az.handle, gv E[z] with h/ko] : A | e
as required.

Case others: Similarly to Lemma 3.19.
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Lemma 3.64 (Preservation). If0Fe: A|e ande —> ¢, thenDF e : A]e.

Proof. Similarly to Lemma 3.20; Lemma 3.63 is used instead of Lemma 3.19. |
Lemma 3.65 (Effect Safety). If 't Elop; gt T” v]: A | e and n—free(l, E), then € = 0.

Proof. Similarly to Lemma 3.23; Lemma 3.62 is used instead of Lemma 3.22. |
Theorem 3.66 (Type and Effect Safety). If 0t e: A|0 and e —* ¢’ and €' —/+, then €' is a value.

Proof. Similarly to Theorem 3.24; Lemmas 3.64 , 3.65, and 3.60 are used instead of Lemmas 3.20 , 3.23, and
3.18, respectively. [ ]
3.5 Properties with Lift Coercions and Type-Erasure Semantics

This section assumes that the safety conditions in Definition 1.45 and the safety conditions for type-erasure
semantics and lift coercions in Definition 1.47 and 1.46 hold, and that the semantics adapts R_LHANDLE2’ instead
of R_LHANDLE2.

Lemma 3.67 (Progress). If 0 e: A | e, then one of the following holds:

e ¢ is a value;
e There exists some expression e’ such that e — €’; or
e There exist some op, 1, 8, T’, v, E, and n such that e = E[op,; g1 T’ v] and n—free(l, E).
Proof. Similarly to Lemma 3.48. |

Definition 3.68 (Label Inclusion with Type-Erasure).
Label Inclusion with Type-Erasure where P = e | sy p

1e® 1 ST ~
LITE Empry Lot (HS07) ©a

£
< 7 2 LITE_HANDLING
le%e 1©50°»P ¢

l@P €1 (L)T@gl ~ €9 VS()IU.(L7é ZS()IU)
I@P 15}

LITE_NOHANDLING

Ifn=0, then S;7 » - » S, » P means P.
Lemma 3.69. If | ©@F ¢; and e1 ® ey ~ €3, then [ ©F e3.

Proof. By induction on a derivation of I ©% €;. We proceed by case analysis on the rule applied lastly to this
derivation.
Case LITE_EMPTY: We have P = o. LITE_EMPTY derives [ ©° £5 as required.
Case LITE_HANDLING: We have
e P=S"»P,
o (07 &4, and
° (ZSI)T(D&; ~ g1,
for some P’, ¢4, and S'. By the induction hypothesis, we have 1 ©P &5 such that 4 ®es ~ €. Thus,
LITE_HANDLING derives [ &5 »P’ €9 as required.
Case LITE_NOHANDLING: We have
o 10F ¢y,
o (L)T®ey ~eq, and
o VS (L#18"),

for some L and e4. By the induction hypothesis, we have [ ©F &5 such that ¢4 ®eg ~ e5. Thus,
LITE_NOHANDLING derives [ ©% 3 as required.
|

Lemma 3.70. If 1957 5 and (18")T © ey ~ s, then 1 ©F &1.
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Proof. By induction on a derivation of [ eS'»P €2. We proceed by case analysis on the rule lastly applied to
this derivation.

Case LITE_EmMmpTY: Cannot happen.
Case LITE_HANDLING: We have

o [0 ¢ and

o (ISHTOe) ~ ey

for some €. By safety condition (3), we have e; ~ ). By Lemma 3.69 and &, ® 0 ~ &1, we have [ &7 &
as required.

Case LITE_NOHANDLING: We have
® | @SI>P €3,
o (L)T®ez ~ &g, and
o VS (L #18p™),
for some L and 3. By safety condition (2) and L # 18”, we have (IS8")T ®e4 ~ e3 for some g4. By

safety condition (3), we have e ~ (L)' ®¢e4. By the induction hypothesis, we have | ©% ¢;. Thus,
LITE_NOHANDLING derives | ©F ¢ as required.

[ |
Lemma 3.71. If [ &7 e5 and (L)' ®ey ~ ey and ¥VS'.(L # 1S7), then 17 ¢,.

Proof. By induction on a derivation of [ ©7 £5. We proceed by case analysis on the rule lastly applied to this
derivation.

Case LITE_EmMpPTY: We have P =e. LITE_EMPTY derives [ ©° £1 as required.
Case LITE_HANDLING: We have
e P=S"»P,
o 107 €3, and
o (IS8T @ez ~ e,
for some P’, €3, and S’. By safety condition (2) and L # 1 S, we have (L)T ®e4 ~ e3 for some £4. By
safety condition (3), we have g1 ~ (I .S’I)T ®¢e4. By the induction hypothesis, we have [ oP .. Thus,
LITE_HANDLING derives [ &5 »P’ €1 as required.
Case LITE_NOHANDLING: We have
o [OF €3,
° (L’)T ® €3 ~ g9, and
o VST (L' #£187),
for some L’ and e3.
If L =L, then we have g1 ~ 3 by safety condition (3). Thus, Lemma 3.69 gives us [ ©7 ¢; as required.

If L # L', then we have (L)T ® &4 ~ e3 for some g4 by safety condition (2) and L # L'. By safety condition
(3), we have e1 ~ (L')T ®e4. By the induction hypothesis, we have [ ©7 &4. Thus, LITE_NOHANDLING
derives | ©F £, as required.

|
Lemma 3.72. If 1 ©5°®P ¢ and (18')" @ ¢, then 8T = So™.

Proof. By induction on a derivation of [ ©S"»P o We proceed by case analysis on the rule lastly applied to
this derivation.

Case LITE_EMPTY: Cannot happen.
Case LITE_HANDLING: We have

o [©P ¢y and
° (ZSOIO)T®E1 ~E

for some e1. By safety condition (4), we have S’ = So™ as required.
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Case LITE_NOHANDLING: We have
° l@SQIO>P 51,
o (I)T®e; ~e¢, and
o vs'!' (L # 8T

for some L and e;. By safety condition (2) and L # 1S’ we have (18')T @ e;. Thus, by the induction
hypothesis, we have 87 = S5 as required.

|
Lemma 3.73. If 0 - Elop, g1 T’ v]: A | ¢ and n—free(l, E), then [ @51 > »S."".5'»e o,

Proof. By induction on a derivation of () - Efop, g: T v] : A | . We proceed by case analysis on the typing
rule applied lastly to this derivation.
Case T_Aprp: For some B, we have

o =101
e Pop,g: T/ : B —. A0, and
e )F-v:B|o0.
By Lemma 3.45(4), we have 0 - (1. S7)T @&. Thus, LITE_LEMPTY and LITE_HANDLING derive [ ©5 >® ¢

Case T_LET: For some z, Fy, e, and B, we have
o = (letz =FEjine),
o 0+ Eifop,g: T’ v]: B e,
o n—free(l, Fy), and
ez:Ble:Ale.

By the induction hypothesis, we have [ @51 % »S:™.S">e - ag required.

Case T_SUB: For some A’ and €', we have
e O+ Elop, gt T' v]: A’ | & and
e PR A e < Ale.
By the induction hypothesis, we have [ @51 »=»S:".5'>¢ o/ Gince only ST_COMP can derives ) - A’ |
¢’ <: A|e, we have ) - &’ © e. Thus, Lemma 3.69 derives [ @St em S ST o o required.
Case T_LIFT: For some L, ¢/, and E’, we have
* E=I[EL
e 0 E'lop,g: T v]: A€,
e ) L:Lab, and
° (L)T O ~e.
IfL#1 s for any S’I/, then we have n—free(l, E’). By the induction hypothesis, we have @St em S S he
¢'. Thus, LITE_NOHANDLING derives [ @51 % »5:".5'>e o 55 required.
IfL=18" for some S'I,, then there exists some m such that n = m+1 and m—free(l, E’). By the induc-
tion hypothesis, we have (@51 »+»Su"".S'>e -/ Thys LITE_HANDLING derives 1©5" S 1eeb Sl S he
€ as required.
Case T_HANDLING: For some !, S’I/, Ey, h, B, and €', we have
o | = handlel, g Bn with h,
e O Eyop,g: T? v] : B| ¢, and
° (l/ S,I/)T(DE ~ gl
If [ # I, then n—free(l, F1). By the induction hypothesis, we have J@S1 >SS e By Lemma 3.71,
we have [ @S2 »» 8. 5'>e o a9 vequired.
If { = I, then n 4+ 1—free(l, E1). By the induction hypothesis, we have [ ©S00.S1" b b S S e o1 By
Lemma 3.72, we have So™ = §’". By Lemma 3.70, we have [ @51 % »5."".5'>e o a5 required.

58



Case others: Cannot happen.

Lemma 3.74 (Preservation in Reduction). Ifte: A|c and e— ¢/, then DF ¢’ : A|e.

Proof. By induction on a derivation of I' e : A | e. We proceed by cases on the typing rule applied lastly to
this derivation.
Case T_HANDLING: We proceed by cases on the derivation rule which derives e — ¢'.

