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Abstract

This article proposes a new two-parameter generalized entropy, which can be reduced to the Tsallis and the
Shannon entropy for specific values of its parameters. We develop a number of information-theoretic properties
of this generalized entropy and divergence, for instance, the sub-additive property, strong sub-additive property,
joint convexity, and information monotonicity. This article presents an exposit investigation on the information-
theoretic and information-geometric characteristics of the new generalized entropy and compare them with the
properties of the Tsallis and the Shannon entropy.
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1 Introduction

We encounter complex systems obeying asymptotic power-law distributions in different fields of science and technol-
ogy. For explaining the statistical natures of these complex systems, an effective approach is addressing statistical
mechanics in the form of a suitable generalization of the Shannon entropy. The Tsallis’ non-extensive thermostatis-
tics [1] is one of such generalizations, which is utilized in image processing [2], medical engineering [3], signal analysis
[1], quantum information [5, 6], and in many other disciplines, in the recent years. The Sharma-Mittal entropy [7, §]
is a two-parameter generalization of the Shannon entropy which incorporates a large number of prominent entropy
measures as special cases, such as the Tsallis and Rényi entropy. It is useful in the investigations of diffusion pro-
cesses in statistical physics [9], analysis of record values in statistics [10], estimating the performance of clustering
models in data analysis[11], and modeling uncertainty in the theory of human cognition [12]. In the context of
astrophysics, generalized entropy is useful in modeling holographic dark energy [13, 14], and in the investigation of
the different phenomenon of black holes [15, 16].

This article concentrates on the information theoretic properties of a generalized entropy with two parameters.
In the literature, a number of two-parameter generalized entropy are proposed in the context of thermodynamics
and statistical mechanics. Given a discrete probability distribution P = {p(z) : © € X}, the Sharma-Mittal entropy
[7, 8] of a random variable X is defined by

1-8

SM{a,ﬂ}(X):ﬁ 1- (Z(p(x))a> N : (1)

zeX

for two real parameters o # 1 and 8 # 1. Another two-parameter entropy was defined by Borges and Roditi [17]
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which is
(p(2)* = (p(x))”
B—a ’

where o # . Later in [18, 19] a two-parameter entropy was proposed by Kaniadakis, Lissia, and Scarfone, which is

N — (p(2)—F
KLS( (X) = 3 (o) PO 2 5™ iy g, o)), Q0

reX rzeX

BRiapy(X) = 3

reX

(2)

where Lng, .y (u) = u” “kg;:fk and the parameters k and r were chosen from R = {(k,r) : —|k| <r < |k[,0 < |k| <
$PU{(k,7) : k| =1 <r <1—|k|,4 <|k| <1}. The information theoretic properties of KLS{y . and BRy, g} are
investigated in [20], and [21, 22], respectively.

We observe that a modification to the parameters k and r of Lngy .y provides a product rule of the two param-
eter deformed logarithm. It leads us to define the two-parameter generalized entropy Sy ,} and the generalized

divergence Dy . The significant attributes of Sy .y and Dy .y derived in this article are listed below:
1. The pseudo-additivity of Sy 1 (Equation (30)): Given any two discrete random variables X and Y we have

Sy (X,Y) = Spiery (X) + Sy (V) = 25815003 (X) S,y (V). (4)

2. The sub-additive property of S .3 (Theorem 2) : Given a sequence of random variables X1, X,... Xy, it
can be proved that

S{km}(Xl,Xg,.. X)) < Zs{k,r}(Xi)' (5)
i=1

3. The pseudo-additivity of Dy ;3 (Theorem 4): Consider probability distributions PD and QM) defined on a
random variable X as well as P(®), and Q) defined on random variable Y. Then,

Dy (PPPP QWO = Dy 1y (PWQM) 4Dy 1y (PP QP) =2k Dy 1y (PP QM) Dy (PP Q).
(6)

4. The joint convexity of Dy . (Theorem 5):

Doy (PY + XPP1QM +X0P) < Dy oy (PU1QW) + AD 11 (PP | QD). (7)

5. The information monotonicity of Dy} (Theorem 6) : Given any two probability distributions P and Q of a
random variable and a probability transition matrix W we have

Dy (WP|IWQ) < Dygry (PI|Q)- (8)

The similar properties for the Tsallis entropy and divergence are investigated in detail [23], [24], [25]. To the best of
our knowledge, this article develops these properties for two-parameter generalized entropy first time in literature.

This article is distributed as follows. In section 2, we define the joint entropy and the conditional entropy
to present a number of properties of two-parameter generalized entropy as well as the chain rule. Section 3 is
dedicated to two-parameter generalized relative entropy and its properties. We discuss the information geometric
aspects of entropy in section 4. Then we conclude the article comparing similar properties of Shannon, Tsallis and
two-parameter generalized entropy.