Case R_HANDLEL: Similarly to Lemma 3.49.
Case R_HANDLE2: We have
e ¢ = handle; g~ Elopg, g~ T’ v] with h,
o l:VaV KN oeg,
o 0+ SV . KV,
o opoBo” : Ko’ poko— e € h,
e O Elopg, g~ T’ v]:B|¢,
o () FG[SN/OLN] h:B=*° A,
(18" oen~e,
0—free(l, E'), and
¢’ = &[T /By’ 1[v/po][\z.-handle, gv E[z] with h/k)
for some 1, SV, E, opo, SN T’ v h oV, KV, o, Bo’, Ko”, po, ko, €0, B, and &’. By Lemma 3.73,

we have [ @5 »* ¢/, By Lemma 3.72 and (I S™)" @& ~ ¢/, we have SV = S’N. By Lemma 3.47,
there exist some By and &1 such that

[ (Z)I—OPOZSNTJU : Bl | €1, and

e for any ¢’ and I, if T e” : By | e1, then TV + E[e"]: B | &'.
By Lemma 3.45(5), we have ) - opg;gv T” : Ay =, By | 0 and 0 F v : A; | 0 for some 4;. By
Lemma 3.45(4) and 3.16(2), we have

e opp: V,BOJ : Ko’ . Ag = By € 0[SV /],
e 0+ SYN:. KV,
e 0T : Ko/,
o 0t Ay < Ag[T7/By"],
e 0F Bo[T? /By <: By, and
o D (18N ge,
for some Ag and By. Thus, T_SuB with () - 0 © 0 implied by Lemma 3.3 derives

OFw: AO[T‘]/,BOJ] | 0.

By Lemma 3.11, we have () - Bo[T”/B,”] : Typ. Thus, C_VAR derives F z : Bo[T’/By’]. By
0+ 0:Eff, ) e : Eff implied by Lemma 3.12, and 0 ® &y ~ 1, we have ) - 0 © £1. Since T_VAR
and T_SUB derives z : Bo|[T” /Bo”| F 2 : By | €1, we have

z: Bo[T” /By’] + handle, gv E[z] withh: A | e
by the result of Lemma 3.17, Lemma 3.5, and T_HANDLING. Thus, T_ABS derives
) - Az.handle, gv E[z] with h : By[T”/B¢”] —. A | 0.

Since

,30‘]:Kg‘],po:Ao,ko:BoﬁgAFeo:st

by 0 F,s¥/an) b i B = A and opo : V8o’ : Ko’ A9 = By € o[8" /a] and Lemma 3.16(2),
Lemma 3.10(5) and Lemma 3.7(5) imply

O eo[T’ /By’ |[v/po][\z.handle, gv E[z] withh/ko] : A | ¢
as required.

Case others: Similarly to Lemma 3.49.
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Lemma 3.75 (Preservation). If)e: A|e and e —> ¢, thenDk e : Ale.
Proof. Similarly to Lemma 3.50; Lemma 3.74 is used instead of Lemma 3.49. |
Lemma 3.76 (No Inclusion by Empty Effect). If [ ©F € and ¢ ~ 0, then P = e.

Proof. By induction on the derivation of [ ©7 . We proceed by case analysis on the rule applied lastly to this
derivation.
Case LITE_EmMmpTY: Clearly.

Case LITE_HANDLING: This case cannot happen. If this case happens, we have (I So™)T © &’ ~ ¢ for some &’
and So™. Thus, we have (1 SUI")T ®e" ~ 0 by € ~ 0. However, it is contradictory with safety condition

(1).

Case LITE_NOHANDLING: This case cannot happen. If this case happens, we have (L)T ® &’ ~ ¢ for some L
and &’. Thus, we have (L)T ®&’ ~ 0 by ¢ ~ 0. However, it is contradictory with safety condition (1).
|

Lemma 3.77 (Effect Safety). If 0 - E[op, gt T’ v] : A | & and n—free(1S*, E), then ¢ = 0.

Proof. Assume that ¢ ~ 0. By Lemma 3.73 and Lemma 3.69, we have [ @51 % »S:.".5'>e o However, it is
contradictory with Lemma 3.76. |

Theorem 3.78 (Type and Effect Safety). If 0t e: A|0 and e —* ¢’ and €' —/+, then €' is a value.
Proof. Similarly to Theorem 3.58; Lemmas 3.75 , 3.77, and 3.67 are used instead of Lemmas 3.50 , 3.57, and
3.48, respectively. ]

3.6 Safety Conditions about Instances

Lemma 3.79. In Example 1.23, we write a and b to denote {} or p or {L}. Ifa1 U -+ Uty ~get b1 U -+ Ub,,
then
o foranyi € {l,...,m}, a; = {} or there exists some j such that a; =b;, and

o forany j € {1,...,n}, b; ={} or there exists some i such that a; = b;.
Proof. By induction on the derivation of a1 U -+ Ua., ~get b1 U -+ Uby,. |
Theorem 3.80. Ezample 1.23 meets safety conditions.

Proof.
(1) Clearly by Lemma 3.79.

(2) Clearly by Lemma 3.79.
[ |

Lemma 3.81. In Exzample 1.2/, we write a and b to denote {} or p or {L}. Ifar U -+ Uam, ~Mset b1 U -+ Wby,
then
o for any a such that a # {}, the number of a; such that a; = a is equal to the number of b; such that b; = a.

Proof. By induction on the derivation of a1 U -+ L@, ~MSet b1 L -+ Lby. |
Theorem 3.82. Ezample 1.2/ meets safety conditions (for lift coercions).

Proof.
(1) Clearly by Lemma 3.81.

(2) Clearly by Lemma 3.81.

(3) Clearly by Lemma 3.81.
[ ]

Lemma 3.83. In Ezxample 1.25, we write a and b to denote () or p. If (L1 | {---(Lm | @) -+)) ~Simpr (L] |
(- (L [ B)---)), then
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e a=0D,

e for any i€ {1,...,m}, there evists some j such that L; = L, and
e for any j € {1,...,n}, there exists some i such that L; = Lj.
Proof. By induction on the derivation of (Ly | {---(Ly, | a) -+ +)) ~simpr (L4 | (-+- (L), | D) ---)). |

Theorem 3.84. Ezxample 1.25 meets safety conditions.

Proof.
(1) Clearly by Lemma 3.83.

(2) Clearly by Lemma 3.83.
]

Lemma 3.85. In Ezample 1.26, we write a and b to denote () or p. If (Li | (- (Lm | a)---)) ~scpr (L] |
(- (Lo [ 0)--)), then
e a=band

e for any L, the number of L; such that L; = L is equal to the number of L; such that L; = L.
Proof. By induction on the derivation of (Ly | {--- (L, | a)---)) ~scpr (L} | (--- (L, | b)---)). [ |
Theorem 3.86. Example 1.26 meets safety conditions (for lift coercions).

Proof.
(1) Clearly by Lemma 3.85.
(2) Clearly by Lemma 3.85.
(3) Clearly by Lemma 3.85. u

Lemma 3.87. In Example 1.27, we write a and b to denote {} or p or {L}. Ifa1 U -+ Uay, ~gset b1 U -+ Ub,,
then

o foranyi € {1,...,m}, a; = {} or there exists some j such that a; = b; or label names of them are the
same, and
o for any j € {1,...,n}, b; = {} or there exists some i such that a; = b; or label names of them are the
same.
Proof. By induction on the derivation of a1 U - -+ Uy, ~ESet 01U « -+ Ub,,. [ |

Lemma 3.88. In Example 1.27, we define the function FO as follows:
FO(L,{}))=1 FO(L,{t})=L1L FO(l,p)=1 FO(,{IS"})=8" FO(,{I'S"})=1 (wherel#1)

FO(Z,EQ) (ZfFO(l,El) :L)

FO(l,e; U =
(l,e1Ues) {FO(Z’gl) (otherwise)

If &1 ~Eset €2, then for any 1, FO(l,e1) = FO(l,e2).
Proof. By induction on the derivation of €1 ~gget €2. [ |
Theorem 3.89. Ezample 1.27 meets safety conditions.

Proof.
(1) Clearly by Lemma 3.87.

(2) Clearly by Lemma 3.87 and 3.88.

(4) Clearly by Lemma 3.88.
[ |

Lemma 3.90. In Example 1.28, we write a and b to denote {} or p or {L}. Ifar U -+ Ua;, ~EMses b1 U -+ Uby,,
then
o for any a such that a # {}, the number of a; such that a; = a is equal to the number of b; such that b; = a.
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Proof. By induction on the derivation of a1 U - -+ L@, ~EMSet b1 L -+ Uby,. |
Lemma 3.91. In Example 1.28, we define the function FO as follows:
FO(L,{})=1 FO(L,{t}) =L FO(l,p)=1 FO(,{IS"})=8" FO(,{I'S"})=1 (wherel#1)

FO(l,e5) (if FO(l,e;) = 1)

FO(l,e1Ues) =
(l.e1e2) {FO(Z,El) (otherwise)

If &1 ~EMSet €2, then for any 1, FO(l,e1) = FO(l,e3).
Proof. By induction on the derivation of €1 ~gMset €2- [ |
Theorem 3.92. Ezample 1.28 meets safety conditions.

Proof.
(1) Clearly by Lemma 3.90.

(2) Clearly by Lemma 3.90.