2 Two-parameter generalized entropy

From classical information theory we recall that the function f(u) = —log(u) is a positive, monotone decreasing,
convex function where 0 < u < 1 where the convention 0log0 = 0 is used. The two-parameter deformed log-
arithm should preserve equivalent properties. Below, we define a two parameter deformed logarithm justify its
characteristics.
Definition 1.
ub —uk w1

2kur  2kurtk’

ln{km}(u) =
withr >0 and 0 < k < 1.



Lemma 1. Forr <0, and 0 < k <1 the function —Ing, .y (u) = —u” “kg;:fk 18 positive, convex, and monotonically

decreasing for all u € (0,1].

Proof. Recall that a twice differentiable function f(u),u € R is convex if f”(u) > 0. Note that, f(u) = u" is a
positive, monotone decreasing, and convex function for all u € (0,1] and r < 0. Also, for all k > 0 and u € (0, 1]

—u

we have u=% > u*. Therefore, the function g(u) = —ut % “isa positive and monotone decreasing function. For
k—2 —k—-2

convexity, we need ¢”(u) = — (k=b)u _2(k+1)u > 0, which holds for 0 < k < 1. We know that, if two given

functions f,g : R — RT are convex, and both monotonically decreasing on an interval, then fg(u) = f(u)g(u)

is convex [26]. Combining we get —Ingy ,1(u) = f(u)g(u) is a positive, monotonically decreasing, and convex

function. O

In the next lemma, we present a product rule for Ingy 1 which leads us to the chain rule of generalized entropy.
Lemma 2. Given any two real numbers u,v # 0 we have
(uv) "tk Ingg -y (uv) = utF Ingg ry (u) + v tE Ing, -y (v) + ey TRy R Ingg, ry (w) Ingg 3 (v).
Proof.
u2k -1 1)2k -1 u2k,02k _ u2k _ 1)2k +1
gy, py (w) Ingg ry (v) = ko +E eyt A2yt Ttk
u2kv2k_1+1_u2k_v2k+1
4k2ur+kvr+k
- u2k,u2k -1 u2k -1 ,U2k -1
- 4k2ur+kvr+k - 4k2ur+kvr+k - 4k2ur+kvr+k
_ ln{k,r} (UU) o 1n{k,r}(u) o 1n{k,r}(v)
2k 2kvrthk 2kurtk
Simplifying, we get the result. |

Note that, in Lemma 2 every term of Ingy ,y (z) has the coefficient 2"tk for z = w and v. This structure motivates

us to keep a term of z"+F

entropy as follows:

with Ingy 3 (2) in definition of entropy. Hence, we define the two-parameter generalized

Definition 2. We define the two-parameter generalized entropy for a random variable X with probability distribution
P =A{p(2)}eex as .
T 1
Stk (X) == (@) gy (p(2)),

zeX
where Ingy, .y (u) = % with 0 < k < %, and r > 0.

In Definition 2, if p(z) = 0 for some x € X then conventionally we have

0" g 1(0) = lim (p(x))"* Ingy,y (p()) = 0.
pl@) 50

Here, restriction in the domain of k is essential for proving Lemma 4 and 5. Lemma 1 suggests that for any random
variable X we have Sy, 4 (X) > 0. Moreover, Sy, reduces to the Tsallis entropy when k =7 = q%l that is

)1 —
Sy (X) == 3 () P g (x), (10)

2 02 1—
rzeX q

An alternative expression of Sy .1 can be presented. We can verify that

1 1
ln{km} (’U/U) = W hl{k’r} (’U) + m ln{km} (u) (11)
Putting v = % in this equation we find
1 o 1 1
Ingg o) = —u" Ingp .y (u), or Ingy .y (u) = _ﬁln{km} ok (12)

Therefore, Definition 2 suggests that

Stery(X) =3 (@) Ing (i> : (13)

rcX p(I)



Definition 3. (Joint entropy) Let P = {p(z,y)} (,y)e(x,v) be a probability distribution of the joint random variable
(X,Y). The generalized joint entropy of (X,Y) is defined by

k r+1
S{k T} X Y Z Z A ln{kr}(p(x7y))
rzeX yey
Similarly, for three random variables X,Y, and Z the joint entropy is
S{k r} X Y Z Z Z Z JJ YUY, 2 kJrTJrl ln{k,r}(p(xvyu Z)) (14)
zeX yeY zeZ

Definition 4. (Conditional entropy) Given a conditional random wvariable Y|X = x we define the generalized
conditional entropy as

Stery(Y1X) =Y (p(2)* ' Sy (YIX =)

reX
== @) > (pyl2) T gy (0(yl2))
zeX yey
k+r
== > @) (pyle) T g (p(yl).
zeX yeyY
As Ingy, py (u) = —ﬁ Ingg .y (%), we can alternatively write down
k—r 1
St (V1X) = 3 S (@) (o) gy (W) | (15)
zeX yeY Py

This definition can be generalized for three or more random variables. Given three random variables X,Y and
Z we have

Sty (X Y12) = = >3 (p(2)* ! Sy (X, Y]Z = 2)
rzeX yeY 2k+1 - (16)
== > > p(z,y[?)) gy (p(2,9]2)) -
zeX yeY zeZ
In a similar fashion, we can define
Sy (V1X,2) = =>" 3 (p(@, )" Sy (VIX = 2,2 = 2)
rzeX yeY (17)

[ Z Z Z 2k+1 (ylx,z))kqtrﬂ gy (p(yl, 2)).

reX yeY zeZ

Likewise, definition of the conditional entropy can be extended for any number of random variables for defining
Sty (X1, Xo, ... Xy |Y1, Y2, ... Yy,). Now we prove a number of characteristics of generalized entropy.

Lemma 3. Given two independent random variables X andY the generalized conditional entropy can be expressed
as

Sty (YV1X) = Sty (V) = 280,03 (X) Sy (V).
Proof. Definition of Ingy, .y suggests that (p(z))?* = 14 2k(p(z)) ¥ Ingy 4 (p(x)). Putting it in definition of the
conditional entropy we construct
T r+k
Stery(Y1X) == (p(2)) [1 + 2k(p(2)* gy (p(2))] D (0(yl2) ™ Iy (p(y ). (18)
reX yey
As X and Y are independent we have p(y|z) = p(y). Therefore,

Sty (YI1X) = = >~ (o)) [1+ 2k(p(@)F Ingpy (p(@)] x Y () g (0(v)

reX yey

==Y @) > @) gy () = D 2ke@) T gy (@) Y () T gy (0(y)  (19)

z€X yey zeX yey
ZS{k_’T} (Y) - 2kS{k7T} (X)S{k,r} (Y)



Lemma 3 suggests that Sy 1 (Y|X) < Sgp (YY) for independent random variables X and Y. The next lemma
proves this inequality for any two random variables.

Lemma 4. Given any two random variables X and Y we have Sgy .4 (Y[X) < Sqp, T}( ).
Proof. Note that, the function f(u) = w1 Ing 4 (u) where r > 0,0 < k < 5 and 0 § u < 11is a convex
function, that is —f(u) is a concave function. As 0 < p(zx) < 1, we have 0 < ( ()" < p(z) < 1. Also,
0 < plyle) < 1 indicates —f(p(yle) = — (P51 ingery (1)) = Gl gy (525 > 0, for
0 <z < 1. Combining we get
k+r k+r
—(p(@))*" T (pyl2))" gy (p(yl2) < —p() (p(yl2))" " gy (p(yl2)) - (20)

Now, applying the concavity property of — f(u) we find

=Y p@)f (p(ylr)) < —f (Z p(:v)p(ylév)> =—f (Z p(%y)) =~/ (p(y))- (21)

reX rcX zeX
Expanding f(p(y|x)) in the above equation,
= > (@) (p(yl2))" gy (Y1) < = (@) gy (). (22)
zeX

Summing over Y we find

r+1 k+r+41
= @) Y ple) T gy (1) < =D )" gy (0()) - (23)
rzeX yeyYy yey
Combining this equation with equation (21) we find

= > @)Y ) gy (p(yl2) < = D p@) Y (e(yle) T e (p(yle))

reX yey reX yey

=" )™ gy ((y))

yey

IN

The first and the last term of the above inequality indicates Sty 3 (Y[X) < Sgi,ry (V). O
Theorem 1. (Chain rule for generalized entropy) Given any two random variables X and Y we have
Stk (X,Y) = Sy (X) + S,y (YX).

Proof. The product rule of Ingy, 1 (u) mentioned in Lemma 2 indicates that
(p(2)p(yl2))™* gy (p(2)p(yl2)) =p(2)" ™ Ing . (0(2) + p(yle)™* Ing, . (p(y]2)) (25)
+ 2kp(@) p(yle) T gy (0(2) gy (p(y]2)).

Applying p(x,y) = p(z)p(y|x) we find that

(p(2, )" gy (p(2, y) =p(2)F e oy (p(2) + p(yle) ™ g, (p(yl2))

+ 2kp(a) Fp(yla) P gy 4 (p(2) e (p(y[2)) (26)
=p(x) ™ gy (p(2) + [1 4 2k(p(x))"* gy o (p(2))]p(yle) ™+ Ingy (p(yl2)).

Definition 2 of the generalized entropy suggests that (p(z))?* = 1+ 2k(p(2))" ¥ Ingy .y (p(z)). Putting it in the
above equation we find

(p(2, )" gy (p(2,9)) = p(a) ™ ey (0(2) + (p(2)* plyle)™* gy (p(y[2))- (27)

Multiplying both side by p(z,y) and summing over X and Y we get

=N ol ) gy (p = > pa,y)p(z)" ™ Ing, .y (p(2))

zeX yeY rzeX yeY
= 303 bl ) (p(@)* plyla)F gy (plyla)).
rzeX yey

(28)



Now, definitions of the joint entropy and the conditional entropy together indicate