(4) Clearly by Lemma 3.91.
[ |

Lemma 3.93. In Ezample 1.29, we write a and b to denote () or p. If (L1 | (---(Lm | @) --+)) ~Esimpr (L] |
(- (Lo | 0) =), then

e a=0D,
o for anyi € {1,...,m}, there exists some j such that L; = L; or label names of them are the same, and
o for any j € {1,...,n}, there exists some i such that L; = L; or label names of them are the same.

Proof. By induction on the derivation of (L | (--- (L | @) -+ )) ~Esimpr (L} | {--- (LL, | b)---)). [ |

Lemma 3.94. In Example 1.29, we define the function FO as follows:

FO(I,))=1 FO(l,p)=1 FO(l, <lsf| £)) = FO(1,(I' 8" | €)) = FO(l,e) (where | #1')
FO(I, (v ] £)) FO(l €)

If €1 ~ESimpr €2, then for any I, FO(l,e1) = FO(l,e2).
Proof. By induction on the derivation of €1 ~EgimpRr €2- |

Theorem 3.95. Ezample 1.29 meets safety conditions (for type-erasure).

Proof.
(1) Clearly by Lemma 3.93.

(2) Clearly by Lemma 3.93 and 3.94.

(4) Clearly by Lemma 3.94.
[ |

Lemma 3.96. In Ezxample 1.30, we write a and b to denote () or p. If (L1 | {--+(Lm | a)--)) ~Escpr (L} |
(- (L [ B)---)), then

e a=1>0and
e for any L, the number of L; such that L; = L is equal to the number of L;- such that L;- = L.
Proof. By induction on the derivation of (L | {---(Ly | a)--+)) ~gscpr (Li | {--- (L}, | b)---)). [ |

Lemma 3.97. In Example 1.30, we define the function FO as follows:

FO(I,{))=1 FO(l,p)=1 FO(l, <lSI| £)) = FO(I,(I' 8" | €)) = FO(l,e) (where I # ')
FO(I, (v ] £)) FO(l €)

If €1 ~Escpr €2, then for any |, FO(l,e1) = FO(l,e2).
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Proof. By induction on the derivation of €1 ~gscpr €2. |

Theorem 3.98. Ezample 1.30 meets safety conditions (for lift coercions and type-erasure).

Proof.
(1) Clearly by Lemma 3.96.

2) Clearly by Lemma 3.96.

4

(2)
(3) Clearly by Lemma 3.96.
(4) Clearly by Lemma 3.97.

Theorem 3.99 (Unsafe Effect Algebras with Lift Coercions). The effect algebras EAgey and EAgimpr do not
meet safety condition (3). Furthermore, there exists an expression such that it is well typed under EAger and
EAsimpr, but its evaluation gets stuck.

Proof. We consider only EAge here; a similar discussion can be applied to EAgimpr. Recall that the operation
©® in EAget is implemented by the set union, so it meets idempotence: {L}U{L} ~ {L}. Furthermore, we can
use the empty set as the identity element, so {L}U{L} ~ {L} U{}. If safety condition (3) was met, {L} ~ {}
(where {L}, {}, and 0 are taken as €1, €2, and n, respectively, in Definition 1.46). However, the equivalence
does not hold.

As a program that is typeable under EAg.t, consider handleg, [raisegxc Unit ()]exc with 7 where Exc :: {raise :
Ve : Typ.Unit = a}. This program can be typechecked under an appropriate assumption as illustrated by the
following typing derivation:

0 raisegxc Unit () : A | {Exc} {Exc}U{Exc} ~ {Exc}

{Exc} U{} ~ {Exc} 0 b [raisegxc Unit ()]exc : 4 | {Exc}
) - handleg,. [raisegxc Unit ()]exc with b : B | {}

T_LI1FT

T_HANDLING

However, the call to raise is not handled because it needs to be handled by the second closest effect handler. W

Theorem 3.100 (Unsafe Effect Algebras in Type-Erasure Semantics). The effect algebras EAget, EAmset,
EAgimpr, and EAgepr do not meet safety condition (4). Furthermore, there exists an expression that is well
typed under these algebras and gets stuck.

Proof. Here we focus on the effect algebra EAgeq, but a similar discussions can be applied to the other algebras.
Recall that ® in EAge is implemented by the union operation for sets, and therefore it is commutative (i.e.,
it allows exchanging labels in a set no matter what label names and what type arguments are in the labels).
Hence, for example, {lInt} U{lBool} ~ge; {IBool}U{lInt} for a label name [ taking one type parameter. It
means that EAge violates safety condition (4).

To give a program that is typeable under EAg.; but unsafe in the type-erasure semantics, consider the
following which uses an effect label Writer :: Vo : Typ.{tell : & = Unit}:

handlewiter Int handlewriter Bool
tellwriter Int 42
with {returnz — 0} W {tell p k — if pthen 0 else 42}
with {returnz — z} W {tell p k — p}

This program is well typed because
o the operation call tellwyiter Int 42 can have effect {Writer Bool} U {Writer Int} via subeffecting {Writer Int} ©
{Writer Bool} U {Writer Int} (which holds because Writer Int and Writer Bool are exchangeable),

e the inner handling expression is well typed and its effect is {Writer Int}, and

o the outer one is well typed and its effect is {}.
Note that this typing rests on the fact that the inner handler assumes that the argument variable p of its tell
clause will be replaced by Boolean values as indicated by the type argument Bool to Writer. However, this
program reaches the stuck state: because the operation call is handled by the innermost handler for the label
name Writer, the inner handler is chosen and then the Boolean parameter p of the tell clause in it will be
replaced by integer 42. [ ]
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4 Comparison of Instances and Previous Work

4.1 Comparison to | |

We define the targets of comparison: one is an instance of Aga (Example 1.23), and another is a minor changed
language of | l.

Definition 4.1 (Minor Changed Version of | D). Change list:
e removing Boolean and if expressions,

e removing handlers from values and handler types from types,
e adding well-formedness of contexts and type, and

e adding well-formedness of dirt to the return rule.

The syntax of a minor changed version of [ | is as follows.
AB = A-=C (value types)
C,D = AA (computation types)
A == {opy,...,0p,} (dirt)
v = z|funzw—c (values)
¢ = returnv |op(v;y.c) | dox + c1inecy | vy ve | (computation)
with h handle c
h == handler {returnz — c,,op;(z1;k1) = c1,...,0p,(Tn; kn) — cn} (handlers)
¥ u= {op;:4A1 — By,...,0p,: A, — B,} (signature)
r == 0|Nx:A (typing contexts)

Well-formedness rules consist of the following.

Contexts Well-formedness

z¢dom(T) THA

—  Cp_EmpPTY Cp_VAR
+ FT,z: A
Kinding
'rA ACdom(X) T'HB
Kp_Fun
I'-A— BIA
Typing ['Fv:A| |[T'te:C
FT 2:Ael Fz:AFc:C F'Fv:A A Cdom(X)
———  TP_VAR TpP_ABS TP_RETURN
'tz:A 'tfunz—c: A—-C I' Freturnv : A'A
I'tvy:A—=C Thru:A
Tp_AprpP
TF'Fovivy:C
op:A—=Be¥ Thv:A T,y:BFc:A)A opeA
Tp_OrPAPP
I'Fop(v;y.c) : AglA
T'kFe i AIA T,xz:AbFc: BIA I'te:C THA:C=D
- Tp_Do - TpP_HANDLE
I'tdox < ¢jincy : BIA I' - withhhandlec : D

Handler Typing ‘F Fh:C = Q‘

Ix:AbFc.: BIA A\ {op;,...,0op,} C A
Vie{l,...,n}.(op; : Ai > B; €Y T,z;: Aj,k;: B — BIA"F¢; : BIA')

Hp_HANDLER
I' - handler {returnz ~ c,,op; (z1;k1) = c1,...,0p, (Tn; kn) = ¢} : AIA = BIA’

Definition 4.2 (Translation from Pretnars to An Instance). We assume that':

IThese assumptions arise from our formalization of labels and operations. They are easily removed if we omit labels.
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e there exists a unique partition of 3,
e any dirt is a disjoint union of the partition results of ¥, and

e target operations of any handlers must be one of the partition results of 3.

We write S2s(X) to denote the set of the partition results of ©. We write d21 to denote the function that assigns
unique label I such that 1 : Lab € Y., to s € 82s8(X).

We define d21(A) as the labels whose label is d21(s) where dom(s) C A and s € 82s(X). We define d21(h)
as d21(s) where h = handler {returnz — ¢,,op;(x1;k1) — c1,...,0p,(Tn;kn) — cn} and s = {op; : A1 —
By,...,0op, : Ay, — B,}.

We define P21 as follows.