Sty (X,Y) == | Y p(a) gy (0 > plyle)
reX yey
. (29)
= > @) p(yle) g (p(yl)
zeX yeY
or S{k,r} (Xa Y) :S{k,r} (X) =+ S{k,r} (Y|X)
|

The above theorem clearly indicates that Sy 1 (X) < S (X, Y). For two independent random variables X
and Y Lemma 3 and Theorem 1 produce that the pseudo-additivity property for the generalized entropy which is

Stk (X, Y) = S ry (X) + Sprry (V) = 2681 0y (X) Sy (V). (30)
Corollary 1. The following chain rules holds for the generalized entropy: Sg. . (X,Y,Z) = Sp (X, Y|Z) +
Stk (2)-
Proof. We have p(x,y,z) = p(z,y|2)p(z). Now, applying the product rule mentioned in Lemma 2 we find
(p(x,9,2)" ey (02,9, 2)) = (p(2)" (02, 912)"™ ey (p(2,9]2)p(2))
= (0(2))" gy (0(2)) + @ 912) " gy (p(2,912)) (31)
+2k (p(2)) " (p(,912)) gy (0(2) Ingr g (p(,912))

Now the equation (p(2))** = 1+2k (p(z)) ™" Ing;, -y (p(2)) and definitions of joint and conditional entropies indicate
S{k,r}(Xuyu Z) :S{k,r}(X7Y|Z)+S{k,T}(Z) O

Corollary 2. The generalized entropy also fulfills the chain rule:
S{k,r} (Xa Y|Z) = S{k,r}(X|Z) =+ S{k,r} (Y|Xa Z)

Proof. We also have p(z,y, z) = p(y|x, z)p(x, z). Applying the similar approach in Corollary 1 and Theorem 1 we
have

S{k,r} (Xa Ya Z) = S{k,r} (Y|Xa Z) =+ S{k,r} (Xa Z)
or S{k,r}(Y|Xa Z) = S{k,r}(Xa Ya Z) - S{k,r}(Xa Z)

Applying Corollary 1 we have
S{kﬁr}(Y|X7 Z) = S{kyr}(X, Y|Z) + S{k,r}(Z) — S{kﬁr}(X, Z). (33)
Now Theorem 1 suggests S, (X, Z) = Sgi, 1 (Z) + Sgi,r1 (X|Z). Putting it in the above equation we have

Sty (Y[X, Z2) = Sy (X, YNZ) + Sy (Z) =[Sy (Z) + Sy (X 2))]
or S{k,r}(Y|X7 Z) = S{k,r} (Xa Y|Z) - S{kﬂ‘} (X|Z) (34‘)
or S{k,r}(Xv Y|Z) = S{k:,r} (X|Z) + S{k,r}(Y|X7 Z)

Corollary 2 also suggests that S 1 (X|Z) < Sg, (X, Y|Z). In general Corollary 1 and 2 can be generalized as

Strry (X1, Xa, .. X, V) = Z Sprry (Xi| Xizt, ... X1, Y), (35)

=1

which indicates .
Steay (X1, Xay o X)) =Y Sy (Xl Xi1, .., X1). (36)

=1

For any two independent random variables X and Y equation (30) suggests that Sg 1 (X,Y) < Sgp . (X) +
Sk, (V). If X and Y are any two random variables Theorem 1 and Lemma 4 together indicate the following
theorem, which is the sub-additive property for the generalized entropy.



Theorem 2. Given any two random variables X and Y we have Sg 1 (X,Y) < Sgp o (X) + Sy (V).

For random variables X, X5, ... X,, this theorem can be further generalized as

S{k,r}(Xla Xo,...X,) < Z S{k,r}(Xi)- (37)

Lemma 5. Given any three random variables X, Y and Z we have Sg, 1 (Y|Z) > S (Y X, Z).

Proof. Observe that the function f(u) = v Ing 4 (2), where r > 0,0 < k < £ and 0 < u < 1 is a convex
function, as well as f(u) < 0. Therefore, as 0 < p(y|z) < 1 we have

—f(p(yl2)) = =(py12)) ™ gy (p(yl2)) > 0. (38)
In addition, 0 < p(y|x, z) < 1 indicates
—p(|2) f(plylz, 2)) = p(al2) (p(ylz, 2)) ™ g (p(yl2, 2)) 2 0. (39)

A basic result of conditional probability states that p(y|z) = >_, . x p(x|2)p(y|z, ). Using the concavity property
of — f(u) in the expression below we find

" pl) p(ylz, 2) T g (p(yle, 2) = = > p(al2) f(p(yle, 2))

zeX reX
(40)
<-f (Z p(wIZ)p(yI:v,Z)> = —(p(yl2))" ™ Ing .y (p(y]2)).
xeX

Multiplying both side of the above inequality with (p (2))2k+1 and summing over Y and Z we find

=0 D WY pal) plyle, 2)) T g (p(yle, 2))

yeY 2€2 zeX (a1)
=3 @) p(yl2) T gy (p(y]2) = Spy (Y12).
yeY zeZ
Note that, p(x, 2)2*1 = (p(2))? T (p(z]2))? ! < (p(2))** 1 p(z|z). Therefore,
S{k r} Y|X Z Z Z Z 2k+1 (y|.’II, Z))TJrkJrl ln{k,r}(p(y|‘r7 Z))
reX yeY zeZ 2k 1 . (42)
=D D mE)*F Y plal2) (pylr, ) g (p(yl, 2)).-
reX yeY reX
Combining we get Sgi, 1 (Y|Z) > S (VX Z). O

The above inequality leads us to the strong sub-additivity property of the generalized entropy which is mentioned
below.