Types
P2I(A — BIA) = P2I(A) —pyr(a) P2I(B)
Dirts
P21(0) = {} P2I(A Wdom(s)) = P2I(A)U{d21(s)} (ifs € S2s(2))
Values
P2I(z) = = P2I(funz —c¢) = fun(f,z,P2I(c)) (where f is fresh)
Computations
P2I(returnv) = P2I(v)
pQI(’Ul ’1}2) = PQI(’Ul) PQI(UQ)
P2I(doz < c1incy) = letz =P2I(c1)inP2I(co)
P2I(op(v;y.c)) = lety = opgy(s)P2I(v)inP2I(c) (where op € dom(s))
P2I(with h handle ¢) handleg,; () P2I(c) with P2I(h)
Handlers
P2I1(h) = {returnz— P2I(c,)} W {op;x1 ks — P2I(c1)} W - W {op,, Tn kn — P2I(c,)}
(where h = handler {returnz — c¢,,op;(21;k1) = c1,...,0p,,(Tn; kn) — cn})

Effect contexts
P2I(Y) = U,esoa(){d21(s) i {op; : P2I(A1) = P2I(B1), ..., 0p, : P2I(A,) = P21(B,)}}
(where s = {op; : Ay = Bi,...,0p,, : A, = B,})
Typing Contexts
P21(0) = O  P2I(I',z:A) = P2I(I'),z:P2I(A)
Lemma 4.3. dom(T") = dom(P2I(T")).
Proof. Clearly by definition of P21I. |
Lemma 4.4. If A Cdom(X), then T' - P2I(A) : Eff for any T such that - T.

Proof. By induction on the size of T'.

If A = (), then clearly because P2I(0) = {}.

If A = A’Wdom(s) for some A’ and s € S2s(X), then P2I(A) = P2I(A’) U {d21(s)} where d21(s) : Lab €
Ylab. Let T’ be a typing context such that F I'. By the induction hypothesis, we have I' - P2I(A’) : Eff. Thus,
K_Cons derives I' - P2I(A') U {d21(s)} : Eff because we have I' F {d21(s)} : Eff. [ |

Lemma 4.5. If+T and x : A €T, then x : P2I(A) € P2I(T").

Proof. By structual induction on T'.

If T =0, then x : A € I' cannot happen.

IfT =T,y : B for some y, B, and I/, then we have P2I(I") = P2I(I"),y : P2I(B). In this case, if z = y,
then we have A = B and y : P2I(B) € P2I(T") as required. If x # y, then we have z : A € IV. By the induction
hypothesis, we have = : P2I(A) € P2I(I"). Thus, we have x : P2I(A) € P2I(T") as required. [ ]
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Theorem 4.6.

(1) If - T, then b P21(T).

(2) IfT + A, then P2I(T') - P2I(A) : Typ.

(8) IfT' v : A, then P2I(T") F P2I(v) : P2I(A) | {}.

(4) If T c: AIA, then P2I(T") - P2I(c) : P2I(A) | P2I(A).

(5) IfT'+ h: AIA = BIA/, then P2I(A)Ue ~ger d21(h) UP2I(A') for some € and there exists some o such
that P21(T) -, P21(h) : P21(A) =P2(A) p21(B) and d21(h) :: 0 € P2I(X).

Proof.(1)(2) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule
applied lastly to the derivation.

Case Crp_EMPTY: Clearly.

Case Cr_VAR: We have
—I'=I"z:A,
— x ¢ dom(I"”), and
T A,
for some x, A, and I". By the induction hypothesis and Lemma 4.3, we have = ¢ dom(P2I(I")) and
P2I(I") - P2I(A) : Typ. Thus, C_VAR derives I P2I(I'),x : P2I(A) as required.
Case Kp_FuNn: We have
— A=A = BlA,
- Tk A,
— A Cdom(Y), and
~TF B,
for some A, By, and A. By the induction hypothesis and Lemma 4.4, we have
— P21(T") - P2I(4,) : Typ,
— P21(T") F P2I(A) : Eff, and
— P21(T') F P2I(B,) : Typ.
Thus, K_FUN derives
P2I(T) F P2I(A1) —por(a) P2I(B) : Typ

as required.

(3)(4)(5) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivation.

Case Tr_VAR: We have
—v=u,
— T, and
—z:A€eTl,
for some . By Lemma 4.5 and Theorem 4.6(1), we have
— +P2I(T") and
— x: P2I(A) € P2I(T).
Thus, T_-VAR derives
P21(T) o : P21(A) | {}
as required.
Case Tr_ABS: We have
— v=funz — c and
—I',z:AFc:BIA
for some z, ¢, A, B, and A. By the induction hypothesis, we have

P21(T),z : P2I(A)  P2I(c) : P2I(B) | P21(A).

Without loss of generality, we can choose f such that
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- ¢ FV(P21(c),
- f#u
— f ¢ dom(T"), and
— P2I(funz — ¢) = fun(f, z,P2I(c)).
By Lemma 3.12 and Lemma 3.2(2) and Lemma 3.6, we have
— P2I(T") F P2I(B) : Typ and
— p21(I") - P2I(A) : Eff.
By Lemma 3.9, we have - P2I(T"),x : P2I(A). Since only C_VAR can derive - P2I(T"),z : P2I(A),
we have P2I(T") - P2I(A) : Typ. Thus, C_VAR derives

- P2L(T), f : P2I(A) —ppr(a) P2I(B).
Thus, Lemma 3.5 and T_ABS derives
P21(T") - fun(f,x,P2I(c)) : P2I(A) —por(a) P2I(B) | {}

as required.

Case TP_RETURN: We have
— ¢ =returnv,
—T'Fv:A, and
— A C dom(X),
for some v. By the induction hypothesis and Lemma 4.4, we have
— P2I(T") F P2I(v) : P2I(A) | {} and
— P2I(I") + P2I(A) : EfF.
Thus, T_SUB derives
P21(T) - P2I(v) : P2I(A) | P2I(A)
as required.
Case TpP_AprpP: We have
— ¢ =V,
—TI'twvy:B— AlA) and
—T'kuwy: B,
for some vy, vo, and B. By the induction hypothesis, we have
— P2I(T") F P2I(vy) : P2I(B) —rpor(a) P2I(A) | {} and
— P2I(T") F P2I(vwy) : P2I(B) | {}.
Thus, T_ApPP derives
PQI(F) = PQI(Ul)PQI(’Ug) : PQI(A) | PQI(A)
as required.
Case Tp_OpPAPP: We have
~ ¢ = op(viy.c),
—op: A = B ex,
—Thkov: A,
I'y: Bk :AlA, and
—op €A,
for some op, v, ¥y, ¢/, A’, B’, and A. By op € A, there uniquely exists some s such that
— s €382s(%),
—op: A — B €s,
— dom(s) C A.
Thus, we have
— 10 eP2I(X),
— op : P2I(A’) = P2I(B’) € o, and
— {d21(s)} Ue ~get P2I(A),
for some ¢. By the induction hypothesis, we have
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— P2I(T") F P2I(v) : P2I(A’) | {} and
— P21(T"),y : P2L(B’) I P2I(c) : P2I(A) | P2I(A).
Thus, T_-Op and T_APP derives
P2I(T') F opggy(s) P2I(v) : P2I(B') | {d21(s)}.
Thus, T_-SuB and T_LET derives
P2I(T) I let y = 0pyy (o) P2I(v) inP2I(c') : P2I(A) | P2I(A)
as required.
Case Tr_Do: We have
— c=dox < cyinco,
— I't ¢ BIA, and
—Ixz:BFcy: AA,
for some x, ¢1, co, and A. By the induction hypothesis, we have
— P21(T) - P2I(¢y) : P2I(B) | P2I(A) and
— P21(T"),z : P2I(B) I P2I(cy) : P2I(A) | P2I(A).
Thus, T_LET derives
P21(I) k- let z = P2I(c;) inP2I(cy) : P2I(A) | P2I(A)
as required.
Case Tp_HANDLE: We have
— ¢ = withhhandle¢,
— Tk AA) and
—TEh: AIA = AIA.
for some ¢/, h, A’, and A’. By the induction hypothesis, we have
— P21(T") - P2I(¢') : P2I(A’) | P2I(A’),
— d21(h) :: o € P2I(X),
— P2I(T") -, P2I(h) : P2I(A") =F2(A) P21(A), and
— P2I(A/) Ue ~vger d21(h) UP2I(A),
for some € and o. Thus, T_SUB and T_HANDLING derive
P2I(T) F handlepyys) P2I(¢') withP2I(h) : P2I(A) | P2I(A)
as required.
Case Hp_HANDLER: We have
— h = handler {returnz — c,,op;(z1; k1) — c1,...,0p, (Tn; kn) — cn},
—I,z:AkFc.: BIA,
—op;: 4; > B, € ¥ forany i€ {1,...,n},
— T,a;: Ak : B; —» BIA"F¢; : BIA for any i € {1,...,n}, and
— A\{opy,...,0p,} €A,
for some n, x, ¢, op,, ¥;, ki, ¢;i, A;, and B;, where i € {1,...,n}.
By the assumptions, we have
— s €82s(X) and
— d21(h) = d21(s)
where s = {op; : A1 — Bi,...,op,, : A, — Byp}. Thus, we have d21(h) :: ¢ € P2I(X) where
o = {op, : P2I(A;) = P2I(By),...,0p, : P2I(A,) = P2I(B,)}.
By A\ {opy,...,0p,} € A, we have A C dom(s) UA’. By the assumptions, we have either

dom(s) C A’ or op; ¢ A’ for any i. In any case, we have P2I(A)Ue ~get d21(h) UP2I(A’) for some
€.

By the induction hypothesis, we have
— P2I(T), = : P2I(A) k- P2I(c,) : P2I(B) | P21(A’) and
— P2I(D), x; : P2I(A;), k; : P2L(B;) —por(an P2L(B) I P2I(c;) : P2I(B) | P2I(A) for any i €
{1,...,n}.
Therefore, H_.RETURN and H_OP derive P2I(I") -, P2I(h) : P2I(A) =P21(2) p21(B).
Thus, the required result is achieved.
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4.2 Comparison to | ]

We give the targets of comparison: one is an instance of Aga (Example 1.25), and another is a minorly changed
language of | ].

Definition 4.7 (Minor Changed Version of | ). Change list:
e removing variants and records,

e removing presence and handler types,
e removing computation kinds, and

e adding well-formedness rules of contexts.

The syntax of a minor changed version of [ ] is as follows.
V,W = x| M| AKX M (values)
M,N == VW|VT|returnM |letz < MinN (computations)
| (do!V)F | handle M with H
H == {returnz— M} |HW{lpr— M} (handlers)
AB == A—=C|Va¥.C|a (value types)
C,D == AE (computations types)
E == {R} (effect types)
R == [:P;R|p|- (row types)
P := Pre(A— B)|Abs (presence types)
T == A|C|E|R (types)
K == Type| Row, | Effect (kinds)
L = 0|{itwL (label sets)
r == - |Iz:A (type environments)
A = |Aa:K (kind environments)

Well-formedness, kinding, and typing rules consist of the following.
Kinding Contexts Well-formedness

FA «a¢dom(A)

— KCH_EMPTY KCH_TVAR
F- FAo: K
Contexts Well-formedness
FA AFT x2¢dom() AR A:Type
—— CH_EMPTY CH_VAR
Al AFT,z: A
Kinding |AFT:K
FAa: K AFA:Type A B:Type AF E: Effect
KH_VAR Ku_Fun
Aa:KFa: K AFA— BIE: Type
Aja: KFHA:Type A,a: KF E: Effect A R : Rowy
7= KH_FORALL ————— KH_EFFECT
A FVa© AlE : Type A+ {R} : Effect

Vie{l,...,n}.(P;, = Abs or (P, = Pre(A; — B;) and A+ A; : Typeand A+ B, : Type)) FA
AFl P50, Pyt Rowy

Vie{l,...,n}.(P; = Abs or (P, =Pre(4; — B;) and AF A; : Type and A F B; : Type))
AFp:Rowe L={li,....ln}
AFly: Py 50, Pyyp: Rowy

Ku_CLOSEROW

KH_OPENROW
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Typing |[ATHV:A| [ATHM:C

AFTDT z:Ael AT, x: AEM : C
TH_VAR = TH_-LAM
ATz A ATEXN* M:A—C
Aa: K;THFM:C ART ATHFV:A—-C ATEW:A
Ve Ve TH_PoLYLAM TH_APP
AT HAT M Vo™ .C A THEVW: C
ATHV :YVo.C AFT: K THP A A;THEV A AR E: Effect THR
H_FPOLYAPP H_RETURN
ATHVT:CIT/a A;T' FreturnV : AlE

A;TEM:AE AT x: AN :BIE
A;T'Fletx < MinN : BIE
ATHFV:A E={l:Pre(A— B);R} AF E: Effect
A;TF (dolV)® : BIE
ATEFM:C ANTEH:C=D
A;T + handle M with H : D

TH_LET

TH_DoO

TH_HANDLE

Handler Typing |A;TFH:C = D)|

C = ANly : Pre(Ay — Bi);--- 51y : Pre(A, — By); R}
D=BYly:Py; - ;l,: P,;R} H={returnz— M} W {ljy1r1 = N} - B {l,ynrn— Np}
A,F,Z‘AFMD V’LE{L7”}(A3F7y1Az;Tsz%DFN1D)
ATHH:C=D

Hu_HANDLER
Definition 4.8 (Translation from Hillerstrém’s to An Instance). We assume that:

o there exists a unique set that has any label (we call it L),

e there exists a unique partition of L,

e for any row, a set of presence labels in that row is a disjoint union of the partition result of I,

e for any handler, target labels of that handler is one of the partition result of L, and

e a unique closed type can be attached tol as presence.
We write L23(LL) to denote the set of partition results of L, r21 to denote the function that assigns a unique
label | such that | : Lab € Yeg to £ € L23(L). We write r21(H) to denote | such that r21({ly,...,1l,}) =1
where H = {returnz — M} W {lyp1r1 — N1} W {l, pnr — N, }. We define 12T as the function that takes
a label I and returns the type that corresponds to the unique presence type of l. We define 120p as the function
that takes a label | and returns a unique operation name. We also assume that

r21({ly,...,1n}) = {120p(ly) : 12T(11), . ..,120p(ly,) : 12T(1,)} € X.

We define H2I as follows.

Kinds
H2I(Type) = Typ H2I(Row,) = H2I(Effect) = Eff
Types
H2I(A — BIE) = H2I(A) —prm H2L(B)  H2I(VaX.AlE) = Va:H2I(K)H2I(A)"™'®)
Effects
H2I({R}) = H2I(R)

H2I(ly : Prs---5ln i Poys) = ({1 ¢-- 1|1 () (where I} =x21(L;) and L1 W -+ Ly, = {l; | P; # Abs})
H2I(ly : Prs---5ly: Posp) = (UG- | {1 ) (wherell =x21(L;) and L1 W --- Ly, = {l; | Pj # Abs})
Values

H2I(z) = =z  H2I(Aa®.M) = Ac«:H2I(K)H2I(M)
H2I(Az?A. M) = fun(z,z, H2I(M)) (where z is fresh)
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Computations

H2I(V W) H2I(V) H2I(W) H2I(VT) = H2I(V)H2I(T)
H2I(return M) = H2I(M) H2I(letz + MinN) = letz =H2I(M)inH2I(N)
H2I((do!V)P) = 120p(I)ro1(c) H2L(V) (where | € L € L2S(L))
H2I(handle M with H) = handle,, () H2I(M)withH2I(H)
Handlers
H2I({returnz — M}) = {returnz— H2I(M)} H2I({lpr— M}WH) = H2I(H)wW{120p(l)pr +— H2I(M)}
Contexts
H2I(-) = 0 H2I(I',z : A) = H2I(I"),z : H2I(A)
H2I(A,a: K) = H2I(A),a:H2I(K)

Lemma 4.9.

(1) If-T1,a: K,z: AT and-T1,z: A, then FT1,2: A,a: K, T3.
(2) IfT1,a: K,z: ATstS: K andt+T1,2: A, thenT1,2: A,a: K, T3+ S: K'.
(3) IfT1,a: K,z: ATst B<:C and+T1,2: A, thenT1,z: A,a: K,Ts+ B <: C.
(4) IfT1,a: K,x: ATsk By |e1 <:Balea andFTy,2: A, thenT1,z: A,ja: K, TsF By | g1 <: By | e2.
(5) IfT1,a: K,x: ATske:BleandtT1,z: A, thenTy,2: A,a: K,Tske: B |e.
(6) IfTy,a: K,x: ATsk, h: B=°C and -T1,2: A, thenT1,z2: A,a: K,T3+, h: B=°C.
Proof. Straightforward by mutual induction on the derivations. |

Theorem 4.10.

(1) If A, then - H2I(A).

(2) If AR T : K, then H2I(A) - H2I(T) : H2I(K).

(3) If AFT, then - H2I(A),H21(T).

(4) If A;T =V 2 A, then H2I(A),H2I(T) - H2I(V) : H2I(A) | 0.

(5) If A;T = M : AIE, then H2I(A),H2I(T) - H2I(M) : H2I(A) | H2I(E).

(6) If AT+ {returnz — MW {lip1m — N1} W - {l,pnrn— Np}: AIE = BIE', then
e H2T(A),H21(T) F, H2I(H) : H21(A) =51E) H21(B),
e r21(H):0 € X, and
e (r21(H) | H2I(E")) ~simpr H2I(E),
where o = {120p(ly) : 12T(11), . ..,120p(ly,) : 12T(1,)}.

Proof.

(1) Straightforward by induction on the derivation.

(2) By induction on a derivation of the judgment. We proceed by case analysis on the rule applied lastly to
the derivation.

Case KH_VAR: We have

- T =aq,
—FA,a: K, and
- A=A a: K,
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for some A’.
By definition of H2I, we have « : H2I(K) € H2I(A', o : K). By case (1), K_VAR derives H2I(T") - o :
HQI(K)
Case KH_FuN: We have
—T=A— BIE,
— K = Type,
— Ak A: Type,
— A+ B: Type,
— AR E: Effect,
for some A, B, and E. By the induction hypothesis, we have
— H2I(A) F H2I(A) : Typ,
— H2I(A) F H2I(B) : Typ, and
— H2I(A) - H2I(E) : Eff.
Thus, K_FUN derives
H2I(A) F H2I(A) —ppr(s) H2I(B) : Typ
as required.
Case KH_FORALL: We have
— T =VaKX' AE,
— K =Type,
— A,a: K'F A: Type, and
— A,a: K'+ E : Effect,
for some a, K', A, and E. By the induction hypothesis, we have
— H2I(A,a: K') FH2I(A) : Typ and
— H2I(A, o : K') F H2I(E) : Eff.
Thus, K_PoLy derives
H2I(A) b Vo : H2I(K') H2I(A)™ ) . Typ
as required.
Case KH_EFFECT: Clearly by the induction hypothesis.
Case KH_CLOSEROW: Clearly by the assumptions and K_CONSs.