Theorem 3. Given any three random variable X,Y and Z we have
Proof. Theorem 1 indicates

S{k,r} (Xa Z) =+ S{k,r} (Ya Z) :S{k,r}(z) + S{k,r} (X|Z) + S{k,r}(z) + S{k,r}(Y|Z)

(43)
Now, applying the chain rules mentioned in Corollary 2 we find
S{k,r}(Xu Z) + S{k,r}(yu Z) = 2S{k,r}(Z) + S{k,r}(Xu Y|Z) - S{k,r}(leu Z) + S{k,r}(ylz) (44‘)
The chain rule in Corollary 1 leads us to
Sty (X, Z) + Sty (Y, Z2) =280y (Z) + Sy (X, Y, Z) = S1e 0y (2) = Sy (YIX, Z) + Sy (YZ) (45)
:S{k,r} (X, Y, Z) =+ S{k,r}(Z) =+ S{k,r} (Y|Z) — S{kﬁr}(Y|X7 Z).
Now, Lemma 5 indicates Sgi 1 (Y'|Z) — Sgi, 1 (Y|X, Z) > 0. Therefore,
Sty (X, Z) + Sty (Y, Z) > Sy (X, Y, Z) + Sipey (Z). (46)
Hence, the result follows. |



3 Two-parameter generalized divergence

In the Shannon information theory, the relative entropy, or the Kullback-Leibler (KL) divergence is a measure of
difference between two probability distributions. Recall that given two probability distributions P = {p(x)}zex
and Q = {q(z)},ex the Kullback-Leibler divergence [27] is defined by

p(x) q(z)
D(P||Q) = xln(—)z— :cln(— . 47
(PlIQ) }exp( '\ @ }exp( ) (@) (47)
We generalize it in terms of the generalized entropy as follows:

Definition 5. (Generalized divergence) Given two probability distributions P = {p(x)}zex and Q = {q(z)}rex
the generalized divergence is represented by

Doy (PlIQ) =Y pla) (%)T_kln{k,r} (%) =-> pl) (@>T+kln{m} (M) ,

e AN AC) p(@

whereO<k§%andr>O.

The equivalence between two expressions of Dy 1 (P|[Q) follows from equation (12). Putting k = r = % in
= sex P(@) (%)THC Ingg .y (%) we find
()
Dy1za 150} :—ZPM% = D,(P||Q). (48)

reX
which is the Tsallis divergence [24], [23]. Below we discuss a few properties of the generalized divergence.

Lemma 6. (Non-negativity) For any two probability distribution P and Q the generalized divergence Dy, 3 (P||Q) >
0. The equality holds for P = Q.

Proof. Tt can be proved that the function —u*+"

Therefore,

Ingj ) (u) is a convex function for u > 0, 0 < k < % and r > 0.

Dyry(PlIQ) = = 3 pla) <]%>”’“1%} (Z% )

reX
()" (x) v
q\x q(x
> — L;(P(UC) (@) ] Ingg <IEZXP(~”C)W> :

Now, Ing -y (erxp(:v)%) =Ing (X,ex ¢(@) =Ing (1) = 0. Note that, if P = Q then

— z p(z) a n Py _ z)In =
Piss (PIP) =~ 30t (B2) g (B2 - 3 plel g () =0 (50)
|

Lemma 7. (Symmetry) Let P' = {p;} and Q" = {q;} be two probability distributions, such that, p(z)" = pr@
and q(x)" = qn;) for a permutation © and probability distributions P = {p(z)}sex and Q = {q(x)}sex. Then
Dikry(P'1Q) = Dk ry (P1Q)-

r—k
Proof. The permutation 7 alters the position of p(x) (%) Ing ) (%) under addition and keeps the sum
Dy, (P||Q), unaltered. Hence, the proof follows trivially. O

Lemma 8. (Possibility of extension) Let P’ =P U {0} and Q" = QU {0}, then Dy, ,y(P'||Q’) = Dy} (P|Q).