Case KH_OPENROW: Clearly by the assumptions and K_CONS.

(3) By induction on a derivation of the judgment. We proceed by case analysis on the rule applied lastly to
the derivation.

Case CH_EMPTY: Clearly because case (1).
Case CH_VAR: We have
—I'=I",z:A,
- AR,
— x ¢ dom(I"”), and
— Ak A: Type,
for some I, z, and A. By the induction hypothesis and case (2), we have
— F H2I(A),H2I(I") and
— H2I(A) F H2I(A) : Typ.
By F H2I(A),H2I(I”) and Lemma 3.5(2), we have H2I(A),H2I(I") F H2I(A) : Typ. By definition of
H2I, we have z ¢ dom(H2I(A),H2I(I")). Thus, C_VAR derives

FH2I(A),H2I(TV), x : H2I(A)
as required.

(4)(5)(6) By mutual induction on derivations of the judgments. We proceed by case analysis on the rule applied
lastly to the derivations.

Case TH_VAR: We have
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- V=uz,

— AFT, and

—z:A€eT,
for some 2. By Theorem (3), we have - H2I(A),H2I(T"). By definition of H2I, we have x : H2I(A) €
H2I(T"). Thus, T_VAR derives

H2I(A),H2I(T) 2 : H2I(A) | 0g

as required.
Case TH_LAM: We have
— V = \xfo.M,
- A=Ay — AE, and
— ATz AgE M : AlE,
for some x, Ag, A1, E, and M. By the induction hypothesis, we have

H2I(A),H2I(T), 2 : H2TI(Ag) - H2I(M) : H21(A;) | H21(E).

Without loss of generality, we can choose z such that
— z ¢ FV(H2I(M)),
- z#u,
— z ¢ dom(H2I(A),H2I(T")), and
— H2I(A\z?9. M) = fun(z, z, H2I(M)).
By Lemma 3.12 and Lemma 3.2(2) and Lemma 3.6, we have
— H2I(A),H21(T") - H2I(A;) : Typ and
— H2I(A),H2I(T) - H2I(E) : Eff.
By Lemma 3.9, we have - H2I(A),H2I(T"), « : H2I(Ap). Since only C_VAR can derive this judgment,
we have H2I(A),H2I(T") - H2I(Ap) : Typ. Thus, C_VAR derives

- H2I(A),H2I(I'), 2 : H2I(Ao) —par(m) H2I(Ay).
Thus, Lemma 3.5(5) and T_ABS derives
H2I(A),H21(T) b fun(z, 2, H2I(M)) : H2I(Ao) —poz(m) H2I(A1) | O

as required.
Case TH_PoLyLAM: We have

— V =AoaX.M,
— A=VYaX . B\E,
— Aa: K;I'HM: BE, and
~ AFT,

for some «, K, M, B, and E. By the induction hypothesis and case (3), we have
— F H2I(A),H2L(T') and
— H2I(A), o : H2I(K), H21(T') - H2I(M) : H21(B) | H21(E).

By applying Lemma 4.9 repeatedly, we have

H2I(A),H2I(D), a : H2I(K) F H2I(M) : H2I(B) | H2I(E).
Thus, T_-TABS derives
H2I(A),H2I(T) - Ao : H2I(K).H2I(M) : Vo : H2I(K).H21(B)™®) | g

as required.

Case TH_ApPpP: We have
- M=VW,
- A;THV . B— AlE, and
- ATHW B,
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for some V', W, and B. By the induction hypothesis, we have
— H2I(A),H2L(I') - H2I(V) : H2I(B) —po1(s) H2I(A) | 05 and
— H2I(A),H2I(T") - H2I(W) : H2I(B) | 0.

Thus, T_APP derives

H2I(A),H2I(T) - H21(V) H2I(W) : H2I(A) | H21(E)

as required.
Case TH_POLYAPP: We have
- M=VT,

A= (BIE)[T/a),
AT FV : Vo .BIE, and
AFT: K
for some V, T, a, K, B, and E. By the induction hypothesis and case (2), we have

— H2I(A),H2L(T') F H2L(V) : Vo : H2L(K).H2L(B)*™ ™) | g5 and

— H2I(A) b H2L(T) : H2I(K).

By Lemma 3.9 and Lemma 3.5(2), we have H2I(A),H2I(T") + H2I(T) : H2I(K). Thus, T_-TApPP
derives

H2I(A),H2I(T) - H2I(V)H2I(T) : H2I(B[T/«a]) | H2I(E[T /)
as required.
Case TH_RETURN: We have
— M =returnV,
- ATHV A and
— A+ E: Effect,
for some V. By the induction hypothesis and case (2), we have
— H2I(A),H2I(T) - H2I(V) : H2I(A) | 0 and
— H2I(A) F H2I(E) : Eff.
Thus, T_SUB derives
H2I(A),H21(T) - H2I(V) : H2I(A) | H2I(E)
as required.
Case TH_LET: We have
— M =letz < Myin M,
— AT H My : BIE, and
— A;Tz: BE M, : AE,
for some x, My, M7, and B. By the induction hypothesis, we have
— H21(A),H21(T") - H21(My) : H21(B) | H2I(E) and
— H2I(A),H2I(T), & : H2I(B) - H2I(M,) : H2I(A) | H2I(E).
Thus, T_-LET derives

H2I(A),H21(T) F let = = H2T(M,) in H2I(M,) : H2I(A) | H21(E)

as required.
Case TH_DO: We have

— M = (dolV)E,
- ATHV B,
— {l: Pre(B — A); R}, and
— A+ E: Effect,

for some [, V, E, B, and R. By the induction hypothesis and case (2), we have
— H2I(A),H2I(T") - H2I(V) : H2I(B) | 0 and
— H2I(A) F H2I(E) : Eff.

There uniquely exists some £ such that
— £ eL2s(L),
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—le /L, and
— L C dom(E).
Thus, we have
—r21(L) s o0 €Y,
— 120p(1) : 12T(1) € o, and
— (r21(L) | €) ~simpr H2I(E),
for some o and . Because Lemma 3.9 gives us  H2I(A),H2I(T"), T_Op and T_ApP and T_SuB

derive
H2I(A), H2I(T') - 120p(1),01(£) H21(V) : H2I(B) | H2I(E)
as required.
Case TH_HANDLE: We have
— M = handle N with H,
— A;T'F N :B!E', and
— A;THH:BE' = AE,
for some N, H, B, and E’. By the induction hypothesis, we have
— H2I(A),H2I(I') - H2I(N) : H2I(B) | H2I(E),
— H2I(A),H2I(T') F, H2I(H) : H2I(B) ="21(F) H21(A),
—r21(H) 0 €X, and
— (r21(H) | H21(E)) ~simpr H2I(E').
for some ¢. Thus, T_HANDLING derives

H2I(A),H2I(I') - handle,,, ;) H2I(V) with H2I(H) : H2I(A) | H21(E)

as required.
Case HH_HANDLER: We have
— AT x: A+ M : B\E',
— AT y; 2 Ajyry: B — B'E' = N; : BIE' for any i € {1,...,n},
— E={ly:Pre(A; — B1);--- ;ln : Pre(A, — By); R}, and
B ={l Pyl Pn,R},
for some A;, B;, and P;, where i € {1,...,n}. By the assumptions, we have
—{h,...,l,} € L28(L),
— 12T(l;) = H2I(A;) = H2I(B;) for any i € {1,...,n},
— r21({l1,...,1n}) = {120p(ly) : 12T(Lh), ,120p(ln) :127(1,)} € &, and
—Vie{l,...,n}.(P,=Abs) or Vi € {1, .. .,n}.(Pi = Pre(4; — B;)).
Thus, we have (r21(H) | H2I(E')) ~simpr H2I(E).
By the induction hypothesis, we have
— H2I(A),H2L(T"), = : H2I(A)  H2I(M) : H2I(B) | H2I(E') and
— H2I(A),H2I(T), y; : H2I(A;), 7 : H2I(B;) —bupr(sry H2I(B) b H2I(N;) : H2I(B) | H2I(E') for any
1e{l,...,n
Therefore, H_RETURN and H_OP derive

H2I(A), H2I(T) b {100p(11)121(1h)... 2120p(1, 1211,y HR2I(H ) : H2T(A) =H21(E) Ho1(B).

Thus, the required result is achieved.

4.3 Comparison to | ]

We give the targets of comparison: one is an instance of Aga (Example 1.26), and another is a minorly changed
language of | ].

Definition 4.11 (Minor Changed Version of | ). Change list:
e changing implicit polymorphism to explicit polymorphism,
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e removing constants from values,

e removing the assumption that the initial environment has effect declarations, and adding such declarations
to %,

e adding type variables to contexts, and

e adding well-formedness of contexts.