Proof. Define 0 (%)T+k Ing -y (%) = lim(g ) (0,00 ( ) ln{k ) (%) Note that,

lim lim x (y) Ingy, (g)
x—0y—0 €T thor} x
In addition, we can write that limy_m limm_mx( )TJFIC Ingg -y (%) = 0. Now applying Moore-Osgood Theorem

(28] we find that lim, ) 0,0y ( ) ln{k T}( ) = 0. Therefore, 0Ingy .y (%) = 0. Hence, Dy, (P'||Q) =
D1,y (PI|Q)- O

Given two probability distributions P = {p(z)}sex and Q@ = {¢(y)}yey we can define a joint probability
distribution P ® Q = {p(2)q(y)}(2,y)exey. Note that, for all z € X and y € Y we have 0 < p(x)q(y) < 1. In
addition, > v 37 cy P(2)q(y) = 1. Now, we have the following theorem.

Theorem 4. (Pseudo-additivity) Given probability distributions P = {pM(z)}pex, QW = {¢D(2)}pex, PP =
(PP (y)}yey and QP = {¢P(y)}, ey we have

Dy (PY @ PANQW @ Q) = Dy oy (PW|QW) + Dy 1y (PP]QP)) — 2k D4,y (P |QW) Dy (P[] Q).

Proof. Recall the product rule of Ing;, .1 (ry) mentioned in Lemma 2. Expanding the logarithm we find

(irremty) v (i)
1 r+ 1) 2
- (3mt3) e (tet) + () e (S8 o
L rtk (1 2) 2
() e () (3tg) e ()
Multiplying p(" (z)p® (y) with both side we find

@) (L@aP ) a0 )
P (p<1>(1?)p<2>(y)) k) (p )

=—pW(a) (ZS;(@)TM gy (Z(i)(x) ) P2 (y)

")
(2) (2)

-20) (553) e (Ld ) o0 (52)

r+k

W (z) ¢ ()
— 2k x pW(z) ( L 1
V0 (Sm) e (G
7D (y) @)
@) y In (q y )
w20 (o) e (G
Now, applying Definition 5 we find Dy, .3 (P @ P?)||QM) & Q2))

r+k

~—

_ W) )\ " Wy 2 _

2) )(y) o q(2)(y) 1 ]

- gﬁ (%)) ik () L;pm(@
(1)

Q

X
— 2k x L;(p n( < x;>r+kln{k,r} <p(1)g§)] (53)

@ (42" . ¢ (y)
g L;/p W (p<2>(y)) ) (p<2>(y))

=Dy (PWQW) + Dyy 1y (PP|QP)) — 2kD .,y (PM]| QM) Dy (PP Q).




The next theorem needs the log-sum inequality for Ingg .y, which we mention in the next lemma.

Lemma 9. Let ai,ao,...a, and by, bs,...b, be non-negative numbers. In addition, a = Z?:l a; and b= Zn b;.

Then, . » =1
o) e (5) 22 (5) e (5)

Proof.
" a;\" " a; " bia; (a;\" " a;
Sooe(s) e (i) =25 () e (5) 280 (2) o
We can prove that the function f(z) = 2" "' Ing, .y () is a convex function z > 0 and for 0 < k < 3. Therefore,
- a; ok "L b; a; a\T—k+1 a
S () T (3) 2 (255) 01 (3] -0 () () (5. 60
i=1 ! i=1 !
which indicates the proof. |

Theorem 5. (Joint convexity) Let P = {p®)(2)}ex and QW) = {¢¥)(2)}rex for k = 1,2 are probability
distributions. Construct new probability distributions (1 — NP + AP = {(1 — A)pW (z) + Mp® (2)}sex, and
(1=2)0M +20@ = {(1 = N)gWM(2) + \¢® (2)}rex as convex combinations. Then,

Doy (1= 2PD + AP@ (1 = X) QW +AQP) < (1 — A\) Dy (PD[|QM) + XDy 1y (PP QD).

Proof. Note that, Dgx (1= N)P® + AP@[[(1-1)QW +A0@) =

~ M (2 @) (y (1= NpD(2) + Ap@ (2)\"
;{((1 /\)p ( )"' Ap ( )) <(1 — )\)q(l)(x) I /\q(Q)(I))

—k

k) << — N0 (@) + AP (@)

Now, applying the log-sum inequality stated in Lemma 9 we find

(D) ©) (1= N)pW () + 2p® (2) N (1= NpW () + 2 ()
(=00 + 060 (G5 Foam) “’“”(( NG )
- W (p —Np @) (z) o In )\)P(l)(gc) @) ( 2)(95) )\P@)(x)
<= (F30) e (3 2 () e ()
(57)
Summing over x, we find the result. O

Consider a transition probability matrix W = (w;;)mxn, such that, Z _ywj; = 1foralli=1,2,...n. Let
P ={p; m)} *,and Q= {qzm »_, be two probability distributions. After a transition with W the new probability

distributions are WP = {p Om)} *, and WQ = {q (OM)} respectively, where pgom) = Y wj 2™ and
(out)
q

J

Jj=1
=>", wwqg ), Now, we have the following theorem.

Theorem 6. (Information monotonicity) Given probability distributions P, Q and transition probability matriz W
we have Dyj, .y (WP||WQ) < Dy, (P|1Q).

Proof. Definition 5 of the generalized divergence indicates that

m Y (out) r—k p(out)
Dy (WPIWQ) =" p§ ( ) ) gy ry <—?out>>
=1 4 9 (58)
m n n n r—k n in
_ (in) D wjipz(' : dim1 wﬂpz( :
- Z Z WyiPi n (in) ln{klr} n (in) | °
il D1 Wid D1 Wid
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Now, from Lemma 9 we find that

mon (in) Tk (in)
. _(in) WiiP; Wi P,
Do) (WPIWE) <3237 (wsrl™) < ; <m>> e ( (m))
j=11i=1 Wjiq; Wjiq;
n (in) r—k (in) m
_ (in) [ Pi p;
_Z P; < (m)) ln{k=r}< (m)) an (59)
i=1 49 q; =1
m (n)\ "k (in)
in) [ Py p;
= pl(- ) ( (m)) Ingg <7> since Zwﬂ =1
j=1 q; qi
Hence, we have D{k)r}(WPHWQ) < D{lw} (P||Q). 0

In Theorem 6, if the probability transition matrix W = (wj;;)mxn has m < n, then W partitions the random
variable X = (z1,%2,...%,) into m groups G1,Ga,... G, such that X = UL Gy, and G NGy = 0. Then

pg»OUt)(Gj) = Y..eq, pz(m). Now Theorem 6 indicates D(WP||[W Q) < D(P||Q), which is formally mentioned as

information monotomclty.

4 Information geometric aspects

This section is dedicated to the geometric nature of the generalized divergence. First recall a number of fundamental
concepts of information geometry [29]. A probability simplex is given by,

S={P:P=(pp2,...pn),0<pi <1,) pi=1}. (60)

=1

with the distribution P described by n-independent probabilities (p1,pa2,...pn). Consider a parametric family of
distributions P(x) with parameter vector x = (x1,x2,...x,) € X, where X is a parameter space. If the parameter
space X is a differentiable manifold and the mapping = — P(p, x) is a diffeomorphism we can identify statistical
models in the family as points on the manifold X. The Fisher-Rao information matrix E(ss?), where s is the

gradient [s]; = %%Lm(px) may be used to endow X with the following Riemannian metric
0 0logP(p,x) dlog P(p, x)
(u,v) Zu vj /73 p,X logP(p, )8 log P(p, x)dp = lzj:uzv] ( oz, oz, . (61)

If X is a discrete random variable then the above integral is replaced with a sum. An equivalent form of G (u,v)
for normalized distributions is given by

2

9? 0
—Zuivj/’P(p,x)mlogP(p,x)dp = Zuwﬁ?( IO o, logP(p, )) . (62)
i,j I i,j

In information geometry, a function D(P||Q) for P,Q € S is called divergence if D(P||Q) > 0 and D(P||Q) = 0
if and only if P = Q. Consider a point P with coordinates (p1,pa2,...pn). Let @ = (P + d(P)) be another point
infinitesimally close to P. Using the Taylor series expansion we have

D(P +dP|[P) = gisdpidp; + O(ldp]*), (63)

where g;; is a positive-definite matrix. Hence, the Riemannian metric induced by the divergence D is given by

2

9ij(P) = i, Dy (PlQ)o=p. (64)

Thus, the divergence gives us a means of determining the degree of separation between two points on a manifold.
It is not a metric since it is not necessarily symmetric. Also, the length of small line segment is given by

1
ds” = SD(P|[P +dP). (65)
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Recalling Definition 5 of the generalized divergence we calculate

(%) e ()
qi o} Qi

0 0
_D{k,r} (P”Q) = 3

Op; op;
((27“ +1) ((%) 2% _ 1) n 2k) (%) S
B 2k
%D{km}(?’llg) = (r(% T ((Z_) " 1) k_pfﬁ e k) (2—) T (66)
a(z—;D{k.,r}(PllQ)lg—p = %7
apjzpi Dy (PI|Q) = 0.

Therefore, the Fisher information matrix G = (g;j)nxn for the generalized divergence is given by

72k+4T+17 fOl“ ’L :j
gij = pi o (67)
0 for i # j.
A manifold is called Hassian if there is a function ¥(u) such that g;;(P) = 9;;(¥). Here, for i = j we have
95 (V) = gii(u) = 1220 Integrating twice we find

Ui(u) = co +uler + 2k —4r — 1) + (=2k + 4r + 1)ulog(u), (68)

where ¢; and ¢y are integrating constants. For i # j we have 0;;(¥) = g;; = 0, that is ¥(u) = c1u + ¢2. Hence, the
statistical manifold induced by the generalized divergence is Hassian.