The syntaz of a minor changed version of [ ] is as follows.
e v|e(e) | e(m%) | valz = ey;es | handle{h}(e) (expressions)
v ou= x|op|lre|AdFe (values)
h == returnz — e | op(x) = e;h (clauses)
TF u= ok | ke ok pk Ry (types)
ko= x|e|k]|(ki,....kn) >k (kinds)
o = YaFo|T* (type scheme)
I' == 0|T,z:0]|T,a" (typing contexts)
by O1%,0:{opy,...,0p,} (signature environment)
— = —— o (xe%) % (functions)
O = e (empty effect)
(==Y = (ke)—e (effect extension)
I o= cbkn)kphy ok (effect labels)

Well-formedness rules, free type variable, and typing rules consist of the following.

Contexts Well-formedness

—  CL_EmPTY FT ¢ dom(l) frv(r")\{oF} CT Vk({aF} NI =)

—— CL_VAR
= FT,z:Vak . r*

T Vk.(a* ¢T)

FT, o
Free Type Variable |ftv(7%)| |ftv(o)

ftv(ak) = {ozk} ftv(ry = 15 73) = ftv(r]) Uftv(r5) U ftv(ry)  fev(()) =0 ftv((ﬂ‘ | 75)) = ftV(’T'{() U ftv(75)

frv(cFokm = k= vl frv(Vabo) = fiv(o) \ {o”}

CL_TVAR

i€{1,...,n}
FD T'(x)=o0 ftv(e) CT Dz:mbe:ry|e ftv(e) CT
TL_VAR ; TL_LAM
Fkxz:0]e PHXre:m —>€ry]e
Pher:o1|e Tyo:obey:7|e€ L LET Fkhep:mg—er|e Thexy:imy|e TL App
Phvalz =ejjea:7 |e€ Fkej(er): 7€
Iakke: ftv(e) C T Tk e:Vak. ftv(tF) C T
a 6_7|<> _V(E)_ TL_TABs c iﬂe_ V(E)_ TL_TApp
'k Aak.e:Vak.r|e LEe(rd):rlak — 78] | €

Fke:7|(l]e) Tyx:7hke.:7. €

(1) ={opy,--sopp} Thopiimy = (L1O)7i [ ()
[,x;:7;,resume : T, — €T, Fe;: 7, |¢€

TL_HANDLE

I+ handle{op;(z1) — e1;- -+ ;0p,,(zn) = en;returna — e . }(e) : 7, | €
The:r — (i,... 0 fv(e) C T
oo (b Qe BT o
Phe:r = {(l1,...,ln|€)m | €
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Definition 4.12 (Translatmn from Leijen’s to An Instance). We assume that there is no constants other than
— = ——, 0, (= | =) and cFrF)=K We define c21 as the injective function that assigns a label name [
such that l (belonging to an mstance) to (k1 kn) =k (belonging to Leijen’s). We define L2I, h21, and c21 as
follows. We require c21 to be injective.

Kinds
L2I(x) = Typ L2I(e) = Eff L2I(k) = Lab
Types
L2I(c*) = « L2I(rf = 75 75) = L2I(7)) —par(re) L2I(73)
L21(()) = 0 L21((l [ €)) = (L21(]) | L21(e))
Lzl(vak o) = Va :L2I(k).L2I(c)0
L2T(cktokn)=kph o pkay) = e (ko k) SR 12T (7R L 12T (7hn
c2 (c(kl’ ’k )_’k) = | (wherel:L2I(k1) X ...x L2I(k,) — Lab € Z.g)
Expressions
L2I(z) = =
L2I(op) = OP 1 (¢) L2T(7F) (where op € X(c(TF)))
L2I(Az.e) = fun(z,z,L2I(e)) (where z is fresh)
L2I(AaF.e) = Aa:L2I(k).L2I(e)
L2I(ei(e2)) = letx =L2I(ej)inlety =L2I(es)inzy
L2I(e(7%)) = letz = L2I(e)inxL2I(7%)
L2I(valx =ej;ea) = letz =L12I(ey)inL2I(es)
L2I(handle{h}(e)) = handley ;) L2I(e) withL2I(h)
Handlers
L2I(returnz —e) = {returnz — L2I(e)}
L2I(op(x) — e;h) = L2I(h)W {opx resume — L2I(e)}
Contexts
L21(0) = 0 L2I(T,z:0) = L2I(T),z:L2I(0o) L21(T, o) = L2I(T),a : L21I(k)

Effect Contexts

L21(0) = 0
L2I(%, c< kY :{opy,...,0p,}) = L2I(X),c21(c):: Va : L2I(k).o
(where T 2 op, : 1, — <C<7'_k> | )74
and o[L2I(7F) /@] = {op, : 7y = 7/,...,0p, : T, = T,,'})
Translation from Handlers to Labels

h21(opy(z1) — €15+ ; 0p,(Tn) = en;returnz — €)

L (if 1 = c21(c) and {opy,...,0p,} = Z(c{--+)))

| undefined (otherwise)

Lemma 4.13. If x ¢ dom(T"), then x ¢ dom(L2I(T")).

Proof. Straightforward by structual induction on I' and the definition of L21I. |
Lemma 4.14. o* € T iff o : L2I(k) € L2I(T).

Proof. Straightforward by structual induction on I' and the definition of L2T. |
Lemma 4.15. Ifx:0 €T, then z : L2I(0) € L2I(T).

Proof. Straightforward by structual induction on I' and the definition of L2T. |

Lemma 4.16. IfTFe: 0 |¢, then FT.
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Proof. Straightforward by induction on a derivation of I'Fe: o | e.

Theorem 4.17.

(1) If ftv(t%) C T and F L2I(T), then L2I(T) - L2I(7%) : L21(k).
(2) If =T, then - L2I(T").

(3) IfT'Fe:o|e, then L2I(T") F L2I(e) : L2I(o) | L2I(¢).
Proof.

(1) By structual induction on 7%

Case 7" = oF: We have o € I'. By Lemma 4.14, we have « : L2I(k) € L2I(I"). Thus, K_VAR derives

L2I(T) F o : L2I(k)
as required.
k

Case 7" =1 — 75 75+ We have

By the induction hypothesis, we have
e L2I(I) F L2I(7}) : Typ,
o L2I(T") F L2I(7$) : Eff, and
e L2I(T") - L2I(75) : Typ.
Thus, K_FUN derives
L21(T) F L2I(7y) —L21(78) L2I(73) : Typ
as required.

Case 7" = (): We have k = e. Thus, by - L2I(T), we have

L21(T) - () : Eff
as required.
Case 7% = (7| 7§): We have

o k=e,

e ftv(rf) C T, and

o ftv(rs) CT.
By the induction hypothesis, we have

e L2I(T)  L21I(7¥) : Lab and

e L2I(T") - L2I(75) : Eff.
Thus, K_CONS derives

L21(T) - (L2I(7y) | L21(7%)) : Eff

as required.

Case 7F = cbtobn)=k(ph 00 pkny: We have ftv(r?) C T for any i € {1,...,n}. By the induction
hypothesis and definition of ¢21, we have

o L21(D) F L2I(7/) : L21(k;) for any i € {1,...,n},

o c21(cFr k) =Ky 12T (k) x ... x L2I(k,) — Lab € Y.g.
Thus, K_CoNS derives

L21(T) F c21(cFr k) 2Ky 121 (781 .. 121 (757 ) : Lab

n

as required.

(2) By induction on a derivation of the judgment. We proceed by case analysis on the rule applied lastly to
the derivation.
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Case CL_EMPTY: Clearly by C_EMPTY and the definition of L21T.
Case CL_VAR: We have
o I'=1",1:Vak 7,
o FIV,
x ¢ dom(T"),
ftv(7*) \ {a¥} C T’ and
VE.({a*} N T = 0),
for some I, x, W, and 7*. By the induction hypothesis and Lemma 4.13, we have
e F1L2I(I") and
e x ¢ dom(L2I(I)).
By Lemma 4.14 and C_TVAR, we have

FL2I(I"), @ : L2I(K).

By ftv(7*) C I, a* and case (1), we have

L2I(T), @ : L2I(k') F L2I(7*) : Typ.
Thus, K_PoLy and C_VAR derives
FL2I(I), x : L2I(Vak .7%)

as required.
Case CL_TVAR: We have
o I'=1"aF,
e FTV and
o Vk.(aF ¢ 1),
for some I'” and o*. By the induction hypothesis and Lemma 4.14, we have
e HL2I(I") and
e a ¢ dom(L2I(I")).
Thus, C_TVAR derives
FL2I(T), o : L2I(k)
as required.

(3) By induction on a derivation of the judgement. We proceed by case analysis on the rule applied lastly to
the derivation.

Case TL_VAR: We have

o c=u,
e I'(x) =0, and
o ftv(e) C T

for some . By Lemma 4.16 and case (2), we have - L2I(T"). By case (1), we have
L21(T) - L21(c) : EfF.
By Lemma 4.15, we have = : L2I(0) € L2I(I"). Thus, T_VAR derives
L2I(T) F z : L2I(0) | ().

By Lemma 3.12, we have L2I(T") - L2I(o) : Typ. Thus, ST_REFL and Lemma 3.3(1) and T_SuB
derive
L21(D) bz : L2I(0) | L2I(e)
as required.
Case TL_LAM: We have
e c=J\z.e,

e o=T1; > €Ty,
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el z:7Fe: 7)€, and
o ftv(e) C T
for some z, ¢/, 7y, ¢, and 7,. By Lemma 4.16, we have - ",z : 7. Since only CL_VAR can derive

F T,z : 7, we have - I'. By case (2), we have - L2I(T"). By the induction hypothesis and case (1),
we have

o L2I(I z: ;) F L2I(¢') : L2I(7,) | L2I(€') and
o L21(I') I L2I(c) : Eff.
Without loss of generality, we can choose z such that
o 2 ¢ FV(L2I(¢)),
o zF£ux,
o z ¢ dom(L2I(T")), and
e 1L.2T(\x.¢') = fun(z, z,L2I(e)).
By Lemma 3.12 and Lemma 3.2(2) and Lemma 3.6, we have
o L2I(T") - L2I(7,) : Typ and
e L2I(T") - L2I(¢') : Eff.
By Lemma 3.9, we have b L2I(T"),z : L2I(7). Since only C_VAR can derive - L2I(T"),z : L2I(r),
we have L2I(T") - L2I(ry) : Typ. Thus, K_FUN derives

L2I(I") F L2I(7y) —rpor(ery L2I(75) : Typ.

Thus, C_VAR derives
FL2I(I), 2z : L2I(7y) —rpor(ery L2I(73).

Thus, Lemma 3.5 and T_ABS derives
L2I(T) F fun(z, ,L2I(e")) : L2I(7;) —po1(e) L2I(73) | ().
Thus, ST_REFL and T_SUB derive
L2I(T) F fun(z, z,L2I(e")) : L2I(7;) —1o1(er) L2I(7y) | L2I(e).

as required.
Case TL_LET: We have

e ¢ =valx =eq;eq,
e 0 =T,
e'Fej:0' e and
e z:o'Fex:7]e

for some z, e1, ez, 7, and o’. By the induction hypothesis, we have
e L2I(T") F L2I(e;) : L2I(0") | L2I(€) and
o L2I(T", 2 : 0’) F L2I(eq) : L2I(7) | L2I(e).

By definition of L2T and T_LET, we have

L2I(T) F let z = L2I(ey) inL2I(es) : L2I(7) | L2I(e)

as required.
Case TL_AppP: We have

e c=cei(e2),
e o=T,
eT'hFey:7,— €T | and
e khex:myle

for some eq, es, 7, and 7,. By the induction hypothesis, we have
e L2I(I") F L2I(ey) : L2I(7y) —rrar(e) L2I(7) | L2I(¢) and
o L2I(I) F L2I(ey) : L2I(7y) | L2I(e).

Without loss of generality, we can choose x and y such that
° x#y,
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e x ¢ dom(L2I(T")), and

e y ¢ dom(L2I(T")).
Because Lemma 3.12(1) and C_VAR give us

o FL2I(I"), x : L2I(7y) —pa1(e) L2I(7) and

o FL2I(I"), z : L2I(7y) —rar(e) L2I(7), ¥y : L2I(7y).
Thus, T_VAR and T_APP derive

L2I(T"), 2 : L2I(7y) —po1(e) L2I(7), ¥y : L2I(7y) F xy : L2I(7) | L2I(e).
By Lemma 3.5(5), T_LET derive

L2I(T"), 2 : L2I(7y) —ro1(e) L2I(7) - lety = L2I(ez) inxy : L2I(7) | L2I(e).
Thus, T_LET derives

L2I(T) Fletx = ey inlety = L2I(ez) inzy : L2I(7) | L2I(e)
as required.
Case TL_TABs: We have
e e =Aak.e,
e 0= VJ.T,
e T,oF ke 7| (), and
o ftv(e) C T,
for some ok, ¢/, and 7. By Lemma 4.16, we have T, ak. Since only CL_TVAR derive F T, ok, we
have F T'. By case (2), we have - L2I(T"). By the induction hypothesis and case (1), we have

o L2I(I"), @ : L2I(k) F L2I(¢') : L2I(7) | () and
o L2I(I) F L2I(c) : Eff.
By applying T_TABS repeatedly, we have

L21(T) F A@ : L21(k).L21(e') : Vay : L2T(ko).(- - - (Yay,, : L2T(ky).L21(7)0) )0 | ().

Thus, T_SUB derives

L21(T) F A@ : L21(k).L21(e') : Yoy : L2T(ko).(- - - (Yo, : L2I(k,).L2I(7)0) )0 | L21(e).
as required.
Case TL_TApp: We have
o c=¢(1h),
e o= T[J — %],
e I'Fe :Vakr|e and
o ftv(rf) CT,

for some ¢/, 7, and a*. By Lemma 4.16, we have - I'. By case (2), we have - L2I(T"). By the
induction hypothesis and case (1), we have

e L2I(T") - L2I(e’) : Vay : L21(ko).(- - - (Yav,, : L2I(ky,).L2I(7)0) ---)0 | L2I(¢) and

o L21(T) b L2I(7F) : L21(k).

Without loss of generality, we can choose = such that ¢ dom(L2I(I')). By Lemma 3.12(1) and
C_VAR, we have

FL2I(D), z : Vag : L2T(ko).( - - (Y, : L2T(ky,).L21(7)0) - )0,

By Lemma 3.5(2), we have

L2L(T), z : Vay : L2I(ko).(- - - (Yo, : L2T(ky).L21(7) ) - )0+ 7F - L21(k).
Thus, T_VAR and applying T_TAPP repeatedly derive
L2I(T), z : Yoy : L2T(ko).(- - - (Yo, : L2T(ky).L21(7) ) - )0 b 2 L21(7F) : L21(7)[7E /] | ().

Because Lemma 3.12(1) and Lemma 3.5(2) give us
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o L2I(T"), x : Yoy : L2I(ko).(- - - (Va,, : L2I(
o L2I(T"), z : Vo, : L2I(ko).(- - - (Ve,, : L2I(
ST_REFL and T_SUB derives

) L21(7)0) - )0 b L21(7)[7E /o] : Eff and
) L21(7)0) - )0 - L21(e) : EfF,

k.
k.
L2I(T), z : Yoy : L21(ko).(- - - (Vau, : L2T(ky).L21(7) ) - )0 b 2 L2I(7F) : L21(7)[7E /] | L21(e).
Thus, T_LET derives
L21(D) k- let z = L2I(¢') inz L2I(7F) : LQI(T)[%/J] | L2I(e)

as required.
Case TL_HANDLE: We have

o h=opi(x1) = e1; - ;0p,(Tn) = en;returnz — e,
e ¢ = handle{h}(¢’),

e 0=r1,,

o D¢ 7| (c(rF)e),

Dyz:Thke 7, |e¢,
E(C<Tk>) = {Opla Tt 0pn}7

I'Eop; 7 = {e(r*) [ () 77| (), and
o I' resume : 7, — e7,,x;: T, Fe; 7, | eforany i € {1,...,n},

for some h, €', z, e, op;, T, €;, T;, T, and C<7‘_k> where i € {1,...,n}. By the induction hypothesis
and definition of L2I, we have

o L2I(T") - L2I(e) : L2I(7) | (c21(c) L2I(7F) | L2I(¢)),

e L2I(I"),x : L2I(7) F L2I(e,) : L2I(7,) | L2I(e),

o L2I(I"), z; : L2I(7;), resume : L2I(7]) —par(e) L2I(7,) b L2I(e;) : L2I(7,) | L2I(e) for any

ie{l,...,n},
e c21(c) :: Y& : L2I(k).0 € L2I(X), and
o o[L2I(7F)/a] = {op, : 7y = T!,...,0p,, : T, = T, }.

Because H_RETURN and H_OP derive

L21(T) L21(h) : L2I(7) =21 121(7,),

I_a[Lzl(r’v)/a]

T_HANDLING derives
L21(T) I- handleyy, () L21(¢') with L2I(h) : L2I(,) | L2I(e)

as required.
Case TL_OPEN: We have
eo=1 —(l1,..., 0| €)1y,
elke:m = {l1,..., 0| )7y | ¢ and
o ftv(e') C T,
for some 7, 79, l1,...,ln, and €’. By Lemma 4.16, we have - I". By case (2), we have F L2I(T"). By
the induction hypothesis and case (1), we have
(] LQI(F) - L2I(e) : LQI(Tl) —)<L21(ll),___7LQI(ln)|<>> LQI(TQ) | LQI(E) and
e L2I(T") - L2I(¢') : Eff.
By Lemma 3.12(1), we have

LQI(F) F LQI(Tl) —)<L21(ll),___7LQI(ln)|<>> LQI(TQ) : Typ.

Since only K_FUN can derive this judgment, we have
e L2I(I) F L2I(7,) : Typ,
e L2I(I") F L21({L2I(ly),...,L2I(l,) | {))) : Eff, and
e L2I(T") - L2I(7y,) : Typ.
Thus, by ST_REFL and ST_FUN and Lemma 3.3(1) and T_SuB, we have
LQI(F) F L2I(e) : LQI(Tl) 4><L21(l1),...,LQI(ln)|e/) LQI(TQ) | LQI(e)

as required.
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