5 Conclusion

In recent years, the idea of entropy offers a broad scope of mathematical investigations. In this article, we introduce
the two parameter deformed entropy Ingg 1. Interestingly, it can be reduced to the g-deformed logarithm for
k=r= % and natural logarithm when ¢ — 1. In table 1, we compare various properties of the logarithm, the
g-deformed logarithm and Ingy ,.y. It leads us to propose the new generalized entropy Sy, .y with two parameters k
and r. Interestingly, our proposed entropy has a number of important characteristics which are not established in
the earlier proposals of two parameter generalized entropy. The table 2 contains the comparative properties of the
Shannon entropy, the Tsallis entropy, and Sy . The table suggests that the new generalized entropy is efficient
to be utilized in classical information theory. These properties include chain rule, pseudo-additive property, sub-
additive property, and information monotonicity. Properties of the two parameter generalized divergence Dy .y, the
Tsallis divergence, and the Kullback—Leibler divergence are collected in table 3. Also, we justify that the statistical
manifold induced by the generalized divergence is Hassian.

An interested reader may extend this work further. In the Shannon information theory, the mutual information
of two random variables X and Y is defined by I(X;Y) = D(p(z,y)|p(z)p(y)), which is the Kullback-Leibler
divergence between two probability distributions p(z,y) and p(z)p(y). In case of the generalized entropy, one
may introduce the mutual information Iy 4 (X;Y) = Dy (p(x,y)|lp(2)p(y)) then investigates its properties.
Moreover, the mutual information has a crucial role in the literature of data processing inequalities. Hence, two
parameter deformation of data-processing inequalities will be very crucial in this direction.
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Table 1: Comparison between different logarithms

Properties with descrip- | Logarithm Expressions
tions

logarithm log(x).

Definition of logarithm g-deformed In,(u) = “1:;1 for ¢ # 1 [30]
logarithm
Ings g (u) = S8 = 221 withr > 0and 0 < k < 1. (Defi-
nition 1)
Product law: Let u and v | logarithm log(uv) = log(u) + log(v)
be two non-zero real g-deformed Ing(uv) = Ing(u) +Ing(v) + (1 — q) Ing(u) Ing(v) [30]
numbers, then logarithm
g .y (wo) Iy (wo) = W FIng . (u) + 0" FIng . (0) +
2ku" ™" Ingy o (u) Ingy 1y (v) (Lemma 2)
Log sum inequality: Let logarithm > ailog ‘;— >alog ¢
a1,02, - .- an and g-deformed Yo ailng (‘g—) > alng (%) [23]
b1,ba,...by, be logarithm ‘
non-negative numbers. In - ~NT—F _ —h
addition, a = Y"1 | a; gy D i1 @i (%) Ingg,ry (%) Za (%) gy (%) (Lemma 9)

and b= >"", b;. Then,
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Table 2: Comparison between different entropy

Properties with descriptions | Entropy

| Expressions
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rem 3)
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Table 3: Comparison between different divergence

Properties with descrip- | Divergence Expressions
tions
Definition of divergence: KL  diver- | D(P||Q) = > ,cx p(x)In (%) == sexP(r)ln (%).
Given two probability gence
distributions o di _ a(z)
P e and | i diver | DU(PIQ) = = Ko (o) (55) 4
Q = T)jx -
{alel)eex Dsry Dury(PIIQ) = Xiexple (%) In g,y (5(_3) -
a@) )" a(x)
=D pex P() (m) Ingg, ) (—) (Definition 5)

KL  diver- | D(P||Q) >0
Non-negativity gence

Tsallis diver- | Dy(P||Q) >0

gence

Dyimy Dy (PIQ) > 0
Pseudo-additivity: Given | KL diver- | D(PW @ P@||QW @ 9@)) = D(PW[|QW) + D(PP)||Q@)
probability distributions gence
PO = {pM(2)}pex, Tsallis diver- | D,(P™ ®73(2>||Q(1) ® Q@) = D (PW[|QW) + D, (PP Q@) —
QW = {4V (2)}sex, gence (q — 1) Dy(PU[[QW) Dy (PA|Q®)) [23]
P = {(p® (y)}yey and [ Dy .y D,y (73(1) ® PHNQW © QW) = Dy (PUQW) +
0@ = {¢@(y)}yey we Dk (PP)1Q®) — 2kD{k7T}(p(l)||Q(1))D{km} (P@)|Q®) (The-
have orem 4)
Joint-convexity: Let KL  diver- | D(1=ANPOIAPA[[(1-2) QD +10@) < (1-A\)D(PD[[oM)+
P®E) = (p)(2)}yex and | gence D(P®]1Q®)

B = {¢®(2)}rex for
k = 1,2 are probability
distributions. Construct
new probability
distributions
(1=NPO AP = {(1-
NpM (z) + 2pP) (2) }rex,
and
(1-0) QW+ A0® = {(1-
NgW (@) + A (@) }oex

as convex combinations.

Tsallis diver-
gence

D,((1 — NPO + XPOT — QT + AQ@) < (1 -

NDy(POIIQM) + ADy (P} Q) [23]

Dygry

Dy (1 = NPH + APP[[(1 — HQW + AQP®)) < (1 —
N Doy (PDNIQW) + XDy 3 (PP Q) (Theorem 5 )
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